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Preface

In mobile telecommunications, ARCEP (the French Regulatory Authority for
Electronic Communications and Postal services) publishes an annual analysis of quality
of different mobile radio networks. For voice, the two criteria are the ability to start
up a communication and to hold it for 2 or 5 minutes as well as the audio quality
of the communication. For each data service, the transmission time and integrity of
the message (SMS, MMYS) are tested in different situations: urban, semi-urban, for
pedestrians, cars, high-speed train, etc.

The results of these tests are often used as commercial arguments. On the contrary,
bad results may rapidly alter the image of a telecom operator in the public opinion
and thus lead to an economic disaster. Hence, these performance tests are a major
challenge for the whole telecom industry. The satisfaction of some of these criteria
depends directly on the number of resources allocated to the network, including the
capacity of the so-called base stations. The operator must have some quantitative means
to anticipate demand and its impact on the design of its network. If we want to move
beyond the phase of divination, then modelization is needed. This is about putting
into equations, although sometimes with a kabbalistic aspect, the phenomenon which
we want to study. To each situation may correspond several models depending on
whether one is interested in the microscopic or macroscopic scale, the long or short
time behavior, and so on. Ideally, the choice should be made only based on purpose
but it is also conditioned by the technical and mathematical knowledge of the people
who build the model.

Once the problem is raised, it must be solved: in other words, if numbers are given
in input, then some numbers should pop up in output. Thanks to advances in computing,
the situation has changed dramatically in the last twenty years. It is now possible to
calculate quantities that are not only defined by explicit mathematical formulas, but
that may result from more or less sophisticated algorithms.
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A model is also often a support for simulation, in this way it creates an artificial
simplification of reality. If this method gives very often only approximate results and
is costly in computation time, it is also often the only possible.

We tried in this book to show for what purpose could stochastic models be used in
telecommunications networks, with quantitative as well as qualitive points of view. We
wanted to vary the possible approaches (discrete time, continuous time Markov chains
or processes, recurrent sequences, spatial modeling) to allow the reader to proceed with
his modelization works himself. We have not, far from it, addressed all themes and all
the technicalities on which the researchers are currently working. In particular, we did
not discuss fluid limits and Palm measures, but we hope that our readers can take the
rich literature to extend their thinking. We have tried to be as complete as possible in
the mathematical prerequisites. Proofs and results that are missing can be found easily
in many books that appear in the references. To emphasize the computational aspects
and to help our student readers, we have very often explained the algorithms that to be
implemented in order to solve a particular problem. Languages such as Octave, Scilab
or Scipy/Numpy (available through the SAGE platform) are particularly well suited
to the vector computations that appear here and allow us to instantiate the algorithms
described in a few lines only.

This book would not exist without the assistance of a considerable number of
people. The first draft of this book is a handout from Telecom ParisTech written by
L. Decreusefond, D. Kofman, H. Korezlioglu and S. Tohme. The introduction to the
martingale theory owes much to a handout from A.S. Ustiinel. We have tried as much
as possible to present the underlying network protocols. It must be noted that the
decryption of standards of thousands of pages and their translation into human language
require much work and fine knowledge in a wide variety of disciplines, and as well as
infinite patience. We wish to thank C. Rigault and especially P. Martins, without whom
we would not know what POTS was and even less OFDMA.

We heartily thank N.Limnios, who offered us a beginning on this long-term venture,
as well as our colleagues C. Graham, Ph. Robert and F. Baccelli, with whom we have
had much interaction on these topics for several years. This book would not have been
what it is without the inspiration born from reading their books on these topics.

A big thanks to our partners for having supported us at difficult times. Thanks to
Adele for her help.

Our students or colleagues, E. Ferraz, I. Flint, P. Martins, A. Vergne, T. T. Vu have

reviewed and amended all or part of this opus. We thank them for participating in an
often thankless task. The residual errors are ours.

Paris, February 2012.
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Chapter 1

Introduction

1.1. Traffic, load, Erlang, etc.

In electricity, we count the amps or volts; in meteorology, we measure the pressure;
in telecommunications, we count the Erlangs.

The telephone came into existence in 1870. Most of the concepts and notations
were derived during this period. Looking at a telephone connection over a time period
of length T', we define its observed traffic flow as the percentage of time during which
the connection is busy

_Ziti
p= T

A priori, traffic is a dimensionless quantity since it is the ratio of the occupation time
to the total time. However, it still has a unit, Erlang, in remembrance of Erlang who,
along with Palm, was one of the pioneers of the performance assessment of telephone
networks. Therefore, a load of 1 Erlang corresponds to an always busy connection.

tq to t3 ty

— > > —> (—1

0 f Time

Figure 1.1. Traffic of a connection: ratio of the occupation time to the total time of observation

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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Looking at several connections, the traffic carried by this trunk is the sum of the
traffic of each connection

Ptrunk = § Pconnection -

connections

This is no longer a percentage, but we can give a physical interpretation to this quantity
according to the ergodic hypothesis. In fact, assume that the number of junctions is
large, then we can calculate the average occupation rate in two different ways: either by
calculating the percentage of the occupation time of a particular connection over a large
period of time; or by computing the percentage of busy connections at a given time.
In statistical physics, the ergodicity of a set of gas molecules implies that the spatial
averages (for example, averages calculated on the set of gas molecules) are equal to
time averages (i.e. averages calculated over a molecule for a long period of time). By
analogy, we now assume that the same holds true for the occupation rate of telephone
connections. We, therefore, have

p= i 7 3 = Jim 5 DX (1
J n

where X,, = 1 if the junction n is busy at time ¢, X,, = 0, otherwise. Note that on the
right-hand side, the value of ¢ is arbitrary. This implies that we have implicitly assumed
that the system is in steady state, that is statistically, its behavior does not change with
time. When the number of junctions is large, it is unrealistic to try to define a structure
of correlation between them. It is therefore reasonable to assume that a connection is
free or busy, irrespective of the situation of other connections. Therefore, at a given
time ¢, the number of busy connections follows a binomial distribution with parameters
N (the total number of connections) and p (calculated by equation [1.1]). The average
number of busy connections is Np at each moment.

This relation provides a simple and efficient way to estimate p. Telephone switches
have among other functions to count the number of ongoing calls at each moment. By
averaging this number over 15 seconds, we obtain a fairly accurate estimation of the
average number of simultaneous calls, that is an estimation of p.

This raises a question: How to choose 7" and when to carry out the measurements?
It is in fact clear that the traffic fluctuates throughout the day based on the human
activities. For we want to reduce and ensure a low failure rates, it is necessary to
consider the worst case and conduct measurements during heavy traffic periods. For
generations, the observation period has been referred to as one hour and we look at the
traffic at the busiest hour of the day.

Let us imagine for a moment that calls occur every 1/\ seconds and last exactly
1/u seconds with p > .

Ivww .allitebooks.conl
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1\ ) 1/A

. 1/ 1/p 1/p
Activity P e _

Silence

Figure 1.2. Deterministic calls

It is obvious that the number of calls between 0 and T is about \T" and then the
occupation rate of such a line is given by

SO 1/) = M

Of course, in reality, neither the inter-arrivals, nor the holding times are deterministic.
Let us imagine a situation in which the holding times and the idle times are independent
of each other with a distribution that is common to all busy periods and idle periods,
respectively. Mathematically speaking, (X,,,Y,,n > 1) is a sequence of independent
random variables. For any n, X,, has distribution P x and Y, has distribution Py-.
Assume that these two distributions have finite moments of order 1 and note

1
T 1/r+1/u

= [ 4Py 1/r = [2dPx(s) A
Set

Ty =0, Ty = Tp1+ Xn+ Yy, T, = Tp + Xn
and

1 T <t < Tpos,
X(t):{ iy st <dn+

0 ifT,<t<T.

Note that E [T,,41 — T3] = E[X,, + Y,,] = 1/, so A represents the average number
of arrivals per unit time.

The theory of renewal process, or Little’s formula (Chapter 8) show that we have
the following limit

T—o0 11 A

1 T
T/o L(X () ds 22 2 on = 2 [1.2]
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X X
Activity A 2

Silence

Ty Ty T;5 T, T

Figure 1.3. Random calls

We have shown in a particular but relatively general case that
load = average number of calls per time unit x average duration of a call.

This simple formula is important since it allows us to switch to the world of the Internet.
The ARPANET, remote ancestor of the Internet, was born in the 1970s following the
works done for the U.S. army which required a distributed data transmission network
more resistant against a timely attack. Unlike the telephone network where the resource,
that is the telephone connection, is reserved for the duration of the communication,
data networks are connectionless. The information is sent in packets of a few octets
to which we add some identifiers, each following their own path in the intricacies of
the network. The packet size, fixed or variable, large or small, is one of the issues to
be resolved in such protocols. In this context, there is no notion of connection thus the
concept of traffic must be redefined. The last equation [1.2] still has a meaning and it
is this meaning that we will retain.

Volts and amps are nothing without Ohm’s law, and meteorology is nothing without
the equations of fluid mechanics. Erlangs are useless if we do not specify how the
arrivals occur or how long the calls last. As demonstrated in Figure 1.4, the load is
not sufficient to characterize the number of resources that are necessary to operate the
system.

The situation was rather simple until the 1990s. As far as the telephone system
is concerned, the process of call arrivals was modeled by a Poisson process (Chapter
6). This was justified by the statistical observations confirming it, and a well-known
qualitative reasoning: each telephone subscriber has a low probability to call at a
given time, but there are many (mathematically, an infinite number) subscribers. The
approximation of a binomial distribution by a Poisson distribution justifies that at
least at a given time, the number of simultaneous calls follows a Poisson distribution.
Regarding the call duration, measurements on the switches proved that it could be
considered to follow an exponential distribution with a mean of 3 minutes. Finally, the
traffic generated by a subscriber was considered equal to 0.12 Erlang in the busy hour.
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Junction 2
Junction 1
0 T Time
Junction 2
Junction 1
0 jﬂ Time

Figure 1.4. Tivo systems are required to carry one Erlang. The first can be satisfied
with one connection. In the second system, two connections are required

In the case of data networks, despite serious doubts with regard to its validity,
the packets were always supposed to arrive according to a Poisson process and
their processing time assumed to follow an exponential distribution whose mean was
dependent on the processing speed of the routers and their average length. And then
boom! In the early 1990s, Bell Labs researchers showed in an intensive statistical
campaign that we cannot possibly compare the traffic in a broadband network to Poisson
traffic. In fact, if we consider the number of packets that arrive during 100 seconds, 10
seconds, . .., 10 milli-seconds, we observe behaviors similar to that of Figure 1.5.

In the case of Poisson traffic, we observe behaviors that are visually similar to that
of Figure 1.5 for small time scales, but when we agglomerate the received packets per
period of 10 or 100 seconds, we mostly obtain a graph of the type of Figure 1.6.

This invariance of the number of packets at large time scale for the Poisson process

is explained by theorem A.36. Indeed, according to this theorem

1 — . N t —

E(N(t) — M) L2250, thatis % LN
At the speed at which the packets are sent, ) is the order of a thousands packets per
second, hence 100 seconds can be considered as a “infinite” time and we obtain the
number of packets sent per period of 100 seconds is almost constant. Consequently,
the actual situation seems to be closer to that of a “fractal” system: the system retains the
same shape at all time scales. The researchers at Bell Labs even proposed an alternative
model in their paper, the fractional Brownian motion.

DEFINITION 1.1.— A fractional Brownian motion of Hurst index H is a centered
Gaussian process with covariance given by

E [Bu () Bu(s)] = %(#H b s2H | g2H).
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Figure 1.5. At all observable time scales, after renormalization,
the traffic recorded by time intervals resembles this one

If H = 1/2, we get the ordinary Brownian motion, when H > 1/2, the increments
are with positive covariance, if H < 1/2, they are with negative covariance: if the
traffic tends to increase, immediately afterwards, it will tend to decrease.

From then on, the entire academic community began to ponder this question: What
causes this fractal aspect, is the invariance true at all time scales, should the model
be fractal or multi-fractal and most of all what is the impact of this form of traffic on
the size of the queues? After 10 years of frantic research, we know how to explain the
reasons behind the fractality, but we still do not know how to control it though it may
have a major impact on the design.

To explain the fractality, it is enough to consider an emission schema for a source
such as that of Figure 1.3: when X = 1, it implies that the source is emitting at its
maximum speed, when X = 0, the source does not emit. Motivated by the statistical
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N(A)

t

Figure 1.6. For a Poisson traffic, the number of packets received per time interval
becomes almost invariant when the time intervals are sufficiently large

studies which prove that the length of the files available on the web has a “heavy-
tailed” distribution, thatis P(X > z) ~ = for a > 0, as opposed to the exponential
distribution where P(X > x) = exp(—bx), the length of the emission period is
assumed to follow a Pareto distribution, that is d Px (7) = cx™ 1|k, oo[(7), and the
same is assumed for the idle period. When we superimposed many sources of this type
and observe the steady state of this superposition, we find that the resulting process
is exactly a fractional Brownian motion whose Hurst index depends on the powers
appearing in the Pareto distributions.

In the end, all this matters only if we try to think in terms of packets. However,
the current protocols mostly try to agglomerate the packets in flows (to prioritize some
traffic for example) and thus virtually recreate the concept of connection specific to
our plain old telephone. Under these conditions, only the arrival times and lifetimes
of packets matter; however, these are less incorrectly modeled by a Poisson process
and independent lifetimes with a heavy-tailed distribution. The Poisson process has a
bright future. ..

1.2. Notations and nomenclature

Ty = 0 < Ty < ...T, commonly denotes the arrival times of the customers
(packets, sessions, calls, etc.) in the queuing system. The quantities S, = T, — T,,—1
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BO'ZS(Z) BO’S(Z‘)

BO.75 (l‘)

Figure 1.7. Fractional Brownian motion for different values of H: from left to right H = 0.2;
H=0.5; H=0.8. Lower the value of H more irregular are the trajectories

are called inter-arrivals. The service time of the nth customer (processing time, call
duration, etc.) is denoted by o,.

To distinguish different queues, we use Kendall’s notation. A queue is a discrete
event dynamic system described by five parameters: the statistical type of inter-arrivals,
the statistical type of service time, the number of servers, the total number of resources
(servers plus size of the waiting room), and service discipline. Implicitly, the inter-
arrivals and service times are independent random variables.

For the first two points, the same abbreviations are used:
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M, to describe independent inter-arrivals (or service times) exponentially distributed
of parameter \.

GI to describe independent inter-arrivals (or service times) of the same distribution.
G to describe random inter-arrivals (or service times).

D, to describe deterministic inter-arrivals (or service times) equal to A.

The service discipline describes the order in which the customers are served:

FIFO or FCFS for First In First Out or First Come First Served.

LIFO LCEFS or for Last In First Out. The last arrived customer is served first. Such a
discipline may be preemptive if the new customer interrupts the current service or
non-preemptive if otherwise. If preemptive, we can distinguish the preemptive
resume case where the service of an interrupted customer picks up where it
stopped, of the preemptive non-resume case where the service restarts at zero.

SRPT or Shortest Remaining Processing Time. The customer who has the lowest
residual service time is served first. This discipline may be preemptive or non-
preemptive.

EDF or Earliest Deadline First. Each customer has a marker of impatience. The
customer with the lowest impatience is served first.

A discipline is said to be conservative when the input traffic is equal to the output
traffic. Obviously, if the resources are finite, no discipline can be conservative (except
in the deterministic case with traffic strictly less than 1). Even with infinite resources,
a discipline is not necessarily conservative: in the EDF discipline, we can consider
removing all the customers who are not served before their impatience marker; the non-
preemptive resume disciplines are no longer conservative as there is more processed
load than input load.

In the absence of information on the number of resources or the service discipline,
it is understood that the number of resources is infinite and that the service discipline
is the FIFO discipline.

ExAMPLE.— The M/M/1 queue is the queuing system where the inter-arrivals and the
service times are independent of exponential distribution and there is one server. The
waiting room is of infinite size and the service discipline is FIFO.

The GI/D/S/S+K queue is a queue with S servers, K places in the waiting room,
deterministic service times, independent and identically distributed inter-arrivals.
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1.3. Lindley and Benes
1.3.1. Discrete model

We often consider the number of customers present in the system but the quantity
that contains the most information is the system load, defined at each moment as the
time required for the system to empty itself in the absence of new arrivals. The server
works at unit speed: it serves a unit of work per unit time. Consequently, the load
decreases with speed 1 between two arrivals. Figure 1.8 which represents the load over
time depending on the arrivals and required service times is easily constructed.

DEFINITION 1.2.— A busy period of a queue is a period that begins with the arrival of
a customer in an empty system (server plus buffer) and ends with the end of a service
after which the system is empty again.

A cycleis a time period that begins with the arrival of a customer in an empty system
and ends on the next arrival of a customer in an empty system. This is the concatenation
of a busy period and an idle period, that is the time elapsed between the departure of
the last customer of the busy period and the arrival of the next customer.

NoOTE.— In Figure 1.8, a busy period begins at 77 and ends at D,4. The corresponding
cycle begins at T and ends at T}.

Note that as long as a service policy is conservative, the size of a busy period is
independent of it: for waiting rooms of infinite size, the busy periods have, for example,
the same length for the FIFO policy as that for the non-preemptive or preemptive resume
LIFO policy.

Now let us consider the system load just before the arrival of the customer n. If
Wip—1 is the system load at the arrival of the customer n — 1, it is increased by the
load provided by the customer, that is o,,_1, and reduced by the service time elapsed
between the arrival times 7;,_; and T;,, that is S;, exactly. We, therefore, have a priori

Wy =Wp1+0p_1— S

However, if S,, > W,, + 0,1, the inter-arrival is so large that the system has emptied,
hence W,, = 0 and not W,, < 0. Consequently, the true formula known as Lindley’s
formula is given by

W, = max(W,,_1 + 0,1 — Sn, 0). [1.3]
Since the server works at unit speed, the load between T}, and 7}, ; is given by
W(t) = max(W,, + o, — (t = T3,),0).
These two equations are used to easily simulate the load in any system, irrespective

of the type of arrivals or service times or the service discipline as long as it is
conservative.
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Figure 1.8. The change in the system load with time. This graph is used to find the

departure time in the case of a FIFO discipline, therefore to represent the change
in the number of customers in the system

They are also used to qualitatively analyze the stability of the system in very general
cases. This will be dealt with in Chapter 4.
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1.3.2. Fluid model

A fluid model consists of replacing a queue which is a discrete-time event system
by a reservoir of infinite capacity which empties itself at unit speed and is fed by some
continuous data flow. We can then obtain qualitative results on models whose study
supports no other approaches. On the one hand, the method does not require precise
knowledge about the rate of the input process, and on the other hand, it is particularly
well adapted to the study of extreme cases: low and high loads, superposition of
heterogeneous traffic.

We work in continuous time and we assume that all the processes are right-
continuous with left limits. We denote:

1) S(t): the total service time for the requests arrived up to time ¢;

2) W (t): the virtual waiting time of a customer arriving at time ¢, that is the time
that the customer must wait before starting to be served;

3) X(t) = S(t) — L.

As the system has no losses, we have

W(t):X(t)—(t—/O 110y (W (5)) d s). [1.4]

We will focus on showing an equivalent formulation of this equation.

THEOREM 1.1 (Benes Equation).— With the previous notations, we obtain the following
identity: for x > 0,

P(Wk)<z)=P(X(t) <=z)

0

_ax/otP(X(t)_X(“)<x|W(U):0)P(W(U)=O)du, [1.5]

and for —t < x <0,

a t+x
P(X(t) <) = %/ P (X(t) = X(u) < & | W(u) = 0)P (W(u) = 0)du.
0
To go further, we will use the theory of reflection.

1.3.3. Reflection problem

DEFINITION 1.3.— Let (X (t)), t > 0) be a left-continuous process whose jumps are
non-negative, the pair (W, L) solves the reflection equation associated with X if:

Ivww .allitebooks.conl
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1) W(t) = X(t) + L(t), Vt > 0;
2)W(t) >0, Vt>0;

3) L is a left-continuous, null at zero increasing process such that the measure
dL(s)(w) is supported on the set {s : W(s)(w) = 0}, that is L increases only at
moments where W is zero.

THEOREM 1.2.— The problem of reflection associated with X has a unique solution
given by

L(t)=supX(s)”, W(t)=X(t)+supX(s)~

s<t s<t

where v = max(z, 0) and = = max(—xz, 0).

Proof. If (W, L) and (W, L) are two solutions

where we have successively used:

— the relation between W, X, and L (W, f/, X, respectively);

—at fixed w, the process s — L(w, s) is an increasing process, therefore
differentiable almost everywhere and whose derivative dL(s)(w) is a non-negative
measure. The process L — L is of finite variation and so we can apply the formula of
integration by parts A.13;

— L increases only at moments when W is zero, therefore “W (s)dL(s)(w) = 07;

— W is a non-negative process and dL(s) is a non-negative measure, therefore

W (s)dL(s) > 0 and the same holds for the other term of the last integral.

Consequently, W = W and uniqueness follows.

It is enough to check whether the process sup,, X (s)~ is suitable for L. Clearly,
the L thus defined is an increasing process which is non-negative and null at 0. On the
other hand

WEt)=X#)+L#t)=X#t)" — X(t)” +supX(s)” >0
s<t
We just have to see that L increases only in the set of zeros of W. Let Tj be a point of
increase of L, then for any non-negative h, there exists ¢, suchthat Ly, _p, < X o < Ly,.
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When & tends toward 0, we have by left-continuity, L;, = X[O = —X,,, therefore
Xty + Ly, = Wy, = 0. The proof is thus complete. O

Figure 1.9. An example of a reflected process. The dark color represents the input process X;
dots represent the process L, and light color represents the process W

COROLLARY 1.3.— With the previous notations, we have the following identity

exp (—)\/Otl{o}(W(s ) - 1—/\/ 1y (W(s))ds.  [16]
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Proof. From the relation f(t) — f(0) = fg f/(uw) du, we deduce

t t B
exp (A/ 1{0}(W(8))ds> =1- /\/ e Mooy (VDA g (W (s)) d s
0

0

t
=1- A/O e AW =X 10, (W (s)) d s

t
=1- A/O ) 10, (W (s)) d s.

Hence the result. O

We can now show an intermediate version of the BeneS equation which is also
interesting in itself.

THEOREM 1.4.— With the previous notations, we have the following identity:

E[f(W®)] =E[f(X(#)]+E [/Of FIX(E) = X (u) Loy (W (w)) du
=E[f(X(®)]+ /Ot E[f(X(t) = X(u)) |W(u) = 0] P (W (u) = 0) dw.
[1.7]
Proof. By multiplying the two terms of equation [1.6] by e *X(*) we get
B[ 0] =g [¥0] - [ B[ KON 1 (W () ]

More generally, for any function which is twice differentiable and bounded, we obtain
equation [1.7]. O

Now we can give an idea on the proof of the Benes equation [1.5].
NoTE— P (X (t) — X(u) < z|W(u) =0)
(W(u) =0),

0 fort+ 2 < u < t, since on

X(t) = X(u) = W(t) = L(t) + L(u) > —(L(t) — L(u))

however, L(t) < t, thus X (t) — X (u) > —(t — u). Therefore, X (¢) — X (u) cannot
be smaller than z if x itself is less than v — ¢, thatis v > ¢ + .
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Proof. Proof of the Benes equation. By multiplying the terms of [1.5] by e =7, then
by integrating it from —¢ to +o0, it appears that equation [1.5] is equivalent to:

+00 +oo

/ e NP (W(t) <z)de = / e MP(X(t) <z)dx

_/+°° emaﬂ /t” P(X(t) — X(u) < z|W(u) = 0)P (W(u) =0)dudaz,
—t T Jo

according to the note above. By using the formula
o0 1
/ e NP (X <x)dx = XE [e*’\X]
0
and an integration by parts, we obtain
E [e—/\W(t)} - E [e—/\X(t)}
t
_ A%/ E {efx(x(t)fx(umw(u) _ 0} E [1(0,(W(u)] du
0

—E {e—AX(t)}

T=-400

0 r=—t

t+ax
- [e_)"”/ P(X(t) — X(u) < z|W(u) =0)P (W (u) :O)du}

400 t+x
2 e — X (u T u) = u) = udx
+ A / /0 P(X(t)—X(u) <zlWu)=0)P(W(u)=0)dud

_ {e,\_x(t)}
+o0 +o0
+)\2/0 P(W(u):O)/uit P(X(t)—X(u) <zW(u)=0)dz du.
Thus
E |:e—>\W(t):| ) |:e—)\X(t):|

+o00 +o00o
+)\2/0 P(W(u)zO)/0 P(X(t)—X(u) <zlWu)=0)dz du
—E [67)\X(t)}

+oo +oo
+)\/0 P (W (u) = o)/0 E [e" A(X (1) — X (u))|W(w) = 0] dz du,

always according to the initial note. O
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The representation of the workload in the form of a reflected process constitutes
the basis of many convergence theorems. This formula also helps us to study the
significance of the long memory in the transmission delay. Other Markovian methods
could not process this situation.

There is a particular class of processes for which we can deduce complete results:

DEFINITION 1.4.— A process X is said to be with independent increments if and only if,
forany0 <ty < --- < t,, therandomvariables X (t1), X (t2)—X (t1), ..., X(tn)—
X (tn—1) are independent. The process is said to have homogeneous increments if for
any pair (t, s) of non-negative real numbers, the distribution of X (t + s) — X (t) is
that of X (s).

THEOREM 1.5 If X(t) = S(t) — t is a process with homogeneous independent
increments and (W, L) is the solution of the reflection problem associated with X,
we have

“+oo
o / B [ MO O] at — v, (-X) W () [1.8]
0

where:

— W is the Lévy-Khintchine function of X defined by E [esX®)] = et¥(*) which
can be written as

U(s) =as+ 10(2)52 +/ (e’ — 1 —sx)dI(x) +/ (e®* —1)dI(x)
2 2| <1 |2|>1

for a measure 11 integrating x> A 1.

- n is a Lévy-Khintchine function such that 1)(n(s)) = s.

This result is complementary to the future results on the M/GI/1 queue (Chapter 5)
since such a queue is represented by a fluid model by considering

St)y=>_ Y,

T, <t

where (T),, n > 1) is the sequence of arrival times distributed according to a Poisson
process and (Y,,, n > 1) is a sequence of independent random variables that are
identically distributed.
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1.4. Notes and comments

For more details on the design of telephone networks, their history and future
developments, we may refer to [RIG 98]. The original paper by Bell Labs refers
to [LEL 94], the studies which show that files have a length that follows a Pareto
distribution are available in [CRO 96]. The mathematical explanation of auto-similarity
is available in [SHE 97]. Norros is the first to have studied the impact of auto-similarity
in networks which can be referred to in [NOR 94]. Many results on statistical estimation,
as well as on the use in networks or more mathematical aspects on long-memory
processes may be found in [DOU 02].
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Epitome

— The load is also called traffic. It is defined as the average number of calls per unit
of time multiplied by the mean processing time of a call. Its unit is Erlang.

— Kendall’s notation is used to describe the different queues. The M/M/1 queue is
the queue where the inter-arrivals and the service times are independent and follow
exponential distributions. There is only one server, the queue is infinite, and the service
policy is FIFO.

— We know how to qualitatively examine the M/M /*/*/ FIFO queues, and to a lesser
extent, the M/GI/1 and GI/M/1 queues. For the others (other distributions of inter-
arrivals or service times, other disciplines), we often have only partial or asymptotic
results.



PART 1

Discrete-time Modeling



Chapter 2

Stochastic Recursive Sequences

The modeling of discrete-time deterministic dynamical systems is based on
recursive sequences of the form u,+1 = f(u,). One addresses the question of
convergence of the sequence as n goes to infinity, and the value of the limit which,
assuming that f is continuous, is necessarily the solution of the equation [ = f(1).

The purpose of this chapter is to develop the tools that will enable us to answer
such questions for stochastic recursive sequences.

For example, let us consider a G/G/1 queue (which will be dealt with in section 4.1).
Denoting (&,, n € N) the sequence of inter-arrival times and (o, n € N) the
sequence of service times, the workload W, ; of the server at the arrival of the n+ 1th
customer is deduced from the workload at the arrival of the nth customer by Lindley’s
equation

Wist = Wy + 0, — )7 [2.1]

If the two sequences are independent (GI/GI/1 queue), then the sequence
(W,, n € N) is a Markov chain with values in the uncountable space R ™. Its analysis
is impossible with the tools of Chapter 3 since we restrict it to Markov chains having
finite or countable state space.

Obviously, there can be no almost sure convergence of the sequence (W,,, n € N)
toward the same limit, but we can expect a convergence “in distribution” thatis P (W, €
[a, b]) 2% P(W, € [a, b]) for a random variable W, whose distribution must be
determined. We then say that the sequence converges toward its steady state. It is then
remarkable that by properly choosing the probability space, we can write a deterministic

equation, similar to the equation ! = f (), which is solved by the stationary distribution.

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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More generally, the asymptotic study is essentially based on the properties of the
recurrence function (monotonicity, continuity, etc.), on criteria of comparison with
other sequences and on the resolution, in a stochastic frame, of a fixed point-type
limiting equation (see equation [2.7]).

This chapter is therefore mainly theoretical, but introduces the necessary tools for
the study of the stability of queues, under the most general hypothesis.

2.1. Canonical space

The concept of stationarity implies invariance in time, that is : a shift in time does
not change the global picture. If the idea is easily understood, its formalization quickly
clouds the basic concept.

Let us consider the set FN of sequences of elements of a set F'. The shift operator
6 on FN is then defined by

o- FN — FN
(Wna n > O) — (Wn+17 n > O) = (w'ru n > 1)

Defined in this way, this operator has the drawback of not being bijective: if we consider
a sequence 3 = (B,, n > 0), all the sequences obtained by concatenation of any
element of I and 3 are mapped onto (3 by . To overcome this problem, it is customary
to work with sequences indexed by Z and not by N. This change has no crucial
mathematical consequence, as the indexation space remains countable. Philosophically,
however, it implies that there is no more origin of time...

The shift operator is thus defined on FZ by
O(wn, n € Z) = (wpy1, n € Z)
and thus becomes bijective!

Now, let us suppose that F' is a Polish space, and thereby that F'Z is Polish. It
can therefore be equipped with its Borel sigma-field 8(F%). Throughout this chapter,
the canonical space will be Q = (FZ, B(F%)). For n € Z, X,, denotes the “nth
coordinate” map

Q=F2% — F
Xn:
w=(wp,nEZL) +— w,.

Let us notice the following identity

X, = X006, forany k € Z. [2.2]

Ivww .allitebooks.conl
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DEFINITION 2.1— Let (E, &£, P) be a probability space and 1 be a measurable
mapping from (E, £) to (F, F). We denote *P the image measure of P by 1,
that is

VA€ F, (¢*P)(A) = Py (A4)),

where ' (A) = {z € E, ¥ (x) € A}.
DEFINITION 2.2.— A probability P on Q is said stationary if for any A € B(F%),

P(A) =P 'A).

In an equivalent manner, we have *P = P.

Particularly, if one considers events of the form
A = (Xkl S A17 ) an S An)7

we deduce that

P(Xy, € Ay, -+, Xi, €Ap) =P(Xp,-1 € Ay, -+, Xk, ,—1 € An). [2.3]
A sequence of random variables satisfying [2.3] for any n, all k1, --- , k,, and all
Ay, -+, A, € B(F), will be said to be stationary. In particular, if the canonical

space () = I'Z is equipped with a stationary probability, the sequence of “coordinate”
maps is a stationary sequence of random variables.

NoOTE.— Conversely, if the sequence (v, n € Z), defined on a probability space
(Q, P),is stationary, we can consider P, its distribution on FZ that is the image
measure of P by the mapping

{Q - FZ
O +— (ap(@), neZ).

It is then easily seen that P, is a stationary measure. In fact, it suffices to check [2.3]
for P = P,,. But this is true since

Pa(Xkl € Al, cee Xk*n € An) = P(Ozkl S Al, ey, € An)

Henceforth, all the stationary sequences will be seen as a stationary probability
on FZ,

NoTE.— Constructing a stationary sequence is not easy in general. The simplest
example is that of independent and identically distributed random variables, as in
this case,
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Pag, € Ay, ..., g, € Ay) = [[ Pay(4)),
j=1

a quantity which does not depend on (&1, ..., k).

Another construction of stationary sequences can be obtained from irreducible
positive recurrent Markov chains (see Chapter 3) . Let X be a Markov chain on E with
transition operator () and invariant probability 7. We denote P the distribution of X
on EN when 7 is the distribution of X,. We know from Kolmogorov’s Lemma that
to define a probability on EZ, it suffices to define the finite-dimensional distribution.
Now, by setting for any n-tuple of relative integers k1 < ka < --- < k, and all
Al, ey A, CE,

P(Xy, €Ay, ..., X, €A)=P(Xo€ A1, ..., Xp, 1, € Apn),

we define in fact the finite-dimensional marginals of a unique probability measure on
EZ. The stationarity of P thus defined is straightforward.

Let us define the quadruple O = (Q = FZ, F = B(F%), P, 0).

DEFINITION 2.3.— A probability measure P on FZ is said to be ergodic if
li L f Pof = li L f Pof ' =Ep[P], P [2.4]
im — 00'= lim — o = —a.s. .
n—oo N, i—1 n—oo n, i—1 P ’

for any function ® € L'(P). The quadruple O will then be said to be ergodic. A
stationary sequence (o, n € Z) is said to be ergodic if its distribution induces an
ergodic measure on FZ.

EXAMPLE 2.1.— Let a and b be two real numbers. The random sequence (v, n € Z)
equal to a,b,a,b,... with probability 1/2 and b, a,b,a,... with probability 1/2 is
stationary (we have P (o, = a) = P (o, = b) = 1/2 for all n) and ergodic ([2.4] is
clearly verified).

EXAMPLE 2.2.— The sequence (3,,, n € Z) equal to a, a, ..., a with probability 1/2 and
b, b, ..., b with probability 1/2 is also stationary. On the other hand, it is easily checked
that it is not ergodic since [2.4] does not hold e.g. for @ = 1y,;.

LEMMA 2.1.— Let O be an ergodic quadruple. Any event A € B(F%) such that
A =0"Ais trivial: P (A) =0or 1.

Proof. For any integer n € N, we define 0 = o{Xy, k < n}, where X, is the
nth coordinate map, and W,, = E [1 Al fg]. The sequence W is clearly a uniformly
bounded martingale, which thus converges a.s. and in L' to 1,. Temporarily let us
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assume that W,, = Wy o 6™. If a sequence (u,, n € N) converges to a limit, then its
Cesaro averages also converge to the same limit. Thus,

1 & n—oo
— Z W, ——14.
n
k=1
On the other hand,
LS = b wpo ot
"= "= ’

according to the hypothesis [2.4]. It follows that the random variable 14 is constant,
hence the result.

It thus remains to prove that W,, = W, o 6" or in an equivalent manner,
E[14 |F%] = E[14 | F2_,] o 0 for all n. First let us observe that if ¢ is Fo-
measurable, then ¢ 0 ! is FC_, -measurable. In addition, =1 A = A is equivalent to
1,4 08 = 14. By definition of W,,, for all fg-measurable and bounded ¢, we have

E[oW,] = E[¢ 14]
=E[¢po6 ' 06 1,00
=E[¢po0" 14]
=E[pof" W,_4]
=E[¢po0 ' W,_100007"]
=E[pW,_100],

where we have twice used the invariance of P by 6, that is the stationarity. By
identification, we deduce that W,, = Wy o 6™. O

The following result will be frequently used in Chapter 4.

LEMMA 2.2 (ERGODIC LEMMA).— LetY be a random variable defined on the stationary
ergodic quadruple O, P-a.s. positive and such that Y o § — Y is integrable. Then,

E[Yof—Y]=0.

Proof. For all n € N, the v.a. Y A n is integrable and thus

E[(Y An)of—Y An]=E[(Y An)of] —E[Y An]=0. [2.5]
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The sequence ((Y An)of —Y An, n € N) converges P-ps.toY of — Y, and itis
easy to see that for all n,

|YAn)o—Y An|=|(Yod)An—-Y An|<|Yobl-Y]|.

The dominated convergence theorem thus implies that the null expectations of [2.5]
tend to E [Y o § — Y], which concludes the proof. O

It is important to notice (and this is its essential purpose) that the latter result holds
true even if Y is not assumed as integrable.

DEFINITION 2.4.— A stochastic recursive sequence (SRS for short) (W,,, n € N) with
values in the Polish space E, is defined on a stationary ergodic quadruple by a random
variable Y valued in E, a measurable mapping p from E x F' to E and the relations

Wo=Y and W11 = o(W,, X,,) for n > 1. [2.6]

We then say that the SRS (W,,, n € N) is driven by ¢ and descends from Y. It is often
denoted (W{ ,nE N) to emphasize the dependence on the initial condition Y.

EXAMPLE 2.3.— The sequence (W,,, n € N) of the workload of the G/G/1 queue
mentioned in the introduction of this chapter has such a form: we set for all n,
X, =(0n, &), E=R", F=R" x R" and

{E x F — F

¥ +
(.T, (ya Z)) — [$+y—2]

Hence there are two sources of randomness in the evolution of W: the initial

condition Y and the “stimulus” represented by the sequence X . The probability space
on which M is defined is therefore

(E x F% 9B(E) ® B(F%)).

As a random variable, W takes values in EN. The law of the sequence W thus
defines a probability on E™N. This space is also equipped with a shift  defined in a
similar way to that of F'Z, which we temporarily note f. The shift § 1 is not bijective,
but we will not need this property for the time being. The definitions of stationarity
and of ergodicity remain valid to the identical.

The stimulus is given by the model, hence we cannot do anything but to act on
the initial condition. The question is to know whether one can choose Y as a stimulus
function so that the distribution of W is stationary. A sufficient condition is provided
by the following theorem. It transforms an identity in distribution in to a trajectorial
identity which we hope is easier to prove.
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THEOREM 2.3.— If there is a random variable Y such that
YolOr =¢(Y, Xo), Px — a.s., [2.7]
then the SRS W defined by [2.6] admits a stationary probability.

Proof. After introducing some notations, the result is straightforward. Let us introduce
the mappings
v FZ —FZxE
e = (@Y (W)

and
) {FZ xE — EN
(w,n) =, e(n,w), - ..).
Hence we have the following diagram

WoY
Fz _7°°, EN

| e

F%Z2 —— EN
WoY
The nth component of WoY ofp(w)is W, (Y (0rw), 0pw), and that of 0 go M oY (w)
is W41 (Y (w),w). In particular for n = 0, on the one hand we have Y o 0p(w)
and on the other ¢(Y (w),wy), then equation [2.7] means that these two quantities
are equal. We deduce by induction that it is also the case for all the components,
soWoY ofp = 0 o M oY.In mathematical terms, we say that the diagram is
“commutative”.

From this we can deduce that the image measures of P x by these two mappings are
identical. Let us note P as the law of W, that is the image measure of Px by W o Y.
On the one hand we have

(lpoWoY)"Px =05P
and on the other hand, as 07, Px = Px,
(WoYolp)Px =(WoY)"Px =P.

We have thus proven that 63, P = P, which according to Definition 2.2, means that P
is stationary. O

The crucial question of the stationarity of the SRS thus amounts to the resolution
of the almost-sure equation [2.7]. We propose later in this chapter, two methods which
allow us to conclude in many cases.
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2.2. Loynes’s scheme

Here we will consider the case where the state space E is equipped with a partial
ordering < (see section A.3), and admits a minimal point O such that 0 < x for all
x € E. We will assume that on E there exists a metric dg such that all <-increasing
sequences converge in F, the adherence of F.

DEFINITION 2.5.— A function ¢: E x F% — E is said <-increasing when
n=n = e w) = e[ w),Px —a.s.

It is said continuous with respect to its first variable when for P x-almost all w, the
Sunction (n — @(n,w)) is continuous for the metric dg.

THEOREM 2.4 (LOYNES’S THEOREM).— If ¢ is <-increasing andi continuous, the
equation [2.7] admits a solution M, with values in the adherence E of E.

Proof. Let us recall that we have assumed that we know the stimulus through the
quadruple 9, whose generic element is denoted w. We look for a random variable Y
valued in E and satisfying [2.7]. We will get Y as the limit of a sequence converging
almost surely. To do this, we consider Loynes’s sequence (M,,, n € N), defined by

My(w) = 0and M, 1 (w) = @(M, 00~ (w), 0 'w),Vn > 1. [2.8]

By the definition of 0, we have My = 0 =< M, and assuming that for some n > 1,
M, 1 =X M, as., since y is increasing we have

My (w) = ¢ (My—1(07'w), 07 'w) = ¢ (M, (60 'w),0'w) = M1 (w) Px-as..

Therefore, the sequence (M,,, n € N) is a.s. increasing. In view of our assumption on
the increasing sequences of F, it thus converges a.s. to the random variable M, = (=
—sup)nenM,,, which is valued in E. By continuity of ¢, the second relation of [2.8]
implies that

My (W) =¢ (Mo 007 (w), 0 'w)

and as 6 is bijective, we deduce that M, is a solution of [2.7]. O

NoOTE.— In fact, the sequence M has an easy interpretation. Let (W,?, n e N) be the
SRS descending from 0 and driven by (. It is easy to verify that for all n € N, a.s.

M, =W200™ ",
Indeed, this relation is true for n = 0, and if it holds true at rank n, then a.s.
My (@) = o(Ma(07'w), 07'w)
= (W2 0000 w,0m9~ "y
= Wi (0~ Dw).
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In a concrete manner, M,, is the value at the instant 0 of the sequence wo
when descending from O at the instant —n and using as stimulus, the values of
X n, X _nt1,-..,Xo. Forthis reason, we call the construction of Loynes a backwards
recurrence scheme. Notice by the way, the ease brought by the construction on FZ and
not F'N of the stimulus. The underlying idea is that by indexing the sequence from
—o0, we will have reached the stationary state at time 0.

Xn
n
f } } } } A
-5 —4 -3 -2 —1 d) 1
0+ X_3)tT=0
o W5
(0+X_5)F
°
°
v n
-5 -4 -3 -2 - 1

Figure 2.1. Backwards recurrence scheme p(x,z) = (x + 2)*

ExaMPLE 2.4.— Example 2.3 is a typical example of such a construction, since the
function (z — (x + 2)™) is obviously continuous and increasing for all z € R. Thus
there exists a random variable Y that is solution of [2.7], but we do not know a priori if
its distribution is “proper”, that is if P(Y" = +o00) = 0. This will be one of the subjects
of study of section 4.1.

We can now answer the question of weak convergence of an SRS descending from
the minimal state.

COROLLARY 2.5.— Under the assumptions of Theorem 2.4, the SRS descending from 0
and driven by ¢ converges in distribution to M.

Proof. Let F be bounded and continuous from E to R. As P is invariant through 6 we
have
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E[FW,)] =E[F(W, 0 0™")] = E[F(M,)] = E [F(M)],

hence the result. O

The following result will be of crucial interest in the applications to queueing.

THEOREM 2.6.— Under the assumptions of Theorem 2.4, the solution M, constructed
by Loynes’s scheme is <-minimal among the solutions of [2.7].

Proof. Let Y be a solution of [2.7]. We have My = 0 < Y a.s.and M,, X Y as.
implies that
M, (w) 2 (Y o0 (w), 0 'w) =Y (w),P — as..
This inequality is preserved when taking the almost-sure limit, therefore
M, }Y.
O
We can apply the previous results to £ = R totally ordered by “<” and

the minimal point 0. In this context, Birkhoff’s Ergodic Theorem can be seen as a
fundamental application of Loynes’s Theorem.

THEOREM 2.7 (Birkhoff’s Ergodic theorem).— For any real random variable ¥ &
L(P),

1 & ,
E[Y] = nlirgOEZYoo*aP—a.s..
=1

Proof. Let ¢ > (0. We define the random variable
Y=Y -E[Y]—¢
and the following random application from R into itself:
- [z+ Yt =z —zA(-Y9).
The function ¢° is a.s. increasing and continuous, so Loynes’s sequence
(Mg, n € N) driven by ¢° is a.s. increasing in R and in view of Theorem 2.4,

tends a.s. to a random variable M ¢ satisfying

ME, 00 = (M) =M, +Y*]". [2.9]
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An immediate induction shows that the (MS, n € IN) are integrable. Therefore, for all
n € N we have
0> E[M]-E[M; ] =E[M; - M, 00]
= E[M; — ¢ (My)] = E[M; A (=Y7)].

n

Hence, by dominated convergence,

E[M A (=Y7)] <0.

In view of [2.9], the event (M5, = +00) is f-invariant, and is thus of probability 0
or 1. But MS, = oo a.s. would imply that E [-Y¢] < 0, an absurdity. Therefore, M<_
is a.s. finite. Now, define the random mapping from R into itself ¢°: 2 — x + Y¢,
and (Mﬁ,n € N) the associated Loynes’s sequence. Notice that by construction,
Mg =S Y 00~ (with the convention Y0_, = 0). Moreover, as ¢(z) < ¢(z)
for all z, it is easy to check by induction that Me < M as. for any n € N. In

n —
particular, we have M, < M2 a.s. for all n € N, which amounts to saying that

1 & o1
=Y Yo < -M,+E[Y]+e.
ni:l n

This is true for any € > 0, we thus have that

1< :
limsup =Y Vo' <E[Y],P —as..

n——+oo N =1

The latter inequality is also verified by the integrable random variable —Y, therefore
we also have

n—-+oo 1, 4

1 & ,
liminf =Y Y of™' > E[Y],P -as.,
1=1

which concludes the proof. O

NoOTE.— The quadruple (2, F, P, 6) is stationary ergodic if, and only if, (Q2, F, P, 6~ !)
is so. We can therefore replace the statement of Theorem 2.7 by

1< ;
E|[Y] :nILIEOEZY001,P—a.s.,

i=1

for all real random variables Y € L*(P).
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2.3. Coupling

The idea of coupling plays a central role in the asymptotic study of SRS. It is in fact
possible to state the conditions under which the trajectories of two SRS (or possibly
those of the corresponding backward schemes) coincide at a certain point. These
properties imply naturally, in particular, more traditional properties of convergence
for random sequences such as convergence in distribution.

Hereafter we only state the results that will be useful to us in the applications to
queueing, in their simplest form.

Secondly, we develop the theory of renovating events of Borovkov, which gives
sufficient conditions for coupling, and even strong backward coupling. In addition, the
results of Borovkov and Foss also allow in many cases to solve the equation [2.7],
even when the conditions of continuity and monotonicity of Theorem 2.4 are not
satisfied. Particularly, in this framework we can also deal with the intricate question
of the transient behavior depending on the initial conditions. In what follows, O =
(Q,F,P,0) is a stationary ergodic quadruple.

2.3.1. Definition

We begin by defining the different types of coupling.

DEFINITION 2.6.— Let (W,, n € N) and (Y, n € N) be two random sequences
defined on O.

1) We say that (Wy,, n € N) and (Y,,, n € N) couple if
P (W, =Y,;¥n>N) 2221, [2.10]

2) We say that there is a strong backward coupling between (W, n € N) and
(Yo, n € N)if
N—oo

P(WnOH*”:YnOH*";VnZN) — 1. [2.11]

In what follows, we denote
Tr=inf{N e N;W, =Y,,Vn > N};
B :inf{N eEN; W, 007" :Ynoefn,VnzN},

the (random) indexes of coupling of the two sequences, respectively “forward” and
“backward”, setting these random variables as infinite whenever the right-hand set is
empty. We can then easily see that the forward and the strong backward coupling

Ivww .allitebooks.conl
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of (W,, n e N) with (Y, n € N) admit, respectively, the following equivalent
definitions

P (rp > N) 2= ; [2.12]
P(rp > N) X220 [2.13]

We start by noticing an immediate link between coupling and convergence in
distribution.

THEOREM 2.8.— Let (W,,, n € IN) be a sequence with values in E, which couples with
the stationary sequence (Y o 6™, n € N). Then,

L
w, ——Y.

Proof. Let G be a bounded continuous function: £ — R, and || G || its supremum.
For all N we have

B[G(VN)] - B[GW)] | = [BIGWN) - B[G(Y)00"] |
<E UG(WN) _G(Yo 9N)H

_E UG(WN) —G(Y 06N

1TF>N}
<2| Gl P(rr >N),

and the quantity on the right-hand side tends to 0 by hypothesis. O

Let us denote
7 =inf{n e N;W,, =Y, },
the first index in which the two sequences (W,,, n € N) and (Y,,, n € N), coincide

(setting 77 = oo if the latter set is empty).

NOTE.— We can observe that two SRS driven by the same recurrence function ¢ (we
then denote them (WY, n € N) and (W, n € N), only their initial random variables

possibly differentiate them) couple as soon as 7y is reached. Indeed, a.s. W)Y (w) =
W2 (w) implies that
Wi (@) = p(Wy (@), 0"w) = (Wi (w), 0"w) = Wi\, (w).

Consequently, foralln € N, {7y < n} C {7p < n} orin other words

TF = Tf a.S. [2.14]
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On the other hand, the two sequences (WY 0™ n € N) and (WZ of ", ne N)
can coincide for a certain index without a strong backward coupling, as for any w such
that WY (~"w) = WZ(6~"w), we have

)s
Wy (07T w) = (W) (07" Dw), o7 (0~ " Hw))
= (WY (07" w), 07 w);
Z (07 Dw)] = o(WZ(0~ " Hw, 07 w),

and these two quantities are not equal in general.

W,

n

In the case of SRS, the link between the different types of coupling is established
in the following theorem.

THEOREM 2.9.— Let Z and Y be two random variables with values in E and
(WnZ, n e N), an SRS descending from Z and driven by . If there is strong backward

coupling between (W n e N) and the stationary sequence (Y o 0™, n € N), then

n

these two sequences couple, WnZ =Y andY is a solution of [2.7].
Proof. First, for any w € ~! {75 < oo} (i.e. such that 75(fw) < co), for all n >
TB (Qw),
Y 0 0(w) = WZ,, 00~ (6)
— (W7 007"(w),0" 0 §~"w)

= (Y (w),w).
The event ! (75 < c0) is of probability 1 by hypothesis: we therefore have
Yof(w) = p(Y(w),w), as.. [2.15]
Moreover, for any N € N,
P(rg <N)=P (W00 ™=Y,¥n>N)
=P (0 ¥{wZoo " =y, vn>N})
=P (WZ00N""=Y o0 vn>N) [2.16]
<P (W =Yoo")
<P(r; <N)

But according to [2.15], (Y 06", n € N) = (W)Y, n € N) the SRS descending
from Y and driven by ¢ and, therefore, we are in the case of the previous Remark:
according to [2.14], 7y = 7F a.s. in this case, and therefore according to [2.16],

P(TB>N)ZP(TF>N).
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The right-hand term thus tends to 0 as N goes to infinity, just as the left-hand term,
which shows the coupling property. Finally, the convergence in distribution follows
from Theorem 2.8. O

We end this section with the following result.

THEOREM 2.10.— Let (W,(L) , N E N) be an SRS with values in E descending from 0 and
driven by @, a mapping that is a.s. <-increasing and continuous. Let W be a solution
of equation [2.7] corresponding to p, with values in E. Then there is an equivalence
between the forward and the strong backward coupling between (W,?, n e N) and
(Wob" neN).

Proof. We willin fact show that 7 and 75 have the same distribution here. Denote once
again (M,,, n € N) = (W,? o™, ne N) the corresponding Loynes sequence, and
recall that this sequence increases a.s. toward M., < W.In particular, forany N € N
andanyn > N,a.s. My(w) = W (w) implies that M, (w) = My, (w) = W(w). Thus,

P(rp <N)=P (W} =Woo")

=P (My=W)
=P (M, =W,¥n>N)
=P (W00 ™ =W,Vn>N)
=P (ry < N),
which completes the proof. O

2.3.2. Renovating events

The theory of renovating events provides, as we are going to see, a simple criteria
for the strong backward coupling of an SRS with a solution of [2.7]. Throughout this
subsection, (W,,, n € IN) denotes an SRS defined on © = (2, F, P, 0) with values in
E and driven by ¢.

DEFINITION 2.7.— Let N be a strictly positive integer. We say that the sequence of
measurable events (A,,, n € N) is a sequence of renovating events of length N for
(Wy, n € N) if, and only if, there exists a random variable « defined on Q) with values
in a measurable space F, and a deterministic mapping ®: FN — E such that for all
n>N,on,_nN,

W, =2 (a 00" N o2 . ao 9"_1) .

The latter is in a sense a “memoryless property”: on 2, _n, W,, does not depend
on anything but a list of IV values of the stationary sequence (o 6™, n € N). In a
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concrete manner, if a given event occurs /N time slots in the past, W,, depends on its
past only up to the moment n — N and no further.

EXAMPLE 2.5.— Let us assume that (W,,, n € IN) is an SRS driven by . Let z € E
and for all n, A, = {W,,_1 = x}.Itis then easy to see that (2,,, n € N) is a sequence
of renovating events of length 1. Indeed, for any n > 1,on2l,,_1, W,, = po "1 (z),
and the definition is matched by taking F' = F, ® as the identity on E and o = ().
In the applications (Chapter 4), we will mainly consider this type of renovating events
in the particular case x = 0.

DEFINITION 2.8.— A sequence of events (U, n € N) is said to be 0-compatible if for
anyn > 0, A, = 07 "Ag. We can then define the sequence (U, n € Z) by denoting
A_,, = 0"y for any n > 0.

EXAMPLE 2.6.— Let (3, a random variable defined on 2 and with values in (E,£).
Then, for all B € &, the sequence of events defined for all n by 2,, = {G0 6" € B}
is f-compatible, since for any n, w € 2, amounts to 3 o " (w) € B, thatis 3 o
ol (9_1w) € Borinother words, w € 62(,,11. The sequence of the antecedents of a
measurable set by a stationary sequence is thus, as expected, a f-compatible sequence.

The following theorem is due to Borovkov and Foss.

THEOREM 2.11.— Let Z be a family of random variables with values in E. We assume
that all sequences (WnZ , N E N), with Z € Z, admit the same sequence of renovating
events (2, n € N), of same length N, with the same associated random variable
« and the same associated application ®, and that the sequence (U, n € N) is
0-compatible and such that P (o) > 0. Then, there exists a finite random variable
W such that for all Z € Z, there is strong backward coupling between (WnZ ,nE N)
and (W o 6™, n € N).

Proof. Letn > N, i € [0, n — NJ, and k > 0. The §-compatibility implies that

_ +k
AN = ﬂ9” At k—N—i
k>0

and therefore, for any Z € Z, for all w € 2__,; we have for all £ > 0,
0" € Ak n—i
= W7 (07" hy)
= ®(ao @ TN (=R o grtRTitl(gm(nTR)y))
= W2 00 (W) = d(a0 ™ N (W),...,a0 07T (W),

which is a random variable that does not depend either on Z, or on k. Thus, for any
pair of initial conditions Z and Z’' € Z, we thus have on 2(_ n_;,

Wy 00 ) = W2 69" k> 0.
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Therefore,

/!

WnZ+1+k7i 0 =" = o g iETl o g~ (nHR) (anikfi °© 9,(n+k))
=0l o (W7 067"
= WnZ-s-l—i o™,

which implies by an immediate induction up to the rank ¢ that

WnZJ/rk 0§~ (") = WnZ-&/-i+k—i 0f N =W o0 =W o6

In other words, on 2A_n_; the two sequences (WnZ 0™ ne€ N) and
(an’ 007", ne N) are constant and equal after n. Thisis true forall ¢ € [0, n— N7,

therefore denoting for all Z € Z, Tg the backward coupling time of the sequence
(WZ n € N), we have

n—N

U A_i_n C B,

=0

={rE <n¥ZeZY({WZob " =WF 067" v2 7 € 2},

which implies that

—+o0 4o n “+oo
A= Jai=J U< B
j=N n=Ni=N n=N

But A C 02, while 2_x C 2 has a strictly positive probability by hypothesis. The
event 2 is therefore of probability 1. So the event UZSN B, is almost sure, which
means that all the sequences (an ,n € N) couple (in the strong backward sense),
with the same random variable since the sequences (WnZ 0™ ne€ N), 7 € Z are
equal from a certain time. The theorem is proved. O

An immediate, but crucial corollary to the last theorem is the following sufficient
condition for the existence of a solution to the stationary equation [2.7].

COROLLARY 2.12.— If there exists a set of non-empty conditions Z satisfying the
hypothesis of Theorem 2.11, equation [2.7] admits a F-valued solution.

Proof. According to Theorem 2.11, for all Z € Z there is a strong backward coupling
for (W7, n € N). This implies the result in view of Theorem 2.9. O
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The following second corollary is a criterion for the uniqueness of a solution
to [2.7].

COROLLARY 2.13.— If'the set
Z = {solutions of [2.7] with values in E'}

is non-empty and satisfies the assumptions of Theorem 2.11, it is reduced to a singleton.

Proof. For any pair of solutions Z,Z’ € Z, the two stationary sequences
(WZ,neN) = (Zob6", neN)and (WZ/ n e N) = (Z' 0 0™, n € N) couple

n

with strong backward coupling with the same stationary sequence (W o 8™ n € N).
Hence, we naturally have Z = Z/ = W, P-as.. O

2.4. Comparison of stochastic recursive sequences

In this last section, we give two remarkable comparison results for stochastic
recursive sequences, which will be applied to queueing systems in Chapter 4.
Throughout this section, the Euclidean spaces R*, K > 1 are equipped with the
partial ordering < defined in Appendix A.

DEFINITION 2.9.— Let W and Y be two random variables with values in RE, possibly
defined on two different probability spaces ) and ). We say that Y dominates W
stochastically, or for the strong ordering, and we denote W < Y, if for any <-
increasing function F: RX — R such as the following integrals exist,

E[F(W)] < E[F(Y)].

Notice in particular that if W and Y are real random variables,
WﬁstY<:>P(W§:c)215[Y§:c] for any « € R. [2.17]

The following theorem is the fundamental result of the theory of stochastic comparison.

THEOREM 2.14 (Strassen’s Theorem).— Let W and Y be two random variables with
values in R®. Then W <, Y if, and only if, there exists a probability space on which
are defined two random variables W and Y, of same respective distributions as W
andY on RY, and such that

W <Y as.
THEOREM 2.15.— Let o and & be two random variables defined on the stationary

ergodic quadruple (0, F,P,0), with values in R™ and integrable. Let f be a
deterministic mapping: R* x R™ — R%. We note (W,,, n € N) and (Wn, n e N)
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the two SRS with values in R, descending from 0 and driven, respectively, by the
random mappings

x— f(x,a)and z — f(z,a).

If & <4 avand f is increasing in both its arguments, then W, <a W, foranyn € N.

Proof. According to Strassen’s theorem, there exists a probability space on which are
defined the sequences (a,, n € N) and (@, n € N), such that we have the following
identities in distribution

£

anéaom and @, = ao 6", foralln € N,

and such that
a, < a,as. foralln € N.

Let (Y,,, n € N) and (Y,,, n € N), the two SRS defined on this new probability
space, descending from 0 and driven, respectively, by the sequences of mappings
(f(.,an),n € N)and (f(.,&,), n € N). We then have

Y, <Y,, as.foranyn € N,

which we show by induction. We have Yy = Yy = 0 as. and if ¥,, < Y, for some
n € N, then by the monotonicity of f, we have a.s.

Yoi1 = f (Yo, an)
< f (Y, an)
=< f (Y, on)

= Y1

SoY, <Y, as.foralln € N on the new probability space. As Y,, (respectively, Y5,)
clearly has the same distribution as W,, (respectively, W,,) for all n, the converse of
Strassen’s theorem allows us to conclude. O

Now let us assume furthermore that the mapping f is continuous in its first
variable. According to Loynes’s theorem, Loynes’s sequences (W,, 0 =", n € N)
and (Wn 0" ne N) converge a.s. to the respective minimal stationary versions
W, and W, of the two SRS.

COROLLARY 2.16.— Under the assumptions of Theorem 2.15, if Loynes’s theorem
applies to both SRS and if the minimal solutions W, and W, are a.s. finite, they
are such that

Woo Sst Woo
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Proof. According to Theorem 2.15, for any increasing function F': E — R such that
the following expectations exist,

E[F(W,) o0 "| =E[F(W,)] <E[F(W,)]| =E[F(W,) 00 "],

by f-invariance. We conclude easily by monotone convergence. O

The following theorem is the special case (which will be useful to us in this form
in Chapter 4) of a more general result, which declines the comparison property of
Theorem 2.15 for a stochastic ordering involving the convex test functions, by applying
a corollary of Strassen’s Theorem for this ordering. In the sequel, if Y is a random
variable with values in R¥, K > 1 and Aisa sigma-field, we classically denote

E[Y [A = (E[Y(1)[ALE[Y(2)[A...).

THEOREM 2.17.— We assume that the mapping f is <-increasing in its first argument,
and convex from R? x R™ into R®. Furthermore, let us assume that there exists a
filtration (F,,, n € N) such that for all n € N and for all i € [0, n],

aof :E[aoei | Ful -
Under these assumptions,

E [F (W,)] <E[F (W,)] foralln € N, [2.18]
for all F:R% — R, <-increasing and convex, and such that these integrals are well
defined.

Proof. Let us fix n € N. Let us show by induction on [0, n] the relation
Wi < E[W; | F,] as. foralli € [0,n], [2.19]

which is of course checked for i = 0. Assuming that it is true for some ¢ € [0,n],
Jensen’s inequality yields that a.s.

E Wi | Fal =E[f (Wi,00") | F,]
= f(BW; | 7ol E oot | F])
= f(Wi,Efaocb'|F,])
=f(W;,ao00")
= Wit,
and [2.19] is proved. Therefore, we have in particular that

W, < E[W,|F,] as.,
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which implies with Jensen’s inequality that for any increasing and convex function
F:R? — R, if the integrals are well defined,

F(W,) < F(E[W,|F))
<E[F(W,)|Fa].

We conclude by taking expectations in the last inequality. O

We can deduce in particular, as for Corollary 2.16,

COROLLARY 2.18.— Under the hypothesis of Theorem 2.17, if furthermore Loynes’s
theorem applies to both SRS, and if the minimal solutions W, and W, are a.s. finite,
they satisfy

E[F(Wa)] < E[F (W)l

for any increasing and convex function F: R? — R, such that the expectations are

well defined.

2.5. Notes and comments

Loynes’s Theorem has been introduced in [LOY 62] in the particular case of
the G/G/1 queue. It has been generalized in the form presented here, for instance
in [NEV 84] and [BAC 02]. The proof of Birkhoff’s Ergodic Theorem that is presented
here is due to Garsia [GAR 65].

For a more complete picture on the idea of coupling, we refer the reader to [THO 00]
and [BRA 90].

The theory of Renovating events is due to Borovkov and Foss. It has been introduced
in [BOR 84], and developed in [BOR 92], [BOR 94] and [BOR 98].

For a more complete overview on stochastic comparison of stochastic recursions,
see the reference books [BAC 02] and [STO 83]. The construction presented here is
due to Baccelli and Makowski [BAC 89]. We only give here a simplifies versions of
the results therein.
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Epitome

— A stochastic Recursive Sequence (SRS) is of the form X, 1 = f(X,,, o, ), where
(av,) is a stationary ergodic sequence.

— The existence of a stationary distribution for (X,,) amounts to that of a random
variable X solving the pathwise equation

Xof=f(X, a),

on the canonical space of («, ), where 0 is the bijective shift operator.
— Loynes’s backward scheme guarantees the existence of a solution X (possibly
infinite) if f is a.s. increasing and continuous in its first argument.

— Borovkov and Foss’s Theory of renovating events provides conditions of existence
and uniqueness of a solution X, and for coupling to occur with the stationary version
of the SRS.

— Strassen’s Theorem allows us to compare the stationary versions of an SRS based
on the ordering of the random sequences that drive it.

Ivww .allitebooks.conl



http://www.allitebooks.org

Chapter 3

Markov Chains

To describe the evolution of a system, we must prescribe how the future depends
on the present or the past. Two major examples of such descriptions are differential
equations and recurrent sequences. When a piece of randomness is added, it leads
to stochastic differential equations (which are beyond the scope of this book) and
stochastic recurrent sequences (SRS), which we already studied in Chapter 2. Among
SRS, Markov chains are the most salient category. Behind a seemingly simple
description lies a mathematical tool which is quite efficient for applications and rich of
many properties.

Remember that it is recommended to read section A.1.1.

3.1. Definition and examples

Consider a sequence of random variables X = (X,, n > 0) with values in
E, finite or countable, and the filtration 7,, = o{X;, 0 < j < n} generated by
this sequence.

Trajectories of X are elements of IV, that is to say sequences of elements of E.
The shift (see section A) is then defined by

9: EN — EN
(xo,21,...) — (x1,Ta,...).

This shift is the non-bijective restriction to E™Y of the bijective flow defined on E£%
in section 2.1. As with the flow, we need to define the nth iteration of 8, denoted as 6™
and defined by

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
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g™ EN — EN

(mOaxl7 . ) — (In7mn+1,l’n+2, . )

From now on, we identify 6 and 6*.

DEFINITION 3.1.— The sequence X is a Markov chain when for any n < m, the o-field
Fy is independent of the o-field 0(X,,,), given o(X,,). In other words, for any bounded
Sfunctions F and G

E[F(Xo,...,X,)G(Xm) | Xx)

According to Theorem A.12, we know that this property is equivalent to the
independence of the past and the future given the present, and that this can be expressed
by

E[F(Xo,...,X,)Go 0" | F,]| = F(Xo,...,Xn)E[Go0"| X,]. [3.2]
In particular, for G = l{y} (X1), for any integer n, we obtain
P(X,41 = yl}—n) = P(Xn+1 =Y | Xn)

DEFINITION 3.2.— The Markov chain X is said to be homogeneous when P(X,, 11 =
y| X, = x) does not depend on n but only on x and y. We denote this quantity by
p(x,y)and P = (P(X1 =y | Xo = z),x,y € E) is called the transition operator of
X. If E is finite, then P is identified with a matrix that has as many rows and columns
as elements in E.

EXAMPLE 3.1.— A ratmoves through the labyrinth of seven squares shown in Figure 3.1.
It goes from one box to another by uniformly choosing among the possibilities given to
it, that is to say that when there are 2 (respectively 3) outputs in the box where the rat is
present, the rat goes into each possible box with a probability of one half (respectively
of a third). Its evolution has no memory: each change depends only on the current
situation, not the past. X,, is the position of the rat after its nth movement, X is its
initial position.

Here, E = {1,2,3,4,5,6,7} and the transition matrix is easily deduced from
Figure 3.1.

O O Ow= oOwR O
O Owim O Ol
o O O Ow O
= OoOw~ O O ONI=
ON= Owi= Owli= O
O Ow o O O
O O ow—o OO
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1 2 3
4 ) 6
7

Figure 3.1. The maze

EXAMPLE 3.2.— Starting with a null score, let us throw two unbiased dice. If the sum of
their figures is different from 7, we add this amount to the current score and play again.
Otherwise the score is zeroed and the game stops. X, represents the score after the nth
throw. We must distinguish two “states” 0 if we want X to be an homogeneous chain.
In fact, the score can quit the 0 at the beginning but cannot leave the 0 subsequent to a
7. Hence, we take as state space E = N U {4} where  is called a cemetery point. The
transitions are thus given for all ¢ # § by

PXpt1=i+2|X, =) =P(Xpp1=i+12]| X, =i)=1/36
P(Xpi1=i+3|X,=1i)=P(X,41 =i+ 11| X, =i) =2/36
P(X,1=i+4|X,=i)=P(X,;1 =i+10| X, =i) =3/36
P(Xp1=i+5|X,=i)=P(X,41=i+9|X,=1i)=4/36
P(Xp1=i+6|X,=i)=P(X,1=i+8|X,=1i)=5/36
P(X,1=0|X,=1)=1/6
P(X,1=0|X,=0)=1.

The very definition of a Markov chain implies that its evolution is determined by the
distribution of the initial position, denoted henceforth by v, and the transition operator
P. This is mathematically expressed in the following theorem.

THEOREM 3.1.— For any n, the joint distribution of (Xo, -+, X,,) is determined by
the distribution of X and P by the following formula
m—1
P(Xo =0,..., Xon = o) = v({z0}) H p(x1, T141),
1=0

foralln and all xg, ..., x, in E.

NOTE.— In the following, P, denotes the distribution of a Markov chain with initial
distribution v. By abuse of notation, P, represents the distribution of the Markov chain



48  Networks Modeling and Analysis

starting from € E. Since E is at most countable, we can always number the states,
using an injection between E and N. Thus we can assume that £ C N. Therefore, we
can use the formalism of vectors and matrices, even if it may be necessary to handle
such objects with an infinite number of components. .. We often consider the “vector”
7, defined by 7, (i) = P(X,, = i) fori € E C N. It is common to consider it as a
row vector. For all n, for all j € F, the relation

P(Xpp1 =) = ZP(Xn+1 =J | Xp =9)P(Xy = 1)

i€E
=Y P(X,, = i)p(i, ),
iCE
reads in matrix notation
Tpt1 = 7. P thus m, = m.P", [3.3]

where P™ is the nth power of P. For instance, if 7y is composed only of O but a 1 in
ith position (that is to say v = P;) then for any j € E,

where p(™ (i, §) is the term in ith row and jth column of P™.

As Pvtm = pnpm_ we deduce from [3.3] the so-called Chapman-Kolmogorov
equation

P (,y) = D p™ (@, 2)p™ (7 ), 341
zeE

valid for any n, m, any initial condition and any final state. Note this equation is written
“intrinsically”, that is to say regardless of the injection mentioned above.

3.1.1. Simulation

Let us first recall how to simulate v a distribution on a denumerable set . The
states are supposed to be numbered with an bijection ¢ between F and a subset of IN.
Then we put

n

ro =v({¢71(O)}) and 7, =Y v({¢7 ()}) = v(¢7({0,...,n})).

=0
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Algorithm 3.1. Realization of a random variable of distribution v

Data: T0s 71y
Result: An element of E chosen according to the distribution v
x«— sample of a uniform distribution on [0, 1];
n— 0;
while z > r,, do
| n—n+1
end
return ¢~ (n)

When a Markov chain X is in state z, it moves to state y with probability p(z, y).
To move from one stage to another, we simply have to apply the previous algorithm to
the distribution u, = (p(x,y),y € E).

Algorithm 3.2. Simulation of a trajectory of a Markov chain (v, P)
Data: v, P, N
Result: A path of length N of the Markov chain (v, P)
Choose x initial condition according to v;
for counter — 1o N do
Choose Zgounter according to the distribution (p(Zcounter—1,%),y € E);
end
return zo,ri1,...,TN

3.2. Strong Markov property
For a stopping time 7, on (T' < o), we define 67 by

QT(w) = (wT(w)a WT(w)+15 -+ .-

For x € F, the visiting times to x are defined by

1 00 if X,, # z foralln > 0,
T.. =
* inf{n > 0,X,, =z} otherwise ;
X o if TF=1 = coor X,, # x forall i > 751,
T =
inf{n > 751 X, =2} otherwise.

LEMMA 3.2.— For z fixed in E, on (1} < 00), we have

=kl rlogn [3.5]
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Proof. 1f Tﬁil = 00, then we have oo on both sides of the equality. If T£71 < 00,

the result is immediate once we are convinced that 7 (w) represents the part of the
trajectory posterior to the (k — 1)th visit to the state x. Therefore, the first visit (if any)
after the (k — 1)th is the kth visit since the beginning. O

THEOREM 3.3.— Let T be an a.s. finite stopping time and F:Q — R™T an integrable
random variable. Then, we have the following identity

E[Fod" |Fr]| =E[F| X, = Xr]. [3.6]

To calculate the right hand side, we first calculate E [F' | Xy = z] = ¢(x) and we
set

E[F|Xo = X7] = ¢(X7).

Proof. Since A € Fr, AN{T = n} € F,. Moreover, using [3.2] and the properties
of conditional expectation, we have

E[Fo6" 14] =Y E[Fo0" lanir—n)]

n=0

=N E[E[Fo0" | Fu Lingron)]
n=0

=Y E[E[F|Xo = X, Lanir—ny]
n=0
=E([E[F|Xo = X7]14].

The equality is true by linearity for all step functions, and thus for all positive
functions. O

NOTE.— Let X be the Markov chain with two states 0 and 1, and transition matrix
po,0 =0.9,p11 =1.LetT =sup{n >1,X, =0}. Under Py, T =Y — 1 where Y’
has a geometric distribution of parameter 0.1, and therefore 7" is almost surely finite.
However, Po(X7141 = 1| X7 = 0) = 1, which s different from Py (X,,+1 = 1| X,, =
0) =0.1.

This example illustrates that one cannot avoid the “T" stopping time” hypotheses
in the strong Markov property. Here, it is clear that 7" is not a stopping time since to
know whether T is less than n requires knowing the trajectory after time n to be sure
that it does not return to O after time n.
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ExAMPLE (Example 3.1 (continued)).— Suppose that there is a piece of cheese in box
3 and a battery in box 7. We want to calculate the probability that the rat could eat
before being electrocuted. Consider the two random variables

73 = inf{n > 0, X,, = 3} and 77 = inf{n > 0, X,, = 7}.

Forany i € {1, ---, 7}, set u; = P;(13 < 77). It is clear that u3 = 1 and that
uy = 0.Fori ¢ {3;7}
7
U; = ZPz(TS < 7'7|X1 = ])PZ(Xl :])
j=1

Since i is different from 3 and 7, the event {73 < 77} is P; a.s. equal to A; where

A ={w, 3i > lsuch thatw, =3 and w; € {1,2,4,5,6} forany [ < j < i}

= { after time [, we get 3 before 7 }.

As 1y, = 14,00, we have

Pi(Tg < 7'7|X1 = j) = Pj(Tg < 7'7).
Since P;(X; = j) = p(i, ), we see that (u;, ¢ = 1,---, 7) is the solution of the

linear system
6
uz =1, uy =0, u; = Zp(i,j)uj fori & {3;7}.
j=1

Solving this system gives uy = 7/12,us = 3/4,uq = 5/12,u5 = 2/3,ug = 5/6.

Without cheese and battery, let us now calculate the mean hitting time of box 3. For

any i € {1, ---, T}, setv; = E; [13]. It is clear v3 = 0. Moreover, for i # 3, we have
7
E; [15] = Y Ei[rs| X1 = j]p(i, j)-
j=1

For the trajectory w = (1,2,5,2,5,6,3,...), T3(w) = 6 but 73(6w) = 5. More
generally, given Xy # 3, we have 73 = 73 0 4 1. Therefore,

7 7
vi=> (Bilrs00| X1 =j]+1)p(i,5) = pli,j)v; + 1,
j=1 j=1
according to equation [3.2]. Hence, (v;, ¢ = 1,- - -, 7) is the solution of a linear system

with six equations and six variables.
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3.3. Classification of states

Let N, denote the number of visits to state x, not including the initial state

N, = Z 1(x,—0} -
n=1

LEMMA 3.4.— For any k, the two events {N, > k} and {7F < oo} coincide.

Proof. N, > k means that there were more than k visits to the state  which is exactly
equivalent to say that 7% < co. O

DEFINITION 3.3.— A state x is called recurrent when P, (7’% < oo) = 1. Otherwise, x
is said to be transient. The X chain is called recurrent (respectively transient) if all its
states are recurrent (respectively transient).

LEMMA 3.5.— Forany (x,y) € E X E, the following equality holds true,
P, (Th < 00) = P, (7} < 00)F 1P, (7} < o0). [3.7]

In particular, if v =y, P (T§ < oo) =P, (7} < c0)¥. Moreover,

_ Py(rp <o) (n)

By taking the current time as that of the kth visit to the state x, according to the strong
Markov property, the past and the future given this visit are independent. Therefore,
knowing that we have already visited k times the state x, the probability that one comes
back to = a (k + 1)th time is the same as during the first visit to 2 we return at least
once. In addition, these two events are independent.

Proof. For k > 2, according to [3.2] and [3.6], we have

P,(1F < o00) =P, (F ! < 00,7} 0 o < 00)

= y 1

Li1co) Py(T; o 97'5*1<oo |f7§_1)]

Py(Tl

x

y |:1{-rf_1<oo} < 0 | XO = X_rf—l)i|

=E, 1 P(7'1.<oo|X0=x)}

I C =) S AN

- B, [1 P, (r} < o)

[ H{rd T <o} T Y
= Py(Ta]j_l < OO)Py(T; < 00),

and we find [3.7] by induction.
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Now, according to Fubini’s theorem

E, [N;] =) P,(N, > k)=> P,(rf < 0),
k>1 k>1

and the first equality of [3.8] follows. Also according to Fubini’s theorem and [3.4]

Z l{xn_x}] = ZEy ix, =] = ZP(") (y, ).
n=1 n=1 n=1

Hence the result. O

Ey [Nx] = Ey

The following theorem gives different characterizations of recurrence and
transience.

THEOREM 3.6.— Let x be a fixed state. Then:

1) The following assertions are equivalent:
a) x is recurrent;
b)P,(N, =00)=1;
c) E; [N;] = o0

2) The following assertions are equivalent:
a) x is transient;
b) P (N, < 0)=1;
¢) E; [N,.] < oc.

Proof. First let us show that a = b. According to [3.4] and Lemma 3.5
P.(N, > k) = P.(7F < 00) = P, (7, < o0)F, [3.9]
and according to the monotone convergence theorem, we have
P,(N, =00) = klim P.(N, > k). [3.10]
The recurrence of = means P, (7, < co) and hence implies N,, = oo, P, almost

surely. Therefore, = recurrent implies that P, (7} < 0o) = 1. By the same argument,
x transient implies P, (7} < 00) < 1.

b = c. Easy when z is recurrent. For the other case, use the relation

E, [N,] = ZPx(Tx < o)k, [3.11]
k>0

As N, is finite almost surely, according to [3.10], P, (N, > k) tends to 0 when
k tends to infinity. According to [3.9] this implies that P, (7, < co) < 1 so that the
series converges.

¢ = a. In both cases, relation [3.11] leads to the conclusion. O
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DEFINITION 3.4.— We say that a state x communicates with a state vy, what is denoted
by x — v, if there is a strictly positive m integer such that p\™ (x,y) > 0. This
means that P (1) < o0) = 1.

THEOREM 3.7.— If x is a recurrent state and x — v, then y — x and y is recurrent.

Starting from x, we eventually reach y. If from y there is a risk of not coming back
to x we eventually do not return to it, we therefore make only a finite number of visits
to x, and there is a contradiction with the hypothesis of recurrence about x. Moreover,
if from y we are almost certain to come back to x and that we pass an infinite number
of times by x, we are likely to pass an infinite number of times to y as well.

Proof. Let us show, by contradiction, that y communicates with z by writing the
probability of starting from = and never returning to x is greater than the probability
of the same thing but visiting y at least once

P,(rp =00) > Py(1,,00™ = 00,7, < 00)
=P,(ry < 00)Py (1, = 0),
according to the strong Markov property. If y does not communicate with z, this
quantity is positive which contradicts the recurrence of z. Similarly
P,(1, < 00) > Py(1,00™ < 00,7, < 00)

=P, (1, < 0)P,(1, < o0) =1,
hence y is recurrent. l

THEOREM 3.8.— The relation — restricted to recurrent states is an equivalence
relation.

Proof. Reflexivity, that is, x — z, is induced by the very definition of a recurrent
state. Symmetry, that is, t — y = y — =z, follows from Theorem 3.7. Let x,y
and z three states of F such that x+ — y and y — z. By definition, there are two
positive integers which we call r and s such that p(")(z,y) > 0 and p'®)(y, z) > 0.
The Chapman-Kolmogorov equation tells us that

p("’LS)(:lc7 z) = me (x,E)p(s)(f, z).
leE

All the terms of this sum are non-negative and there is at least a positive
term: p(") (x, y)p®) (y, z). Thus, we have found a positive integer, r + s, such that
p("t)(z, z) > 0, hence the result. O
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The set of recurrent points can be partitioned into equivalence classes. By definition,
a state belonging to a class communicates with the other states of this class and does
not communicate with any recurrent state belonging to another class neither with any
transient state . In contrast, a transient state can communicate with both transient and
recurrent states.

DEFINITION 3.5.— A subset F of E is said to be closed, if for all x and y
(xe€Fandx — y) =y € F.

In other words, 3, o p(z,y) = 1forallx € F.

THEOREM 3.9.— A closed set of finite cardinal contains at least one recurrent point.

Proof. Let I be a closed set. If all states are transient, we have
E, [Nz] = Py(Ti < 0)E; [N;] < o0,

for every pair (z,y) of F. Since F' is finite, ) » E, [N;] < co. On the other hand

DBy Nl = By | ixieay | = DBy

zel zeF n>0 n>0

Y 1ix=n)

zcF

:Zl:oo,

n>0

since F'is closed, thus a contradiction. Hence, there exists at least one recurrent point.
O

ExAMPLE 3.3.— Itis often easier to have a graphic representation of the transition matrix
of a Markov chain. To do this, we construct a directed graph whose vertices correspond
to the states. The z, y edge (oriented) has the weight of the transition probability from
x to y. If this probability is zero, the edge does not exist. Let us consider the Markov
chain transition matrix

08 01 0 01 0 0
o 0 1 0 0 0
p_|9 tw oo O O O
o 0 0 0 1 0
o 0 o0 0 o0 1
o 0 0 1/3 1/3 1/3

Its graphic representation is that of Figure 3.2. It is clear that the sets {2,3} and
{4,5,6} are closed sets. Since they are both finite, both of them contain at least one
recurrent point. Within each of them, all the points communicate with one another, so
that they are all recurrent. If the chain leaves the point 1 to point 2 or 4, it is sure not
to come back to 1 so that the probability of not returning to 1 is 2.1/10 > 0, hence 1
is transient.
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Figure 3.2. Graphic representation of a Markov chain

Let us observe that even if the set F is closed, Theorem 3.9 does not lead to a conflict
over the status of state 1. In fact, we know that there exists at least one recurrent point
in F, but we do not know which one and we cannot, a priori, say anything more since
all the states do not communicate with each other.

ExaMPLE (Example 3.1 (continued)).— All the states communicate with one another
so that the only closed subset is F itself. As it is finite, there is at least one recurrent
state so that they are all recurrent.

ExXAMPLE (Example 3.2 (continued)).— As long as it does not reach 4, the score can
only grow, so that all the states of N are transient. J is recurrent.

EXAMPLE.— A set of N cards is mixed by cutting it into two parts which are then
interchanged. Each mixture of the set is represented by a permutation of {1,..., N}.
If N = 3 and the mixture is represented by (3, 2, 1), meaning that the card 3 is
in position 1, the card 2 in position 2 and the card 1 in position 3. X,, denotes the
state of the deck of cards after the nth mixing. The state space is hence the group of
permutations of {1,..., N}, denoted by S . If Xy = (3,2, 1) and the cut is between
the first and second card, we have X; = (2,1, 3). In other words, we have just made
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a circular permutation on the cards but did not change their relative order. In fact, to
define the transition probabilities, let us consider the set of IV elements of &y

Ei={oe6n,3ke{l,....Nho=(k+1,k+2,...,N,1,....k)}.

When we cut the pack at the level of the kth card we apply the cycle (k + 1,k +
2,...,N,1,... k) to the current situation. As the choice of the location of the cut is
assumed to be uniform on {1,..., N} we have

1
P(X1:T|X0:J):NifTO'_1€E1.

Equivalence classes of relation — are those of the relation cRT = 707! € Ej.
In other words, o communicates with 7, if and only if there exists p € E; such that
7 = po. Hence there are (n — 1)! equivalence classes of cardinal n each. All these
classes form some closed sets of finite cardinal which contain all or at least one recurrent
point. As all the states communicate with each other within these classes, they are all
recurrent. Hence, the chain is recurrent.

When the state space is infinite, we cannot apply Theorem 3.9.

DEFINITION 3.6.— A Markov chain is called irreducible when all the states
communicate. In particular, the smallest closed subspace is L itself, and all the states
have the same nature.

NOTE.— If the number of transient states is finite, as we pass only a finite number of
times in each of them, the Markov chain eventually enters a recurrence class and thus
remains there. Let us observe that, according to Lemma 3.7, arecurrence class is always
an irreducible subset. If the number of transient states is infinite, the above reasoning
no longer applies automatically, but the cases in which a Markov chain never enters an
irreducible closed subset, are out of our discussion. As far as we are interested in the
asymptotic behavior of Markov chains, there is no loss of generality to assume that the
Markov chains studied are irreducible.

When z is recurrent, we know that starting from x we eventually come back to x
in a finite time, but what about the average time of return to x?
DEFINITION 3.7.— A recurrent state x is said to be

— positive recurrent if E, [7‘%] < 00;

— null recurrent if E,, [T;] = 0.

The chain X is called positive recurrent (null recurrent respectively) if all its states
are positive recurrent (null recurrent respectively).

The following construction is used several times thereafter.



58  Networks Modeling and Analysis

DEFINITION 3.8.— Let X be an irreducible Markov chain and recurring on E and F,
a subset of E. Set

7 =inf{n >1,X, € F} and 7p:"" *TI{‘iJrT};oGT;,

the times of the successive visits to the set F. We consider the random sequence X ¥,
defined by XI' = Xrn,n € N. We easily check that X" is a Markov chain on F,
called the Markov chain restricted to F.

THEOREM 3.10.— Let X be an irreducible Markov chain and F' a finite subset of E. If
foranyx € F,E, [T}p] < 00 then X is positive recurrent.

Proof. For any x € F, define 0, = inf{n > 0, X! = z} and for any & € N*,
V), = 7§ — 7571, Since F is finite, then X" is positive recurrent E,, [¢,] < oo for any
x € F. We must prove that E,, [7,;] < co. By the very definition of Y},

> v

k=1

YR | v 1{%_4
Lk=1

n>1

=
5

Yk Z l{aw:n}

n>k

NGERONgE

E; [YiLio,2m]

el
Il
—

Using the strong Markov property, we obtain
E. [Yilio,2n] = Eo [Be Vi | For [ 10,20

= EI |:EX k—1 [Yl] I{szk}}
F

<supE, [Yi] P,(o, > k)
yeF

Since F'is finite, the supremum is finite. We therefore obtain
o0
TISZ (04 > k) =cE;[o4].
k=1

According to the initial observation, this proves the positive recurrence of X. [
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LEMMA 3.11.— Let X be a Markov chain and h: E x E — R, bounded. For any
integer n

E [h(Xn; XnJrl) |]:n] = P<h(Xn7 ))(Xn> = Z p(Xna y>h(Xn7y) [3.12]
yeE

Proof. Since h is bounded, we only have to compute the conditional expectation.
According to the Markov property

E [M(Xn, Xn+1) | Fn] = E[A(Xn, Xni1) | Xn]

Now, let ¢: E — R be bounded,
E [h(Xna Xn+1)¢(Xn)] = /¢($) / h(x, y) d PX,,L+1 | X,,L:$(y) d PXn (33)

— /¢(x) > bz, y)p(a,y) dPx, ()

yeE
= E[¢(X0) P(h(Xn, ))(Xn)] -
The previous equation is true for any function, thus [3.12] holds true. 0

THEOREM 3.12 (Foster criterion of recurrence).— Let E be a finite subset of E. Assume
there exists a function h: E — R such that {x € E,h(z) < K} is finite for any K
finite and that

My) > E, [h(X41)] forally € Ef.
Then, X is recurrent.
Proof. According to the hypothesis, h is lower bounded hence up to an additive
constant, we can assume h > 0. Consider the stopping time 7 = inf{n, X,, € Ey}

and the sequence Y defined by Y;, = h(X,,) 1;~,}. Let us show that Y is a positive
supermartingale as soon as Xy € Ef. Let x € Ej§

E, [h(XnJrl) 1{7—>n+1} |-7:n} = 1{T>7’L+1} EX71 [h(XnJrl)}
< 1{7->n} h(Xn) =Y,

since on {7 > n + 1}, X,, does not belong to Fy. Thus, Y converges almost surely to
arandom variable Y.

Suppose that X is transient. Let © ¢ Ej, for any K, the set {z, h(z) < K} is
finite and is thus visited by X only a finite number of times. Hence X is not bounded.
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As Y, is finite, 7 is necessarily finite almost surely. This means that for z ¢ Ej,
P.(r < o) = 1. Starting from E§, the Markov chain eventually reaches Fy. Either
we stay in E forever and as F is finite, Fj is recurrent and the chain is irreducible;
or the chain leaves Ey and in accordance with what we have just proved, it eventually
returns to it. The number of visits to E is hence infinite, which implies again that E,
is recurrent. This the Markov chain is recurrent. O

3.4. Invariant measures and invariant probability

DEFINITION 3.9.— Let E be a countable set and P a transition operator on E x E. A
positive finite measure v on E is said to be invariant with respect to P if and only if

v = vP that is to say v(y) = Z v(x)p(z,y) forally € E. [3.13]
rel

If moreover > v(x) = 1, v is an invariant probability.
NOTE.— If 7y = v then w,, = o P™ = 7.

THEOREM 3.13.— Let x be a recurrent state, then the measure v defined by

1
T,—1

o
V(y) =E, Z I{any} = Z Px(Xn =Y, Tzl > n)
n=0 n=0
is an invariant measure.

Proof. Let us first show the equality of the two expressions of v. Since x is recurrent,
71 is almost surely finite then U,,>1 {7} = n} is a partition of . According to Fubini
Theorem

7-;71 00 £—1
E, Z Lix,=yy | = ZEI Z Lixo=n) Hmi=0)
n=0 £=1 n=0
=Y E. |) 1y 1{Xn—y}1
n=0 £>n
= ZEZE [1{7'}>n} l{Xn:y}] :

n=0

1
Under P, Xo = X1 = , thus we can write v(y) = E, {Z;z:l 1{Xn:y}}’
which gives the same calculations with a different index range

v(1) =D B [z 1x, =] - [3.14]

n=1
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We have already observed that the event {7} > n} belongs to F,,_; since it is the
complementary of the event {7 < n — 1}. For y # x, by using the properties of
conditional expectation and the strong Markov property

Z E, [1{7-;271,} l{Xn:y}]

n=0

=Y Eu[1pon B [1x,=y) | Fami]

n=1
o0
=> Eo[1pen Eo [1x,=y | Xno1]]
n=1
=Y > E [1{r;zn} Lix, =) Ba [Lx,—y) [ Xno1 = ZH
n=1zek
=> p(zy) Y E, {1{@271} 1{Xn_1:z}]
zelE n=1
= v(2)p(zy).
z€FE

For y = , it is clear that v(z) = 1 and on the other hand

Z v(2)p(z,z) = Z Zp(z,x)Pw(Xn = 2,7y >n)

zeE n=0zek
= Z Z P.(X, =2 X1 =27 >n)
n=0zeFE
= ZZPI(X” =27 =n+1)
n=0zek

e}
:ZPJ-(T;:TL—FI)
n=0
=P,(1} <o) =1.

Hence we have v = v P, and it only remains to verify that v(y) < oo for any y.
This is true for x = y. For y # x, either = does not communicate with y and hence
v(y) = 0, or  communicates with y and as x is recurrent, according to Theorem 3.7,
y communicates z, that is to say that there exists m such that p(™) (y,x) > 0. Asvis
invariant, v. P™ = v, which implies that
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1=wv(z) =Y v(2)p"™(z,z) > v(y)p™ (y,z),
zeE

and therefore v(y) < occ. O

COROLLARY 3.14.— Let X be an irreducible recurrent Markov chain of invariant
measure v. Let F be a subset of E and X* the chain restricted to F. Then, X*

is irreducible and recurrent and admits as an invariant measure the measure given
Theorem 3.13.

Proof. The first two points are obvious. For y € F, the number of visits to 3 of X
and of X are the same, hence X and X" have the same invariant measure given by
Theorem 3.13. O

THEOREM 3.15.— If the Markov chain X is irreducible and recurrent, then there exists
a unique (up to a multiplicative constant) invariant measure v such that for any 1y,
0 < v(y) < oo. The uniqueness “up a to a multiplicative constant” means that if v
and v' are two such measures then there exists ¢ > 0 such that v(x) = cv'(x) for any
rzeE.

Proof. Let i an invariant measure and let a € E. Let v be the invariant measure
constructed in Theorem 3.13 with @ as starting point. By construction, v(a) = 1 then
for any invariant measure p, u(a) = v(a)u(a). By definition, for z € E\{a},

w(z) =S w@ply, z) = pla)pla,2) + Y py)py. 2).
yeE y#a
By iterating this relation,
p(z) = pla)p(a, 2) + pla) Y pla,y)p(y, 2) + Y p(@)p(a, y)p(y, 2)-
y#a i#a y#a
This can be rewritten
1(z) = p(a)Pa(Xy = 2)
+ M(Q)Pa(Xl 7& a,X2 = Z) + PlL(XO 7é a7X1 7& CL,XQ = Z)

By induction on n, for any n,

w(z) = pla) Z P,(rs >m, X, =z2)+P, (ﬂ Xy #a)NX, = z) .

m=1 y=0

The last probability is a positive term and when n tends to infinity, we recognize in
the first sum the definition of v. Hence:

w(z) > p(a)v(z)forany z € E.
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On the other hand, since for any n, u.P™ = u, we also have

pla) =Y p(x)p'™ (@,a) = pla) Y v(@)p™ (z,a) = pla)r(a

x

S~—
Il

p(a).

Therefore, the intermediate inequality is an equality and as p(z) > p(a)v(z),
we must have p(z) = u(a)v(z) when n is such that p(™ (x,a) > 0. Given that X
is irreducible, such an integer n always exists and thus pu(z) = u(a)v(z) for any
rzc E. O

THEOREM 3.16.— Ifthere is an invariant probability then all the states satisfying v(y) >
0 are recurrent.

Proof. Asv = vP", Fubini’s theorem implies that

S u(@) S p () = 3 vly) = soif vly) > 0.

zeE n>1 n>1

On the other hand, according to Lemma 3.5

1
S5 (0, y) = om0
~ 1 y(1) < 0)

As P, (1) <o) <1,

00 < Z u(m);l
=~ 1Py (1} < o0)

Therefore P, (7, < oo) = 1 since v is finite, which means that y is recurrent. []
THEOREM 3.17.— If X is irreducible and admits v as invariant probability, then

1
v(z) = B

Proof. If there exists « such that v(x) = 0 then as for any n

v(z) = p™(y,2)v(y),

yeE

for any n and any y, the product of v/(y) and of p("™ (y, z) is zero. Now, the chain is
irreducible, hence for any y, there exists n, such that p("™) > 0 so that v(y) = 0.
Therefore v is not a probability, thus for any « € FE,v(z) > 0. According to
the previous theorem, all states are recurrent. Hence we know that v is, up to a
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multiplicative constant, given by Theorem 3.13. This multiplicative constant ¢ must
satisfy ¢, p (y) = 1,. Since we know that for any z € E,

7';—1
Dovw)=> Eo | Y lix,—y| =E.[n1],
yek yeE n=0
the result follows. O

The following theorem summarizes the above mentioned principal results.
THEOREM 3.18.— If X is irreducible, the three following assertions are equivalent:

1) One of the states is positive recurrent;

2) There is an invariant probability;

3) All the states are positive recurrent.

Moreover; the invariant probability is given by

1
T,—1

1
v(y) = mEx Z Lix,=yy |-

n=0

Proof. 1) = 2). By combining Theorem 3.13 and Theorem 3.17, we see that

|

1 =
=—7E, E Iex, = | s
V(Z/) E, [7_%] o {Xn=y}
defines an invariant probability. As the term on the left does not depend on z, we can

choose z = y and we find v(y) = E, [Tg}] -

2)=>3). Since X is irreducible, we know that the invariant probability is a multiple
of that built in Theorem 3.13 and therefore 7(y) > 0 for any y € E. According to
Theorem 3.17, this means that all the states are positive recurrent.

3) = 1) is trivial. O

COROLLARY 3.19.— Any irreducible Markov chain on a finite cardinal E is positive
recurrent.

Proof. There exists an invariant measure u. As the state space is finite, we can always
normalize it by requiring
1

v(r) = mﬂ(y)a

Ivww .allitebooks.conl
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and we obtain an invariant probability. According to point 2) of the previous theorem,
we deduce that the Markov chain is positive recurrent. O

THEOREM 3.20 (Foster criterion of positive recurrence).— Assume that there exists
h: E — R and € > 0 such that:

— liminf, h(y) > —oo;

— h(Xy) is integrable;

—foranyy € Ej,

h(y) — e > E[h(X1) | Xo = y].

Under these conditions, X is positive recurrent.

Let X be an irreducible recurrent Markov chain on a Polish space E. Forany z € E
we put, (Yk”7 k>0)= (Xk/\r;) and for any n > 1, we define the nth excursion Y"
of X from z by (Y}, k > 0), where

Y = Xpnrs 0 075

The Oth excursion coincides with X until the first visit to z, after Y° remains in z.
The nth excursion is a Markov chain which starts from x and follows the pattern of
the initial chain until it hits «. Then, it remains equal to x. The evolution of the chain
is then captured by Y"1,

y?° Y3
S

o
©
©

Figure 3.3. Excursions of the Markov chain of example 3.1

According to the strong Markov property, the processes (Y",n > 0) are
independent and for n > 1, they all have the same law: for any function ¢: EN — R,

E[p(y™)] =B [6(r' o0™)] = B[v(y")].
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THEOREM 3.21.— Let X be recurrent, irreducible of invariant distribution v. For any
initial condition x € E, for any function f in L' (v), for any function g > 0 such that

Zy g(y)v(y) > 0, we have

Z;‘L:O f(XJ) n—o00 ZyeE‘ f(y)V(y)
> i—09(X5) > yer IWV(Y)

As a consequence, for f € L*(v),

13 505 25 5 et P s

=0 yEE

, P, as.

We can cut any additive functional into pieces depending on each excursion.
According to the independence and equidistribution of these pieces, we can apply
the strong law of large numbers. It remains to prove that the side-effects are negligible,
that is to say that the term which depends on Y and the term which depends on the
incomplete excursion disappear when divided by n.

Proof. The invariant probability is proportional to the invariant measure given in
Theorem 3.13. Thus, there exists ¢ > 0 such that for any function g > 0,

¢y gy = E, Z 9(Xn)

By homogeneity we can assume that ¢ = 1. Let Z = (Zj, k > 1) is defined by

k1 i1
n=rk n=0

According to the strong Markov property, the random variables (Zx, k > 1) are
independent and identically distributed. Moreover,

7'71

«[121] Z G| = D0 1) [v(y) < oo,

yeE

since f € L'(v). We can therefore apply the strong law of large numbers, which states
that

% sz noee, =Y fyv(y), Pras. [3.15]

k=0 yEE



Markov Chains 67

If we apply this result to f = 1, we obtain

Tn n— oo
- ——1, Pyas. [3.16]

n

Let e(n) be the number of visits to = between 0 and n times. Let us observe that
e(n) is also the number of excursions starting from = completed before time n. By
definition, 75 < n < 75™*! therefore

1
T;(n) T;(n)—&-

n

e(n) = e(n) < e(n)+1 e(n)

According to [3.16], the lower and upper bounds of the previous line converge a.s.
to 1, therefore so does n~1e(n). Hence,

1n
= f(Xk
nkz::o(k)

i [3.17]
S L)

1
pors n e(n

1 n
)(Zl++Ze(n))+ﬁ Z f(Xk)
k:Tf(n)—'rl

S|

Assume that f > 0. The first term tends to 0 P-almost surely for any y € E.
According to the definition of almost-sure convergence, this is equivalent to

rio1
1 x
P, | limsup | — S fXx) >el| | =0, [3.18]
" k=0

for any € > 0. Therefore, by the strong Markov property, for any € > 0,

T;(n+1)71

P, | limsup - Z f(Xk) > ¢

k=™
1 i1
=P, hmnsup - FY') > €
k=0
1 Ti—1
=P, 1im:up - f(Xk) > € =0,
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according to the [3.18]. As

Tj<"+1)_1

Soofx < D f(XR),

k=re(™ 41 k=rc(™

we have

1 - n— o0
- Z f(Xy) —— 0, P, as.

k=rc(™

For general f, by applying the above reasoning to | f|, we show that the first and
third terms of [3.17] tend a.s. to 0. According to the first part of the proof (see equation
[3.15]), the middle term of [3.17] tends almost surely toward > 5 f(y)v(y). The
special case is obtained by taking g = 1. 0

DEFINITION 3.10.— A state x is periodic if there exists an integer § > 2 such that
> P.(r) =6k) =1 [3.19]
k=1

The smallest ¢ satisfying [3.19] is called the period of x: and we denote it as d(x).
The states that are not periodic are called aperiodic.
ExaMPLE (Example 3.1 (continued)).— In this case, a moment of thought shows that
we reach only an odd-numbered box every two steps, and the same holds for even-
numbered boxes: if the rat starts in box 1, it can be in boxes 3, 5 or 7 after its second

move. Hence, the period is 2. We see that the states can be classified into two packets,
boxes {1, 3,5, 7} on the one hand, boxes {2,4, 6} on the other.

More generally, we have the following theorem.

THEOREM 3.22.— Let X be an irreducible recurrent Markov chain of period d. Let x
be fixed in E, there exists a partition of E in d sets Cy,C1, . ..,Cq_1 such that:

1) x belongs to Cy;
2)Lety € Crand z € Cy, if p"™ (y,2) > 0 thenn = (s —r) mod d;

3) Cy,...,Cq_1 are irreducible recurrent aperiodic classes for the Markov chain
of transition matrix P

The factorization is unique up to a renumbering. The Markov chain transition matrix
P%is irreducible, recurrent, aperiodic. If its initial condition is in C,. forr € [0,d—1],

then all its subsequent states are in C,..

The proof of this theorem requires two technical lemmas.
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LEMMA 3.23.— Letay, ..., ay, be relative prime integers, any integerm > [, (1+ax)
can be written as

m = Z xpay with xi, > 0 for any k. [3.20]
k
Proof. Let us show by induction on n thatif ay, ..., a, are n integers (not necessarily

relatively prime) and that m € N is written as m = ), x1ay then we can always
find another expression satisfying the conditions of [3.20]. Specifically, there exists a
permutation o of {1,..., N} into itself such that

Loy < l)muz (ap) foralll <n — 1.

I#o( (i—1)

First assume that n = 2. As m > 0, one of the two coefficients x; or x5 is positive.
Without loss of generality, we can always assume that it concerns ;. Let us show that
we can always assume that z1 < ao. If this is not the case, then we can write it as
1 = kag +r with 0 < r < as

m = x1a1 + T2a2 + kajas — kaias

= (21 — kaz)ay + (x2 + kay)as = rag + (x2 + kay)as.

In conclusion, any integer m can be written as m = x1a1 + a2 with0 < z < b.
As a consequence, if m > ajas, T2 must be positive.

Assume the result is shown for (n —1). Up to a renumbering, we can always assume
that x4 is positive, and apply the recurrence hypothesis to m — x1a; and to the (n — 1)
remaining numbers. The renumbering that has been applied during this step defines
the permutation o.

Now, if a1, ..., a, are relatively prime, Bezout’s lemma guarantees the existence
of the representation m = ), xyay, for any integer. According to the first part of the
demonstration, we can always assume that >, - | xas is positive and less than

sup al...an+Hay+... gal...an—i—zHay—&—...:H(l—kaw)—l.
x

y#x T yFx

Therefore, for m greater than or equal to [[(1 + a,), there is still an expression of
the form [3.20]. O

LEMMA 3.24.— If x is aperiodic then there exists ng such that if n > ng then
p™ (z,2) > 0.
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Proof. Define the set
I, = {n e N,p™ (z,z) > 0}.

According to the Markov property, I, is a semi-group: if m and n belong to I,
then m + n also belong to it. Indeed

pm ) (2, 2) > ™ (2, 2)p™ () ).
I, is equipped with the usual order. Let u,, be the number of common divisors of the

first n elements of I,. (u,,, n € N) is a non-negative decreasing sequence, therefore it
is convergent, and since x is aperiodic, its limit is 1. As (u,, n € IN) is integer valued,

there must be a rank from which it is constant, let ng be this rank and let aq, . .., an,
the ng first elements of I,,. According to the previous lemma, for n sufficiently large,
n € I,. O
Proof of Theorem 3.22.

Let K, = {n,p™ (x,y) > 0}. For two integers k and [, according to the Markov
property

Pm(Xk;Jrl = .’E) 2 Px(Xk = y)Py(Xl = ac)

Therefore, n can belong to K, only if d divides n + [, that is to say, if n is written
as adr where r € {0, ..., d — 1} is the remainder of the division of [ by d. We define
C, as the set of points of F which have the same r. These sets are clearly forming a
partition and x € Cj.

Let m and n such that p(™ (y, z) > 0 and p™ (z,y) > 0. As p(*T™)(z, 2) > 0, it
follows from i) that n +m = s mod d and as n = r mod d, the result follows.

The irreducibility follows immediately from the previous point, the aperiodicity of
the definition of the period. U

‘We can now state the result.

THEOREM 3.25.— Let X be an irreducible, positive recurrent, aperiodic Markov chain
of transition matrix P and invariant probability v. Then,

lim p™ (z,y) = v(y), for all x and all y.

n—oo
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This can be proved by coupling: two independent Markov chains of the same
transition matrix but of different initial conditions always end up meeting each other.
Let us observe that from this moment of meeting, they coincide in distribution.

Proof. On E x E, we define the Markov chain Z,, = (W,,, y,,) of transition matrix

p(($17$2)7 (yhyz)) = p(z1,y1)p(2, Y2)-

In other words, both W and Y coordinates evolve independently from one another
according to the distribution of the original Markov chain.

We first show that Z is an irreducible Markov chain. As all states are aperiodic,
according to Lemma 3.24, from a certain rank M,

P (y1, v1) > 0and pV (w2, 22) > 0.

As X is irreducible and recurrent, there exists X > M and L > M such that
p) (21, 25) > 0and p&) (1, 42) > 0.

Therefore, the path
(z1,91) = (22,41) — (22,92)

has a positive probability for the index K + L + M. Indeed, according to the Markov
property

PETE (21, 11), (22, 92)) > ) (1, 22)p ") (1, 41) -0 (2, 22)p™E) (y1, y2) > 0.

It is clear that ¥(z,y) = v(x)v(y) defines an invariant probability for the Markov
chain Z. Therefore according to Theorem 3.18, all states are positive recurrent. Let T'
be the hitting time of the diagonal of £ x E by Z

A=A{(z,y) € Ex E,x =y}
T=inf{n>0,7, € A}.
Since Z is irreducible, recurrent, the hitting time of a state (x, ) of the diagonal

is almost surely finite. Since 7" is the minimum of all these hitting times, it is almost
certainly finite. Let us show that on {T" < n}, W,, and Y,, have the same distribution
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P(W, =y, T <n) =Y E[Lw,=y Lwr=r) Lir<n]

=Y E[Lwr—y Lir<n) E [Liw, =y | F1]]

= ZT: B {I{WT:QC} Lir<ny Eq {1{Wn_T:y}H

= Z E [I{YT:z} Lir<ny Ex [I{Yn—T:y}H

=P, =y,T <n).

PW,=y)=PW,=y,T<n)+PW, =y, T >n)
PY,=y,T<n)+P(W,=y,T >n)
PY,=y)+PW,=y,T >n).
Symmetrically, we have

PY,=y) <PW,=y)PY,=y,T>n),
from which we deduce that

PW,=y) -PW,, =y)|<PY,=y.T>n)+P(W, =y, T >n).

Summing over all the possible values of y, we get

S PV, =y) —P(W, =y)| <2P(T >n).

Since T is almost surely finite, the right-side tends to 0 when n to infinity. If we
take Wy = z and Y having the distribution v, we deduce

> P (@, y) — v(y) 0.
)

Hence the result. O

NOTE.— We observe that the aperiodicity hypothesis is only used to prove the
irreducibility of the Markov chain Z. To be convinced that this is essential, consider
again the example of the rat in its maze. Let us form the Markov chain Z,, = (X,,,Y},)
which represents the positions of two rats released in the same maze, which evolve
independently of each other according to the same rules as before. Let C'; be the cyclic
class of 1 and (5 that of 2 for the Markov chain X . If Z starts from a state of C; x Cy
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then Z evolves between the states of this set and the states of Cy x C', but never reaches
the states of C; x (1, therefore Z is not irreducible.

In the periodic case, however, we have the following result:

THEOREM 3.26.— Let X be an irreducible, positive recurrent Markov chain periodic
of period d and of invariant probability v. Let x € E and Cy, . ..,Cq_1 be the cyclic
classes associated with x. If y € C,,

lim p™ ) (2, y) = du(y).

n—oo

The idea is to apply the previous theorem to the Markov chain of transition
matrix P?. It is necessary to determine the invariant probability of this Markov chain.
Observe that according to Theorem 3.13, up to a multiplicative constant c, the invariant
probability of a state y is equal to ¢ times the proportion of the number of visits to this
state between two visits to a fixed state z. As in the Markov chain of matrix P¢ we
divide the number of steps by d, this proportion is multiplied by d.

Proof. According to the definitions of the period and of CY,, C' is a closed subset for the
chain X defined by X’; = Xpa+k fork =0,...,d — 1. These chains are irreducible
and positive recurrent. According to Corollary 3.14, the invariant probability v/* of X*
is proportional to v, that is, there exist oy, such that v*(y) = azv(y) for any y € Cy.
In addition, since v is the invariant probability of X, for any k and any [ belonging to
0,...,d—1,

ar =P, (Xnayr € Cr) =Py (Xnatr € CrUC)) =P (Xnay € C1) = .

It follows that ay;, = d—!. The final point results from Theorem 3.25. O

The final result useful for simulations is the central theorem limit which
states that:

THEOREM 3.27.— Let X be a positive recurrent Markov chain of invariant probability
v.For f: ExE — R,

E —R
bf: {»T — Pf(x) = Zy flx,y)p(z,y) = By [f(Xo,21)]

For any function f such thatE, [P(f?)] < o,
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2= D0 UK. Xi) = PA(X)) 2 N0,
k=1

where N'(0,02(f)) is a Gaussian distribution of variance given by

o*(f) = E,[P(f*)] - E,[(Pf)?].

Proof. Lemma 3.12 implies that for f bounded, the process

n n

MI =" f(Xn, Xni1) = Y PF(X;, (X))
j=0 Jj=0

is a martingale. Furthermore, its increasing process is
AMT), =E[(AM])? | F,]
2
— B (700 Xosn) - PIC6) 17
= PfQ(Xn) + Pf(Xn)2 - 2Pf(Xn)2
= Ff(XW)7

where T'f = P(f?) — (Pf)? is the carré du champ operator associated with P.
Therefore

n
(MT), =Y TFX;).
j=0
By hypothesis, I' f is integrable with respect to v, Theorem 3.21 implies that

f
7<M Jn nzee, az(f)7Pza.e.
n

The result follows from the central limit theorem for martingales increments. [

If we take as a particular case f(Xx_1, Xp) = lx,—a}, We get

dzx

b
P (Va(V; —v(a) € a) 2= [ exp(—s/20t)",

with 0% = v(y) — o p(z,y)*v(x).
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ExaMPLE (Example 3.1 (continued)).— This is the simplest case in which we have to
solve the system v = vP and ) 7(x) = 1. After making all the calculations,

1313 311
v=|=-,—,2,—,—, =, — .
816’8716 16" 8’ 16

ExampLE (Example 3.3 (continued)).— It is necessary to restrict the Markov chain to
any equivalence class of the “communicate” relation. In this case, it is clear that the
invariant probability is the uniform measure on these states.

3.5. Effective calculation of the invariant probability

The principle is simple: the invariant probability is the only vector with non-
negative components, of total weight 1 which satisfies the equation v(P — Id) = 0.
To solve such a system by computer, it is must be taken into account that this system
has co-rank 1, that is, it is necessary to remove a column of P (e.g. the last one) and
replace it with a column of 1. Let P be the matrix thus obtained. We must then solve
the system

1 0
A . 1 (0 o0
m(P—1)="b, withb=(0,...,0,1)and I = .
(0)
0

In practice, the chains that are used have a finite state space but very large cardinal
(several thousands of states). This requires the use of numerical analysis methods.

3.5.1. Iterative method

We have to solve the equation 7 = 7 P where P is the transition matrix. According
to Theorem 3.25, if the chain is aperiodic then 7,,+; = 7, P tends to the invariant
probability. In practice, we take any my and we iterate the relation m,,4; = 7, P. This
process can be expensive if the calculation of the coefficients of P is long. However,
convergence is exponentially fast with scale factor given by the modulus of the second
largest eigenvalue of P.

When the chain is periodic (see the example of the rat) of period d, we must be
more cautious. Theorem 3.25 shows the sequence (m,, n € IN) has d cluster points.
Specifically, by definition of a cyclic class, if 7 is a Dirac mass at x, the terms 7,
have positive components only for the states of the cyclic class x, the terms 7,1 ; have
positive components only for the states of the cyclic class C;, forall j € {1,...,d—1}.

ExampLE (Example 3.1 (continued)).— Consider the initial condition 7y = (1,0, ...),
we then have
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473 131 299
112067 3247 12067

997 1843 2891 131)

20 47 79 4

B) = —=,0,—=,0, — 0, —
o) (1 8 216" 216’ ’27)
(3888’ CTTI6° T TTI6 T 972

One way to avoid this is to consider the sum of Cesaro 7,, = d-! Z?:n_ 4 Ti- This
requires knowledge of the period, if it is not possible then we can rely on the ergodic

method.

3.5.2. Ergodic method

Theorem 3.21 states that for an irreducible and positive recurrent Markov chain of
invariant probability v, we have for any initial condition and all x € F,

o 1g
lim — Z 1ix,—} = V().
k=1

n—oo N

We simulate a trajectory of the Markov chain as long as possible and compute
the percentage of time that we move in the state . Theorem 3.27 indicates that the
speed of convergence is 1/4/n which compares very unfavorably with the previous
two methods. However, we do not store all the v(x) but only the values of interest. It
is actually very common that only a few components of v are interesting.

ExAMPLE (File M/GI/1/K).— In this queuing system, there is a buffer of size K, and X,
denotes the number of customers in the system just after the departure of the customer
n. Then (X,,, n € N) satisfies the recurrence X,, 11 = min((X,, — 1)" + A, 11, K +
1). Hence, we have an irreducible Markov chain which is necessarily recurrent since
the state space is finite. We cannot calculate the invariant probabilities by generating
function because of the side effects. However, for dimensioning the buffer, we are
only interested in the probability of loss, that is to say v(K + 1). It is obtained by the
following formula
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1
v(K+1)= lim — > 1ix,—x41)
=
and

. 1 <&
N = lim — E Xk
n—oo N

k=1

is the mean number of customers in the queue at the equilibrium state.

3.6. Problems

EXERCISE 1.— On a chess board, we place a knight in the corner A1. The knight moves
randomly (it chooses a move at random among those possible) and without memory.
We recall that a knight moves two squares in one direction (either horizontal or vertical)
and a square in the other direction. Using the reversibility and symmetry considerations,
calculate the average time back to square Al.

Same question, if we identify the opposite edges of the board, then the knight moves
on a torus!

EXERCISE 2.— Build (whenever it is possible) a Markov chain with two states such
that:

— the two states are recurrent;

— the two states are transient;

— one state is transient, and the other recurrent;
— both are transient;

— both are zero recurrent.

EXERCISE 3.— Consider the Markov chain with values in {1,2,3} whose transition
matrix is given by

0 1/2 1/2
fo) 0 1= f(p)
L—f(p) 0 f(p)
where p € [0, 1] and f(p) is defined by:

0 ifp<1/4
flp)=42p—1/2 if1/4<p<3/4
1 ifp > 3/4
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1) Give the classification of states according to the values of p;

2) For what values of p is there a probability invariant? Compute it when it exists;
3) Starting from 2, what is the mean return time to 2?

4) Let h be the function defined by

h(1) = —1, h(2) = 1, h(3) = L.

What is the limit
1 n
- Z h(X;)
Jj=1

when n tends to +oo for p < 3/4?

5) If one has an arbitrarily large number of sample paths, how do we know if p is
greater than 3/4? How do we know if p < 1/4? How can we estimate p if it is between
1/4 and 3/4?

EXERCISE 4.— Let X be an irreducible recurrent Markov chain on F, and F' a subset
of E. Show that the chain (X', n € N) (see definition 3.8) is a Markov chain on E.

EXERCISE 5.— Consider the homogeneous Markov chain X with two states A and B
and transition matrix

~(1/2 1)2
P= (1 21 /2) :
We seek the time of first occurrence of the sequence AB A. To do this, we construct
the process Y, = (X, Xpt1, Xnt2):

1) Show that Y is an homogeneous Markov chain and give its transition matrix (as
a matrix or graph);
2) Is this chain irreducible? aperiodic? positive recurrent?

3) Calculate the invariant probability of Y. We can number the states in
lexicographic order: AAA =1, AAB=2,...;

4) Derive the average time between two occurrences of AB A,
5) We assume that Xy = A, X; = B. Give the equations to calculate E [} 5 4]

EXERCISE 6.— A device emits on a transmission line some packets of constant size.
T denotes the transmission duration of a packet. We consider a discrete-time model
of the system, that is, a model in which the time is divided into intervals of constant
length, which we assume equal to 7'. Each interval is called a slot. The transmission
line can introduce errors and we define a sequence (Y;,) such that Y,, = 1 if, at time
n + 1, the line is in a state in which it introduces errors and Y,, = 0 if at time n + 1,
it is in a state where it does not introduce errors. Assume that (Y;,) is a Markov chain
and invariant P(Y; =1|Yp=1)=09and P(Y; =0| Y, =0) =0.1.
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The emission is made with the protocol “stop and wait”. According to this protocol,
each packet must be acquitted. If there is no error, the packet is positively acknowledged
and the next packet can be transmitted. Otherwise, the packet must be retransmitted.
To simplify the problem, we consider that the acknowledgment arrives instantly.

1) Calculate the invariant probability distribution of Y,,;

2) Assume that the packets arrive according to a geometric process. That is, at the
nth slot there is an arrival with probability ¢ and no arrivals with probability 1 — q.
A packet can be transmitted in its arrival slot. Let X,, be the number of packets in
the system at slot n. The pair (X,,,y,) is a Markov chain. We order the states in

lexicographic order, that is to say:
0123456 7189..
00 01 10 11 20 21 30 31 40 41 ...

3) Find Q the transition matrix of (X, y»);
4) Show that

V0:1

von =9 (3v/a/T—q)

Vont1 = oy
is an invariant measure for the Markov chain (X,,, y,,).

5) Find all values of ¢ for which all states are positive recurrent. Compare the result
with the result of 1. Conclusion.

EXERCISE 7.— Consider a packet of N cards. To mix, we proceed as follows: one
chooses a card at random and we put that card on top of the deck.

1) How to represent the state of the deck, denoted by X,,, after the nth operation?
2) By introducing the special permutations
= (1 2 ... k=1 k k+1 ... N>
2 3 ... k 1 kE+1 ... N
for k € {1,..., N}; write the transition probabilities of X.

3) Show that this chain is irreducible (first analyze small values of N as N = 4,
for example).

4) Show that after a sufficiently large number of operations we obtain a “good”
mixture, characterized by the equal probability of all possible states of the deck.

EXERCISE 8.— Set £ = {1,...,10}. We define on E, the addition modulo 10, that is
to say 10 + 1 = 1. We consider X, the Markov chain of transition matrix P = (p; ;)
given by

Diitl1 =P Pii-1 =1 —p.
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We assume that p is not equal to O or 1:
1) Is this chain irreducible ? recurrent? aperiodic?

2) What is its invariant probability?

We now consider, X; and X5, two independent copies of this chain. We put Y =
(X1, X2).

3) Is this chain irreducible?
4) What is its invariant probability?

5) We set Z,, = Y5,,. Is this chain irreducible? What are its closed subsets? Is it
recurrent? aperiodic?

EXERCISE 9.— Let A = {A,:n > 1} be a sequence of random variables independent
and identically distributed with values in R¥, let h be an application of £ x R* in E,
let X be a random variable independent of the sequence A. We define the sequence
X ={X,:n € N} by X, forn = 0 and by X,, = h(X,,_1, 4,), for n > 1. Show
that X is a Markov chain.

3.7. Notes and comments

The number of books on Markov chains is incalculable, we cannot list them all.
Among the most recent, close or complementary to our approach, we can refer to
[BAL 01, GRA 08]. Markov chains are still a very active field of investigation because of
their universality. Current problems focus on the calculation of the speed of convergence
to the stationary probability and its relationship to the “spectral gap”, on the reduction
of the state space to calculate easily approximates of the invariant probability, on the
applications to simulation and to statistical methods through the MCMC.
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Epitome

— A Markov chain is defined by its initial distribution v and its transition operator
P.

— A recurrent state is a state visited infinitely often. A state is a transient when it is
visited a finite number of times.

— A chain is irreducible if all states communicate.
— A stationary measure identified with a row vector is solution of the equation
TP =m.

— If we can find 7 such that ) 5 7(x) = 1 then 7 is an invariant probability, and
the chain is recurrent.

n—oo

— In this case, whatever the initial condition, P(X,, = z) —— = (x).

— To calculate 7, we can either solve the system 7P = 7,% o 7(x) = 1 or
consider the limit of the sequence 7,1 = m, P, for any 7.



Chapter 4

Stationary Queues

In Chapters 8 and 9, it is assumed that the generic distributions of the sequences
(&n,n € N) and (o, n € N) of service and inter-arrival times are exponential. This
allows us to represent many of the models by Markov processes in continuous time.
Many quantitative results can then be obtained regarding the performances of these
systems.

Unfortunately, this hypothesis is unrealistic in many cases, and we are led
to consider sequences of random variables which are independent and identically
distributed with general distributions (GI/GI/...queues). The architectures of the
systems under consideration often lead to further weaken these hypotheses. In fact,
a queue often models the traffic in a node that is integrated within a network, and it
is desirable that the probabilistic characteristics of a queue are the same as that of the
following one, in other words that the input traffic of a queue be the same type as the
output traffic. However, aside from the particular case where the input is Poissonian
(then, the output is also Poissonian - see Theorem 8.8), it is easy to see that the inter-
arrivals time in the second queue (which are the intervals between the departure times
from the first queue) are not independent in general, even if the inter-arrivals in the first
queue are independent, since their order, for example, depends on the order of service
in the first queue.

It is therefore of crucial interest to consider queuing models where stationarity, but
not necessarily independence, is assumed. In this context, we can easily understand
that accurate quantitative results may be more difficult to obtain. However, in the
framework of Chapter 2 we can, in many cases, handle the study of essential questions:
existence and uniqueness of an equilibrium and qualitative study of the stationary
state (comparison of models, dependence on the distribution of the random variables
involved, etc.).

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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We first address the classical G/G/1 queue, and then the multiple server queue. The
results are primarily based on Loynes’s Theorem 2.4, and hence on the monotonicity of
the SRS involved. Then we consider several queuing models admitting a representation
in more complex state spaces (such as processor sharing queues or infinite servers
queues), or whose representation by an SRS is not monotonic, such as loss queues and
queues with impatient customers.

4.1. Single server queues
4.1.1. Stability

We consider a queue with a single server working without vacations, processing
jobs according to a conservative service discipline. These requests enter the system
according to a stationary point process. Specifically, we take two random sequences
(ép,n € Z) and (0,,n € Z), taking values respectively in R} and R™, which
represent the intervals of time between the arrivals of the customers, and their service
time, respectively, counted in units of time.

ASSUMPTION- ((&,,,04,),n € Z) is stationary and ergodic. Moreover, E[)] +
Elog] < .

According to Kendall’s notation, we thus consider a G/G/1 queue. As in Chapter 2,
we can assume that the canonical probability space is Q = FZ, where F = R x R
is equipped with the product sigma-field. The probability measure P is the image
measure of the sequence of couples, and the shift towards right 6 operates on the two
components simultaneously. The quadruple (2, F, P, 8) hence defined is called the
Palm space of arrivals and services.

The random variables o and £ are defined on 2 by

0'(((67“ UTL)7 n e Z)) = 0p andf(((fn, Un)7 n e Z)) = é-Oa
so that for all n € Z,

En=Eo00"and o, = 000",

For any n € N, £ 0 6" is interpreted as the time between the arrivals of the nth and
the n + 1th customers (respectively denoted C,, and C, 1) and o o 6™ as the service
time requested by C,,. We fix the time origin 7, = 0 at the arrival time of Cj, and we
write forany n > 1,T;, = Z;L:_Ol o 0%, which is interpreted as in the rest of the book,
as the arrival time of C,,.

Forany n € N, let W,, denote the workload to be completed by the server, measured
in time units just before the arrival of customer C,, (i.e. at T;,—), starting from an
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arbitrary workload Wy at Ty —. The quantity W,, corresponds to the sum of the service
times of the customers possibly in line, plus the service time remaining to be processed
for the customer possibly in service at this time. In the special case where the service
discipline is FCFS (First Come, First Served), IW,, then represents the amount of work
having priority over that brought by C,,, or in other words, the waiting time of W,
before reaching the server.

LEMMA 4.1.— For a G/G/I1 queue, the workload sequence (W,,,n € N) satisfies the
following recurrence relation, commonly referred to as Lindley’s equation

Woa1=[Wp+0o00" —£0™t. [4.1]

Proof. For any n > 0, the amount of work W,,; equals the sum of the remaining
amount of work W, just before the arrival of C,,, plus the service time o o §™ brought
by C,,, minus the amount of work .J,, processed by the server between the arrivals of
C,, and C), ;1. Therefore,

Wpt1 =W, +000" — J,.

Let us observe that just after the arrival of C,,, the server has a workload of
W.,, + o o 8™. Thus, there are two cases:

—if W,, + 0 00™ > £ o 0", the server is busy without interruption between the
arrival of C,, and that of C, 1, and therefore completes an amount of work £ o 8"
between these two moments. In this case, J, = £ 0 07;

—if W,, + 0 0 0™ < £ o 0", the server becomes available before the arrival of
Chr+1, who finds an empty system, and hence is served upon arrival. In particular,
Jp =W, +000".

In both cases, we obtain [4.1] O

We know from Example 2.4 that there exists a unique random variable W, which
could be the limit in distribution of (W,,, n € N), and that W satisfies the equation

Wol=[W+o—¢£7T =p(W),as.. [4.2]

Let us examine the conditions under which W takes values in R+. Under these
conditions, a finite workload exists, describing the steady state of the system.

THEOREM 4.2.— If
E[o] <E[¢], [4.3]
the random variable W defined by [2.8] is the only a.s. finite solution of [4.2]. If
Efo] > E[¢],

there is no a.s. finite solution to [4.2].
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Proof. W can be explicitly constructed. Let us recall (see the proof of Theorem 2.4)
that My = 0 a.s., and then

My(w) = (Mo, 67'w)
=lo(07'w) — £ (07 'w)]T,
My (w) = (M, (07 'w), 67 w)

= [[a 00 (07'w) =007 (07 w)|T + o (Gflw) —£(07'w) Tr

L +
= llréll?%(? - (0 (07'w) — ¢ (le))] ,

i=1
and a simple induction shows that for any n € N*,
k +
M, = [max (UoQ‘i—509_i)] .

1<k<n 4
=1

Thus, the minimal solution of [4.2] is a.s. given by

k +
W =My, = |ﬁup Z(a 0t —¢o H_i)] . [4.4]
k2l
The random variable o — £ being integrable, from the Ergodic Theorem 2.7 we have
1 = — —4\ m—o0
EZ<UO€ —§ob") = Elo — ¢ as.. [4.5]
i=1

Denote for any n,

Sp= (0007 =500
i=1

Let us assume that E[o — &] > 0. In this case, according to [4.5], the sequence
Sy, tends to +oo almost surely. But in view of [4.4], W = limsup,, S;, therefore
P(W = +00) = 1. Hence there is no finite solution to [4.2] in view of the minimality
of W.

Let us now assume that E[o — €] < 0. According to [4.5], the sequence (S,,,n € N)
tends to —oo, therefore P(limsup,, S;7 < +oc0) = 1, that is P(W < +o0) = 1. It
remains to check that W is the only a.s. finite solution to [4.2]. At first, let us observe
that

P (Y =0) > 0 for any finite solution Y of [4.2]. [4.6]
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Indeed, if Y > 0as.thenY o0 =Y + o — £ a.s., which implies that
EYod-Y]=E[sc—¢& <0,
contradicting Lemma 2.2. On another hand,
{Y =0} c{Y <W},
which implies according to [4.6] that
P(Y <W)>0. [4.7]
But on {Y < W}, by monotonicity we have that
Yol=¢pY)<p(W)=Wob.

The event {Y < W} is hence 6— contracting, it is therefore almost sure according to
[4.7], thatis Y < W a.s.. By the minimality of W, it follows that Y = W a.s.. O

The case where E[o] = E[¢] is a limit case where a finite stationary workload can
exist or not, depending on the distributions of ¢ and . To illustrate this fact, let us
consider two simple examples:

EXAMPLE 4.1.— Let us assume that o,, = £, = 1 for any n, which amounts to ¢ =
& = 1 a.s.. Then, it is straightforward that for any x > 0, the random variable W = x
is a solution of [4.2].

EXAMPLE 4.2.— Let us assume that (¢,,,n € N) and (&,,,n € N) are two independent
sequences of random variables independent and identically distributed, with the same
mean expectation and respective variances o7 and 03. Let 0 < € < % and a € R} be
such that 1 — F(a) = ¢, where F' denotes the distribution function of A(0, 1). Then,
for any = > 0, there is a sufficiently large index n such that \/n\/0? + 03a > z, and
therefore

P(W>:c)2P(Sn>a:)2P< 5 )m)e,

n
—>a
Vny/of + o3

according to the Central Limit Theorem. This shows that P(W = o0) > ¢, and
therefore W = 400 a.s., since the event {WW = oo} is f-contracting.

For the remainder of this section, let us assume that the stability condition [4.3]
holds.

THEOREM 4.3.— For any random variable Y, P-a.s. finite and positive, the workload

sequence (WY . n € N) withinitial value Y couples with (Wof™, n € N). Particularly,
c

WY 222 W. On the other hand, there is strong backward coupling if Y < W, a.s.

n
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Proof. Let 1 be the random mapping defined by

) RTxO —R
v {@;, W) oz (ow) - £W))

and (Z,,n € N), the SRS driven by 1), with initial value Y. Theorem 2.7 shows that
on an event .4 of probability 1,

1 Y 1< ; i oo
5ang+52(aoe —£00') " Efo - €] < 0.

On A, Z,, tends to —oo, thus
NY =inf{n >0, Z, < 0}

is a.s. finite. Let us observe that WY = Z,, > 0 for any n < NY, and that W}, = 0.
In addition, as Y > 0, an immediate induction shows that Wg/ > WT? a.s. for all n.
This implies that WJ(\J,Y =0= W}\;y, from where it follows by the definition of the
SRS that W? = W, for any n > NY. For another initial condition, say Y = W,
there exists NW < oo such that WW = W0 forany n > NW.Forn > NY v NW,
WY = W9 = W, which shows the coupling property between (W,z/ n € N) and
(Wo6™,neN).

Now, let Y be a random variable a.s. upper-bounded by W. By monotonicity, we
clearly have WY < WW = W 0 0" as. for any n € N. On 07 *{W = 0}, we
therefore have WY = 0, which shows that (§~"{W = 0},n € N) is a sequence of
renovating events of length 1 for (W,Y',n € N). Theorem 2.11 thus guarantees that
strong backwards coupling holds. U

‘We now turn to the property of the queue to get empty infinitely often almost surely.
It is clear, that if the queue is empty between the arrival of C,,_; and that of C,,, we
have W,, = 0. If (W,,, n € N) was a Markov chain, the property to get empty a.s.
infinitely often would correspond to the recurrence of O for the chain. We show that
this property holds under condition [4.3].

COROLLARY 4.4.— Under the stability condition [4.3], the G/G/I queue starting from
the initial finite workload Y upon the arrival of Cy, empties P-a.s. infinitely often.

Proof. From Theorem 2.7 and [4.6], we have P-a.s.

0<P (W= :nlirgogz:lo W o 6%

N-1 n
1 X3
nhf;on{zl" (Vo) + Zl°(wiy)}'
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In other words,

—+oo
Z 1o(W})) = +o00, P —as.,
i=N

which exactly means that the queue becomes empty an infinite number of times. [

4.1.2. Comparisons of G/G/1 queues

LEMMA 4.5.— Consider two G/G/1 queues, carried respectively by the random
variables (0,§) and (7,§), defined on their respective Palm spaces (2, F,P,0) and
(Q,F,P,0). If we have

0—€<st0 €, [4.8]
then the respective solutions W and W of the equations
Wob=[W+o—£€",P—as
Wof= [W+6—ﬂ+,f’—a.s.
verify
W <q W. [4.9]

Proof. Apply Theorem 2.15toa =6 — & a =0 —¢and o(z,y) = (z+y)*. O

NOTE.— In particular, if we assume that (o 0 0", n € N) (respectively (7 o 0", neN))

is independent of (£ 0 8™, n € N) (resp. (£ 0 7, n € N)), it is easy to see that [4.8],
and therefore [4.9] holds under either one of the two conditions

[

Iy

£

g

and 0 < 7;

£5 and £ <4 &

THEOREM 4.6.— Consider now a G/G/1 queue driven by the random variables o and
&, where it is assumed that the sequences (o 0 0™, n € N) and (060", n € N) are
independent and satisfy the stability condition E[o — £] < 0. Let us define on the same
probability space, the following two alternative queues:

— The first one is a stable G/D/1 queue having the same load, where the generic
service time is given by ¢ = El[o] and the generic inter-arrival time by . We denote
W, its stationary workload.

— The second one is a D/G/I queue carried by £ = E[¢] and 0. We denote by W
its stationary workload.
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Then, for any increasing convex function F', we have
E [F (W)} <E[F(W)]; [4.10]

E[F(W)] <E[F(W)]. [4.11]

Proof. Theorem 2.17 is verified by setting, for W,
a=c—¢a=E[o]-¢and F, =0 (£0t;j=0,...,n)
andforW,
a=c—-¢a=0c—-E[{] andfnzo(aoﬁi;izo, ..., n).

Indeed, for example in the first such case, by independence, for any n € N and any
7 < n, we have a.s.

El[act | F,]=E[cobt —£of' [£067;j=0,...,n]

=E[o] - o0’
=aof.
The other case is treated similarly. We conclude with Corollary 2.18. O

In this sense, determinism minimizes the average workload at equilibrium and
therefore the average waiting time if the discipline is FIFO. If we assume that in a
router, the packet processing time is proportional to its length, this means that the
average delay is minimized when taking packets of constant length.

To the limit, let us observe that the deterministic system, of inter-arrival and service
times equal to their respective means admits, clearly, the only stationary solution W = 0
a.s.

4.1.3. Representation of service disciplines

In a queueing system, the service discipline characterizes the policy applied by the
server(s) to select a customer when he (they) is (are) available, and there are several
customers in line. Note that all the results obtained so far in section 4.1 are independent
of the discipline we are dealing with. Thus, to represent the service discipline in the state
of the system, we have to enrich the model, since the workload alone is not sufficient
to recover this information.



Stationary Queues 91

To account for the service discipline, we represent the system in a larger state space.
Specifically, we describe the system just before the arrival of the customer C,,, n > 0,
by an ordered sequence .S,,, representing the residual service times of the customers in
the system at this time. In other words, if X, is the number of customers in the system at
T, , foranyi < nsuch that C; isin the system at T, , we denote ¢, (7) € {1,..., X},
the place of C; in the queue in the order of priorities, the first one being occupied by
the customer in service at T, . For every such customer C;, the remaining service time
at T, is denoted by R,, (¢, (7)), thatis

Ry (on (7))

_Joob if C; has not received service before T,
" oo —~; if C; has already received the amount of service v; < oo 6% at T, .

For any n € Z, we define S,, € S (see Appendix A.3), the sequence representing
the residual service times of the customers in the system at that same time, sorted in
the reverse order of priorities, and setting to 0 the other components of .S,,, that is

Sp(i)=Rn (Xn+1—14),i< X,and S, (i) =0, i > X,
or in other words,

Sy ={Rn(Xn), Ru(Xn — 1), ..., Ry(2), Ra(1),0,0, ...}
The sequence .S, will be termed service profile of the queue at T, .

Now, we make precise the dynamics of the sequence of sequences (S,,n € N),
in function of the service discipline. We start with an arbitrary profile Sy € S at the
arrival of Cy. Let S, be the value of the profile just before the arrival of C,,. At T,,, the
service time o 06" of the incoming customer is inserted in the service profile arbitrarily
in the first place, and it shifts the other terms of the sequence of one slot to the right.
By denoting S, as the resulting sequence, we therefore have

Spy ={000", S,(1), Sn(2), ...} = F'(S,, 000"). [4.12]

Then, the service discipline @ is represented by amapping F'® : S — S as follows:
1) FCFS: FFCFS is the identity since the incoming customer has the lowest priority;
2) Non-preemptive LCFS

FEPS () = {u(2), u(3), ..., u(N(u) - 1), u(1), u(N(u)), 0, }7

since the incoming customer is inserted just after the customer in service in the order
of priorities;
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3) Preemptive LCFS: in this case,
FYPS () = {u(2), u(3), ..., u(Ny — 1), u(Ny), u(1), 0, ...},

since the entering customer shall immediately substitutes the customer in service (if
any);
4) SRPT (Shortest Remaining Processing Time): we give a preemptive priority to
the customer who has the smallest residual service time. Therefore,
FSRPT(’U,) _
{w(2), u(3), ..., u(i—1), uw(1), u(@), ..., u(N(w)), 0,... }
ifu(i —1) >u
{u(1), u(2), u(3), ..., u(N(u)), 0,... } if u(l) > u(2);
{u(2), u(3), ..., u(N(u)), u(1), 0, ... }if u(l) < u(N(uw)).

(1) = u(i);

It follows that FSRPT (y) is ordered in decreasing order whenever u is so.

5) SPT (Shortest Processing Time): it gives non-preemptive priority to the customer
who has the smallest residual service time. Therefore FST'T equals F'SRPT except that
u(1) is inserted just before u(N(u)) even if u(1) < u(N(u)).

We can thus represent by such a permutation of S, any service discipline depending
only on the arrival dates and service requests from the customers since the last arrival
in an empty system, or at the most since the moment T{)— . Such a discipline is said to
be admissible.

We denote S,,; as the profile of the queue just after the scheduling of the
customers, so that

Snt+ = F® (Sny). [4.13]

Then, the customer in service at T,, (having a residual service S, (X,,) at this
time) has, just before the arrival of C,, 1, a residual service time equal to

Sn1(Xn) = [Sn41(Xn) — €0 en]+ .

Any customer following him (hence having a residual service time given at 7;, by
Sn+(j) for some j € [0, X,, — 1]) receives some service before T}, if and only if

—+o00
§o0" > " Su(i),

i=j+1
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in quantity given by
“+oo
€o0" = > (i) | A Sur(h).

i=j+1

In other words, for any j € N,

+oo *
Sn41(j) = Snt () — [ £0 0" — Z S (4) A Sn ()
i=j+1
+\ Tt

“+o0
= [ St () = [ 00" = D Sal0)

i=j+1
We denote F3(., £ o §™) the corresponding mapping, so that
Sn+1 = F3 (Sn++, g o 9") . [414]

Equations [4.12]-[4.14] indicate that for a fixed ®, the sequence (S,,n € N) is
an SRS, since forany n € N,

Sni1=F*(, €00") o F* o F'(,, 500")(Sn). [4.15]

A stationary sequence of service profiles hence corresponds uniquely to a random
variable S® with values in S, solving the equation

5%00=0G"(S%), [4.16]

where the mapping G'? is defined by

G<I>. § —S§
"l u — F3u, &) o F® o Fl(u, o).

THEOREM 4.7.— Let ® be an admissible service discipline. Under the stability condition
[4.3], there exists a unique solution S® to [4.16] such that S® € S a.s.. In addition,
there is a strong backward coupling between the sequences (Sf; Hon € N) and
(S<I> 0f™ ne N) for any p € S such that

Z(pn) = Z w(i) <Was., [4.17]
1EN*

where W is the only a.s. finite solution of [4.2].
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Proof. Let us observe that for any n € N, the workload at T, (starting from a given
initial condition) is deduced from S,, by

W, =Y Sa(i).

1EN*

Let 1 € S satisfying [4.17] and S2** be the service profile of the queue at T},
under the discipline ®, when starting from the profile p at T;;”. We clearly have

Z STy = w2 as.,
1EN*

where W,2 () is the nth value of the SRS driven by ¢ defined by [4.2] and starting
from Z ().

Moreover, as ¢ is a.s. non-decreasing, it is easy to show by induction from [4.17]
that a.s.,

WnZ(”) <Wob" neN.

Therefore, on the event A,, = {W 0 ™ = 0}, we have WnZ ) 0 and therefore
S2:# = 0, the null sequence of S. Thus, (A, n € N) = ({W =0} 060", n e N)is
a stationary sequence of renovating events of length 1 for the sequence (S;f Hon e N).
As P(W = 0) > 0 according to [4.6], Theorem 2.11 applied to the class of initial
conditions

Z = {p € S; p satisfy [4.17]} [4.18]

implies the existence of a solution S® to equation [4.16] for the discipline ®. This
solution (which reads as the limit of a sequence that is a.s. constant from a certain
rank — see the proof of Theorem 2.11) is a.s. finite, which means that its components

are a.s. finite and that it admits an a.s. finite number of components. In other words,
S® cSas..

Now, let S and S’ be two solutions of [4.16] with values in S. By denoting
Z=Y S(i)andZ =Y 5'()
iEN* ieN*

as respective workloads corresponding to these two profiles, it is easy to check with
[4.12] and [4.14] that Z and Z' are two a.s. finite solutions of [4.2]. According to
Theorem 4.2, we then have Z = Z’ = W. Therefore,

{W=0tc{Z=2'=0}c{S=5"}.
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Since the event on the left-hand side is of non-zero probability and the one on the
right-hand side is #-invariant, we have S = S’ a.s..

Theorem 2.11 applied to the class Z particularly implies the property of strong
backward coupling for (S2# n € N) with (S® 0 67, n € N). O

4.1.4. Other features at equilibrium

For a given admissible discipline ®, the sequence S?® therefore provides more
information on the steady-state of the system than the workload . Let us show how
this information can be used to deduce from this, other characteristics of the system at
equilibrium, such as congestion and waiting time.

Let us denote (X¥,n € N) the sequence counting for any n € N the number
of customers found in the system by C,,, starting from the initial profile S®. Under
these conditions, the sequence of the profiles found by the successive customers upon
arrival is stationary and equals (S® o §™,n € N). In particular, the customer C,, finds
a service profile S® o #™ upon arrival, and therefore

X?=N (Sq’ 0f") =N (SCD) 00" as. foranyn € N,

where N(.) is the number of non-zero coordinates of the sequence (see A.3). This

means that (X®, n € N) is stationary and that a stationary congestion exists, given by
X* = N (5],

We can apply the same arguments to show the existence of a waiting time at
equilibrium, using the service profile. Let us denote TAS as the waiting time of the
customer C', before entering service under the admissible discipline ® (let us recall
that for & = FIFO, TA? = 7,,).

Once again, start from the service profile S®. The profile of the system at the arrival
of customer C,, equals S® o §™ and becomes (S® o ™), after inserting o o ™ (see
[4.13]). If 4 is the rank of o o 6™ in the sequence (S® o ™), ,, then the waiting time
of C,, equals the sum ) j>i(S‘I’ 0 0™) 41 (j) of the service times of the customers
having priority upon C,, plus those of the customers who have arrived after C),, and
left the system before his departure (or its entry into service if the discipline & is
non-preemptive).

The form of this quantity may be very intricate, depending on the discipline ®.
The crucial point is to get convinced that it depends only on S%, on ¢ o ™ and on
the service times {0 o 67; j > n} and inter-arrival times {£ o 67; j > n} of the
customers who have arrived after C,,. In other words, there is a deterministic function
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J®: (RTN x (RT)N—(R*) depending only on ® such that for any n € N, almost
surely

Tay = > (S%06"), . (j)
J>1

+J¢({009"+1,009”+2,...}, {500"+1,500”+2,...})

=[S (FPoF' (o) (57))0)

J>i
+J(b({0‘09,0092,...}, {509,5092,...}) 08",

where we used [4.15]. Therefore, this again shows the existence of a stationary waiting
time
Ta® =) (F* o F'(,0) (S*)) ()
J>i [4.19]
+J¢({009,0092,...}, {50675092,...}).

NOTE.— Under the stability condition [4.3], for any admissible discipline ® there also
exists a stationary sojourn time Ts® in the system, given by

Ts® = Ta® + 6. [4.20]

EXAMPLE 4.2.1.— Let us write explicitly TA® for ® = non-preemptive LIFO. Initially,
as the service time of the incoming customer Cj is placed directly on priority just
behind the customer already in service, the sum on the left-hand side of [4.19] equals
the remaining service time of the customer in service at the arrival of Cy, given by the
last non null term of S“FO, that is SHFO (N (SHFO)Y),

Then the term on the right-hand side equals the sum of the service times of the
customers already entered before Cy could reach the server. In other words,

io—1

JIO(L) =) 000,
i=1

where, setting 29:1 =0,

i—1

ip = inf { j € N*; STFO(N(SMF0)) + 3 006/ =Y 00" <0
j=1 k=1

is the first index of a customer who entered after Cy and completed his service before
the next customer could enter.
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4.1.5. Optimality of SRPT

With the exhaustive representation introduced in the previous section in hand, we
now show how to compare at equilibrium, the different service disciplines. Hereafter,
“<.” denotes the Schur-convex ordering, presented in Appendix A.3.

THEOREM 4.8.— Consider a G/G/1 queue satisfying the stability condition [4.3]. Let ®
be an admissible discipline. Then,

S® <. SSRPT (s

where S® and SS®FT are the only solutions of [4.16] for ® and SRPT, respectively.

Proof. With the previous notations, we have a.s.
F(., e F2(.,
g2 Moy go I go F LS gegg

Fix jEN.Ifo < S®(j—1),theno € {gi(i); i> j},whereas ifo>S%( 1),

we have Qf(i) = S®(i — 1) forany i > j — 1. We therefore have in all the cases,

+oo +oo +oo
PEHOEN EESPHOR PN BN ONE [4.21]
i=j =]

i=j—1

Moreover, customers of service time initially equal to S f 4 ()7 > jreceive during
a time interval of length &, a total service time at the most equal to

+oo
> S8T.6) ) re
i=j

Therefore,
+o00 [0 ’
ST(STo0) (i) > | D ST, () —¢
i=j | i=7
- +
+oo
= >t ¢ [4.22]
i=j
_ +
+o0 oo
= |min o+ S%i); Y ST €|
I i—j i=j—1

with [4.21].
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Now, observe that we have S35FT = § iRPT by the very definition of SRPT, which
with [4.21] and [4.22] implies that SSRPT o § is ordered and that we have

+oo +o0o
Z (ﬁSRPT o 9) (Z) — Z (SSRPT o 9) (Z)
i=j i=j
+o0 400 400 *
_ Zmln o+ ZESRPT(Z-) : Z §SRPT(i) 75
i=j i=j i=j—1
[4.23]

Therefore, for any admissible ®, on {S® < SSFPT} we have for any j € N,
“+oo “+o00
Do 8%(0) =Y SF).
i=j i=j

This with [4.22] and [4.23] yields

+oo +oo
> (8%00) ()23 (8% 00) (i),
i=j i=j
Since this last equality holds for all j € N, and since for j = 1,
+oo +oo
D> (8%00) (i) = (ST 06) (i) =W oo,
i=1 i=j

we have S® 0 6 < SSFFT o 9. The event {S® < S5FPT} is hence f-contracting. In
addition, it is of positive probability, since it includes the event {1/ = 0}. The theorem
is proved. O

The proof of the following corollary is left to the reader.
COROLLARY 4.9.— Let ® be admissible. Then,

(a) XSRPT < X g.5., where XSRPT and X® denote the number of customers at
equilibrium in the system under SRPT and ®, respectively;

(b)) E [TSSRPT} <E [TS(I)], where TSSEPT and TS® denote the stationary sojourn
time, under SRPT and ®, respectively (see [4.20]).



Stationary Queues 99

4.1.6. GI/Gl/1 queue: optimality of FIFO

Let us consider a GI/GI/1 queue where A, p, and p denote the usual parameters.
In addition to the common hypotheses, we assume that the sequences of inter-arrivals
and service times are identically distributed and are independent of each other. We
assume again that the stability condition [4.3] holds. We denote again for any n, TA,,,
the waiting time of C',, before reaching the server, TS,, = TA,, + 0 0 6™ the sojourn time
of C,, and T, = T,, + Ts,,, the departure time of C,,. Subsequently, we emphasize the
dependence on the service discipline whenever necessary by adding exponents F1FO
and Y to the various parameters. In particular, we know that a stationary waiting time
TAFFO (respectively TAY) and a stationary sojourn time Ts"'F© (respectively Ts?)
exist under FIFO (respectively, ).

THEOREM 4.10.— For any convex function g: R — R and any admissible discipline ¥
non-preemptive and independent on the service times,

E [g (Ts")] < B [g (Ts¥)]. [4.24]

NotE.— The FIFO discipline is thus optimal for the sojourn time among all the
acceptable disciplines non-preemptive and independent of service times.

Proof. We couple two systems having the same input, the first one processed with
FIFO and the other by . We assume that Cj finds an empty system upon arrival. As
the system is stable, there exists P-a.s. a finite integer 7 (common to both systems)
such that C/; enters an empty system. Let us denote for any k& > 0, (k) as the index
of the kth customer served by W, by considering that Cj is served in the “Oth” position
(since it is the only one in the system upon arrival), that is ¢(0) = 0. Consider the two
following vectors of size T

N = ((607 O-O)a ceey (67’—17 0'7—_1)) ; N’l/’ = ((507 Ulb(o))a teey (67'—17 0'1/1(7——1)))’
[4.25]

which represent, respectively, during the first busy period, the inter-arrival and service
times of the customers, and the inter-arrival and service times when re-arranging the
service times following 1. The interchange argument for i.i.d. sequences (see the
references at the end of the chapter) is the following intuitive result

N and N¥ have the same distribution. [4.26]

The underlying idea is, that as the service times are identically distributed and
are independent of everything else, we do not change the distribution of the various
parameters of the system by exchanging the service times of the customers. Everything
happens as if the server was deciding the service times of the customers by making an
independent draw of service time at each arrival in service. We stress the fact that [4.26]
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holds true provided that the service discipline is independent of the service times, as
one can easily understand.

We will add subsequently, when necessary, an argument (V) (respectively (N w))
when the input during the first busy period is given by N (resp., N¥). For any n €
[0, 7 — 1], the moment where the customer C,, ends his service in FIFO, if the service
times follow N?, is given by

IO (NY) = oy
=0

$LWm) [4.27]
= D o

=0

/
=Ty (),

that is to say, the moment where the customer Cy,(,,) ends his service in 1) if the input
is N. Therefore,

TSI:LIFO ( N”’) _ TT/lFIFO ( N”’) T, = T

iy (N) = T, [4.28]

Until the end of the proof, denote in bold letters, the vectors of 7 components
representing the different quantities for each customer of the first busy period, for
instance

TY(N) = (T{Y(N), ..., TV | (N)).

Notice, that T@I’ is, by definition, the fully ordered version of T’ ¥ Hence, according
to the assertion (ii) of Lemma A.14,

T, (N) - T <. T"(N) - T = AY(N),
that is with [4.28],
Ts™0 (NY) <. TsY (N).

Hence, according to (i) of Lemma A.14, for any convex symmetric function
F:R™ - R,

F (TSFIFO (Nw)) <F (TS\II<N)) ’

and in particular for any convex function g: R — R,

T—1

g (TS0 (V) < 3 g (TY (V).

n=1
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Finally, as the busy periods are independent and indistinguishable in distribution
according to the independence assumptions,

J&E%ONZQ (V) < %*;g (Tsw (V).

and [4.24] follows from [4.26] and Birkhoftf’s Theorem. [

The proofs of the following two corollaries are left to the reader.

COROLLARY 4.11.— For any convex function g: R — R, the stationary waiting times
under FIFO and V satisfy

E [g (Ta™°)] <E g (Ta")].
COROLLARY 4.12.— For any convex function g,

E [g (TsY)] < E[g (Ts""°)] and E [Ta"] < B [g (TA0)].

4.1.7. Queues with deadlines: optimality of EDF

We now assume that the customers have deadlines to enter in service. We denote
E, the deadline of customer C), and D,, = E,, — T,, the initial remaining time before
the deadline (termed lead time) of C,,. We assume that the sequence (D,,, n € Z) is
stationary and we work on the canonical space (£, 7, P, 0) of arrivals, services and
lead times. We denote then D the projection of (D,,, n € Z) on its first coordinate,
interpreted as the lead time of customer Cj.

We assume that (¢,,, n € Z) is ani.i.d. sequence, independent of the arrival process
(and therefore of (&, n € Z) and of (D,,, n € Z)), and that the random variables &,
o, and D are integrable. The deadlines of the customers are smooth, as opposed to
the case of hard deadlines (or impatience times) discussed in section 4.6. Indeed, a
customer who did not enter service before his deadline does not leave the system, but
continues to wait for his turn. The deadlines must then be seen here as indicators of
the timing requirement of the customers.

We study hereafter the capacity of the system to minimize the lateness of the
customers with respect to this requirement, by comparing the different service
disciplines. Let us assume that the stability condition [4.3] holds. We denote
again TA, the waiting time of C, before reaching the server, and B, =
T, + Ta,, the moment where C, enters service. At any time t > T,,
the residual lead time (i.e. the remaining time before the deadline) of C,, at ¢ is given
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by R, (t) = E,, — t, and the lead time of C,, at the beginning of his service is hence
given by

Rn == Rn (Bn)a
whereas the lateness of C), with respect to its deadline can be written as
L,=(R,) =—-R,NO0.

We define two disciplines sensitive to the deadlines:

— the Earliest Deadline First (EDF) discipline always gives priority to the customer
with the earliest deadline;

— the Latest Deadline First (LDF) discipline gives priority to the customer with the
latest deadline.

In addition, as the system is stable, there exists for any ® a residual lead time at the
entry in service and a stationary lateness. These are given, respectively, by

R®* =D —TaA® and L® = (R®) .

We establish an analog of Theorem [4.10] in the case of a queue with deadlines.

THEOREM 4.13.— For any convex function g: R — R and any admissible and non-
preemptive discipline VU, independent of the service times,

E[g(R™F)] <E[g(R")]. [4.29]

Proof. The notations already introduced in the proof of theorem [4.10] are not repeated
here. We note for every j > 0, Ca(j) the jth customer in the order of increasing
deadlines (i.e. Do 5y < Dqyj) for i < j), and define the mapping

(=aogogloa

where for any k, ¢(k) is the index of the kth customer served by EDF. The stopping
time 7, independent of the discipline under consideration, is defined as above, and we
define the following random vectors

N = ((607 00, DO)a RN (57’*17 Or—1, DT*I)) )
N¢ = ((€0> ap(0)s Do) -+ (-1, Ty(r—1y Dr-1)) s

in other words N¢ rearranges the service times according to ¢ during the first busy
period. Then, N and N ¢ have the same distribution as in [4.26]. For anyn € [0, 7—1],
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F~l(n)—1

BEE (N = > Otoaos(i)
i=0

¢ Hn)-1

- Z Jaowoqﬁ_loa_loozoqﬁ(i)
=0

¢ H(n)-1

= Z T aonp (i)

=0

— BY

Coa(n) (N) .

We have therefore
Re(n) (N€) = Bomy (N©) = BEGy) (N°)

= Ea(n) (N®) = Bl (V) [4.30]

= Ea(n) (N) - szooz(n) (N)
But on the other hand, reminding the reader of the notions introduced in Appendix A.3,

LEMMA 4.14.— ( is the composition of ordering permutations of BY (N).

Proof of Lemma 4.14. The first integer n, if any, satisfying {(a(n)) # «(n) is such
that at the o(n)th end of service under ¥ (which is also the a(n)th end of service under
EDF since ((k) = k for k € [0, a(n) — 1]), there are in the system two customers C;,
and C}, such that D;, < D;, and EDF chooses C);, whereas ¥ chooses C;,. In other
words, by denoting for ¢ = 1, 2, j, = a~1(is), we have BO‘IZ(J.Q)(N) < Boqj(jl)(N)
while iz = a(j2) > a(j1) = i1. But as EDF gives priority to C;, over C;,, we have
¢~ (1) < 7' (j2)- So

v _ v _ 4
Bgoa(jl)(N) =B (N) <B 1(]-2)(N) = B(oa(jz)(N)'

4
aopod™1(j1) aopodp™

Thus, the permutation ¢; exchanging i and j fully orders BY (V). We conclude by
noticing that ¢ reads ¢ = (, o... o ¢y, where ; are such permutations. O

According to Lemma A.14 and Lemma 4.14, we thus have
Eo(N) = BE2L(N) <. Eo(N) — BJ (N) = RY(N),
and therefore, according to [4.30],
REPF (N€) <. RY(NV).

We conclude as in the proof of Theorem 4.10. O
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Since g: x — 2~ is a convex function, and by definition of EDF and LDF we have
particularly:

COROLLARY 4.15.— The average tardiness at equilibrium is minimized by EDF and
maximized by LDF, that is for any admissible discipline independent of the service
times,

E [LEDF] <E [L‘I’] <E [LLDF} )

4.2. Processor sharing queue

We now introduce a system of a particular type, which has the capacity to serve
all the customers simultaneously (thus there is no waiting room). The price for such a
mechanism (which models many physical systems) is that the instantaneous processing
speed for each customer is divided by the number of customers in the system. That is,
if there are p customers in the system at a given time, their respective residual service
time decrease by 1/p per unit of time.

We make the same probabilistic hypotheses, and keep the same notation as before.
Since the server is working, whatever happens, at speed unit when the system is not
empty, it is easy to be convinced that the workload sequence (W,,,n € N) satisfies
Lindley’s equation [4.1]. So there exists a stationary workload to the condition [4.3].

To characterize more accurately the equilibrium state, we aim to construct the
stationary versions of remarkable characteristics, such as congestion of the system,
waiting time or sojourn time. However, the service profile at equilibrium, from which
we will deduce these quantities, has a different form for this system as for a classical
G/G/1 queue. We show here how to construct the latter, using the renovating events.

Once again, we recall the notation and definitions introduced in Appendix A.3.
We define for every n, SFS the service profile at T}, starting from an arbitrary profile
SES € S, by ordering by convention, the non-zero terms of SFS in decreasing order.
Clearly, S*S € S for any n € N. We have the following result.

LEMMA 4.16.— The sequence (st, ne N) is recursive in S: denote for everyu € S
andx € RT,

+oo
vilu, ) = ¢ | = - Z u(y) foranyi € N*;
j=it1
io(u, ) = min{i € N*; u(i) < v;(u, z)};
Yy T) = Yig(u, 2)—-1)v1 (U, T);
(FP(u, z)) (k) = [u(k) — v(u, )T Sorany k € N*.
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For every n € N, we have

SFS = FPS(F' (8PS, 006™),£00m), [4.31]

n

where u denotes the reordered version of u in decreasing order and F1 (., o) is defined
by [4.12].

Proof. We denote as above
S, = P (S1, 0 00"),

as the profile just after 7;,, and the reordering of residual service times in decreasing
order.

Denote for any i € N* such that SFS . (i) # 0, C; the customer with residual
service time SF3 (i) at T}, and 77, the virtual exit time of C; if no customer had
arrived after T},. Of course, 77 is not equal to T}, + SF5 (i) if C,, did not enter an

empty system.
Let us recall that IV (Sgi_ ) denotes the number of non-zero terms of SF5, . For
any i € [1, N(SFS )], C; and C;_, both receive the amount of service S£5 , (i) on

the interval of time [T}, T/]. Thus, the remaining service time of C;_; at T/ equals
SPS (i—1)— SFS_, (i), and this customer as well as those who follow him are served

atrate —— on the interval {T; , Ti’fl} . We therefore have the recurrence formula

T = T4 (S, — 1) = ST () = 1), i € 2, N (SFS)],
from which we deduce that for any ¢ € [1, N (Sgi_ 2l

N(s3, )

T/ =To+iSp @)+ Y Si.0).
j=i+1

For any 1, C’z is served before T}, if TZ’ — T, < &o00", orin other words, if

N(s7
PS . 1 n ( “++> PS .
Sn—i—-&-(z) < ; 5 0" — Z Sn++(])

j=it+1

In particular, i = ig (Sf;i o &o 0”) is the index of the last customer to leave the
system before 7,41 (or O if there is no departure between 7}, and 7}, +1).
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Hence, the system is not empty just before 7,41 if ¢o < N, and in this case
{C’i, i€l io—1] } is the family of customers present in the system at this time. For

such a customer C}, the remaining service time at T}, 11 equals his remaining service

time at Ti’0 minus the amount of work received between Ti’0 and T}, 41, i.e.

Tn+1 - Ti,g — SPS

S"Zi—-&-(z) - Sff{—-&- (7’0) - n++(i) -7 (szi-—i-v 5 © en) .

19— 1

Hence the result. O

A stationary profile corresponds to the only solution S¥5 of the equation
SB 06 =G (5%), P - as., [4.32]

where G* is the random mapping : S — S defined by
GPS(u) = FP (F1 (u, 0), g).

THEOREM 4.17.— Provided [4.3] holds, [4.32] admits a unique solution with values
inS.

Proof. The workload at a given time equals the sum of the terms of the service
profile at this time. Hence, as in the proof of Theorem 4.7, the same sequence
(A, n € N) is a stationary sequence of renovating events of length 1 for every
sequence (SPS:#, n € N) starting from 1 € S such that Y-, .y pu(i) < W, where
W is the only solution of [4.2]. Here again, Theorem 2.11 implies the existence of
a solution to [4.32]. The uniqueness follows once again from the fact than any two
solutions coincide on the non-negligible event {W = 0}. O

We can then argue as in section 4.1.4.

COROLLARY 4.18.— There exists a unique stationary congestion XS under
condition [4.3]. In addition, for any initial condition of the family Z (defined by [4.18]),
the sequence converges with strong backward coupling toward X*S.

NOTE.— As in section 4.1.4, we can also build on S®S to construct a stationary sojourn
time (or in other words, a service time) in the system. This is left to the reader.
4.3. Parallel queues

Let us now consider a system fed by a G/G/ input, but where S servers (where
S > 1) process the customer requests without loss or vacations. There is a waiting
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line of unlimited capacity for each server. We allocate customers upon arrival to one of
the free servers, or if there is none, to the one having the smallest workload. Such an
assignment policy will be termed Join the Shortest Workload, or JISW for short. Once
assigned to a server, any customer remains as such until he leaves the system — hence
there is no exchange.

4.3.1. Preliminary result

We begin by introducing a technical result, useful in the following. We work on a
stationary ergodic quadruple (2, F, P, #), on which two random variables « and 3
are defined, integrable and with values in R. We assume further that P (5 > 0) > 0.
Let I/ be the random map: RT — R defined for any = € R by

FoP(z)y=[zVa-7g". [4.33]

The following result stems from Loynes theory, as for the G/G/1 queue. Its proof
is left as an exercise.

THEOREM 4.19.— There exists a unique P-a.s. finite solution to the equation

Zo§=F*P(2), [4.34]
given by
j +
Ve = | sup a0 — Z Bof~t ) [4.35]
JEN* i=1

In addition, for any random variable Z a.s. finite and positive, the SRS (YnZ ,nE N)

couples with (YO" Bofm, ne N), and there exists a.s. an infinity of indexes n such
that Y,? = 0 if, and only if

P(Y*" =0)>o0. [4.36]

4.3.2. The service profile

We represent the system with S parallel queues upon the arrival of each customer by
arandom variable with values in the space (R )~ (see A.3), representing the workload
of each server at that moment, arranged in the increasing order.

We start at time O with an initial state Vo = (Vo(1), ..., Vo(s)) € (R1)%, where for
every i, V(i) represents the workload of the server having the ith smallest workload.
Then, we represent the system at the arrival of customer C,,, n > 0 by the vector
Vo, € (R1)%, where V,,(i) is the ith smallest workload of a server just before the
arrival of C,,. We call once again V,,, the service profile at this time.
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The recurrence relation known as Kiefer and Wolfowitz’s equation is then easy to
check: for every n € N,

+
Vier = [V T o006, —509".1} . [4.37]

A service profile thus corresponds uniquely to a solution Y with values in (R*)S for
the equation

Yof=[YV+oe —£1]T =G(Y). [4.38]

The mapping G is clearly a.s. continuous, and it is easy to observe that it is a.s. <-
increasing: if v and v are such that v < v in (R1)3, then for every ¢ € [1, 5],
a.s.

G(u) (@) = [u(@) vV ((u(1) + o) Au(i+1)) — €]
< (@) vV ((v(1) 4+ o) Av(i+ 1)) — & [4.39]
= G(v)(3),

setting u(S 4+ 1) = v(S + 1) = oo. Therefore, we can apply Theorem 2.4: there
exists a <-minimal solution Y, given by the almost sure limit of Loynes’s sequence
corresponding to (V,, n € N), denoted in this case (Y, n € N).

V) Ve V() V(s)

| ! 1

2 clients 2 clients 4 clients

3 clients

Figure 4.1. The workload vector. The portions of the column V (i) represent the service times
of the customers who will be served by the server having a workload V (i)
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4.3.3. Stability

As for the G/G/1 queue, the a.s. finiteness of the solution Y, (in the sense that all
coordinates are finite a.s.) is not granted in general. We provide hereafter a stability
condition for this system, that is a sufficient condition such that Y, takes a.s. values
in (R+)%.

THEOREM 4.20.— If

Efo] < SE[], [4.40]
Yoo (i) < 00 a.s. for every i € [1, S] and if
E[o] > SE[],

Yoo (i) = 00 a.s. for every i € [1, S].

Proof. Loynes’s sequence reads for all n € N,

Yigr=[Yno0 l+o06 ey —Eof 117,

which implies in particular according to [4.32] that

n
Y,41(9) = ((Yn 0 ' 1) +oo0h HVY,o 01(5)) —¢o 91] . [4.41]

As for any i, (Y,,(7), n € N) tends increasingly a.s. to Y (7), taking the almost sure
limit in [4.41] yields

X
(Yoo (8)) 00 = [((Yw<1> o)V Yae(S)) - g] [4.42]

= PP (v (5)),
recalling the notation [4.33]. According to Theorem 4.19, we thus have a.s.
j +
Yoo (S) = | sup | (Yoo(1)+0)0 0”-—2500*1' .
JjeN* i—1

Therefore, as E [¢] > 0, we have

{Yoo (S) = 00} C {Yo(1) = o0}
up to a negligible event. Hence, as Y is arranged in increasing order,

{Yoo(S) = 0} C {Yool(i) =00,i=1..., S}
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Equality [4.42] implies that the event on the left-hand side is f-contracting. So we are
in the following alternative

Yoo (i) < oo as. forany i € [1, ST, [4.43]
or

Yoo (i) = oo a.s. forany i € [1, S]. [4.44]

As each server works at unit speed if it has someone to serve, we have a.s. for every
n € N that

S S
(Z Yn+1(i)> 00 = [Ya(i) = &* + [Ya(1) + o —€]*. [4.45]
i=1 1=2
Therefore, by denoting
S
Sy = ZYn(z),
i=1

the sum of the workloads of the servers at the arrival time of C,,, we have

S
Sui100 = S0 =3 ([Vali) =& = ¥al0)) + Va(1) + 0 = & = Ya(1)
S
= =D _(EAY() = (€ = o) AYa(1)). [4.46]

i=1

As (Y, n € N) is a.s. <-increasing, (Sp,, n € N) is a.s. increasing. Particularly, by
f-invariance E [S,,+1 0 0] — E[S,,] > 0, which gives with [4.46] that

S
S EEAY ()] +E[¢—0)AYa(1)] <0
=2

Taking the limit, by monotone convergence,

S
D E[EAYR@)]+E[(§—0)AYa(1)] <0. [4.47]

i=2
So [4.44] implies that
E[o] > SE[{],

which shows the sufficiency of the condition.
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On the other hand, as 1 + y* > (z + y)™ for all real numbers x and y, we have
according to [4.45] that for every n € N, a.s.

Spi100>[S,+0— st

Consider Loynes’s sequence (]\me n e N) corresponding to the workload of a G/G/1

queue of generic inter-arrival é = 5S¢ : we have My = 0 a.s. and for anyn € N,
- - +
My 00 = {MnJrUfo} .

The mapping © — [z 4+ 0 — S§}+ being a.s. increasing, as Sop = 0 = ]\2[0 a.s., an
immediate induction shows that S,, > M, as. for every n. Let us denote M, as the
minimal solution of [4.4] for the r.v. £. According to Theorem 4.2, to the limit we obtain

that provided E [¢] > E [5} = SE[¢],

Soo > Moo = 00,
which concludes the proof. O

NOTE.— It is easy to construct examples where Y, is not the only solution to [4.38]
with finite coordinates. It is possible to construct a maximal finite solution to this
equation by focusing on translated versions of Loynes’s sequence by a constant - see
the references at the end of the Chapter.

We now show that, similarly to the single server queue, the stable queue returns
almost surely infinitely often into a state of small congestion (see [4.4]).

THEOREM 4.21.— Provided [4.40] holds, the minimal solution Y, of [4.38] satisfies
P (Yoo (1) = 0) > 0. [4.48]

In particular, there are P-a.s. an infinite number of times where the system has at less
than S customers.

Proof. According to [4.47], if we had Y, (1) > £ — 0 and Yo (2) > £ a.s., we would
then have E [0] > sE [{], an absurdity. Therefore, on a non-negligible event, we have
Yoo(l) < € — o or Yoo (2) < &, implying that Yoo (1) 0 0 = 0.

We show in Section 4.4 that a server cannot be idle if some customer is in line in
another queue: that customer would have chosen the empty queue, which had upon his
arrival, the least workload. The event { Y5, (1) = 0} thus corresponds to the equilibrium
states at which at most S' — 1 servers are busy, that is, there are at most S — 1 customers
in the system. We can then deduce from [4.48] that the system visits a similar state
almost surely infinitely often, as in Corollary [4.4]. O
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NoOTE.— It can be verified through examples that the condition [4.40] does not imply
that

P (X (s) = 0) >0,

and therefore that the system empties almost surely infinitely often: just set the pair of
real numbers (z, y), such that z > 0 and x < y < 2z, and consider the deterministic
system where £ = x, 0 = y a.s. and S = 2. Then the minimal solution is the smallest
ordered pair v such that

v= (W +y-2" ©@ -7,
clearly given by
v=(0,y—x).

4.3.4. Comparison of systems

As in section 4.1.2, the <-monotonicity of the SRS of service profiles allows us to
compare the equilibrium states of various systems under the JSW policy, according to
the stochastic orderings of the random variables under consideration.

THEOREM 4.22.— Let two systems of S parallel queues driven respectively by the

random variables (o, §) and (G, £), possibly defined on two different quadruples.
If it holds that

(67 _a Sst (Ua _f)a
then the respective minimal solutions W and W of [4.38] for (o, &) and (G, €) satisfy
W Sst w.

Proof. Apply Theorem 2.15 to & = (7, &), a = (o, &) and

R x R? — RS
f *
(z, (y(1),y(2)) + |z+y(1).e; +y(2).1] .
We deduce easily from [4.39] that f is < -non-decreasing in its two arguments. O

NOTE.— As above, if one assumes that (o 0 ™, n € N) (respectively (6 of,nc N))
is independent of (£ o 8™, n € N) (respectively (5_ 0f” ne N)), then it is easily
checked that the above theorem applies under either one of the following two conditions:

§égandc’r§sta,

£

oc=a6and & <y €.
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4.3.5. The optimal allocation

Here, we show in what sense the JSW policy is optimal. Let us consider a system
where, starting from an arbitrary service profile U at the arrival of Cy, we assign
every incoming customer to the Ith server (where I is a fixed integer in [1, S]) in the
order of increasing workloads, rather than the first one. For this model, the sequence

(f/nU, n e N) of service profiles satisfies the recurrence relation

- _ +
VHI{H = {VWU +oofe —€Eo 9".1] , a.s.. [4.49]

Let us denote as above, (VnU, ne N) the SRS of service profiles initially equal to
U, when applying the JSW policy. In the following theorem, “<.” denotes the partial
order on (R1)S introduced in Definition A.21.

THEOREM 4.23.— For any random variable U with values in (R+)°, for any n € N,
a.s.

VU <, vy, [4.50]

n

VeI, vV <vU(). [4.51]

Proof. We proceed by induction. Relations [4.50] and [4.51] are clearly satisfied for
n = 0. Suppose that they hold at rank n. Setting again u(S + 1) = oo for any
u € (RT)5, we then have a.s. for any ¢ > I,

VUL =[OV ((VEQ) +006™) AVI(L+1)) —¢o0b]"

and [4.51] holds at rank n 4 1. Particularly, this implies that

S n
S VEL () <D VL (i) forall k > 1.
i=k i=k

Therefore, it is sufficient to show that

S n
D VEL() <D V() forallk < T —1 [4.52]
i=k i=k
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to check [4.50] at rank n + 1. Let us therefore fix £ < I — 1 and form the following
sums

S S
vl 6) = V(i) —¢oom]"
; o i:zk;rl [4.53]

+ (VP +006m) vV (k) —¢o0b"]"

s s
S-S [0 -cor]’
=k i=k;k2] [4.54]

+ [VnU( )—i—ao@"—{o@"r—

If VU(k) > VU(1) + o 0 07, then [4.53] equals

77 09”} if/ﬂ

i=k i=k

09"

SMO}
Mm

where we used (i) of Lemma A.15 in the first inequality. It remains only to consider
the case where V.U (k) < VY(1) + o o ™. Then [4.53] equals

S
Vi) +oo0b —cod]"+ S V(i) —€06™] . [4.55]
i=k+1

The vector (V,V (1), VV(k+1), ..., V,Y(9)) is fully ordered and a.s.

(5_0357"’75)0971: ga"'v 575_07 g 7"')5 ogn.
~~

Hence, according to [A.9] and [A.6],

VI, Vik+1), ..., VY(9) = (-0, & ..., 600"
< VI, VV(k+1), ..., VY(9)
- 57"') 5,5_0', fv”’»g oﬂn,
~—~ ~—~

~——
I-1 I I+1

where <. denotes the Schur-convex ordering. As, for any p, the functionu — > %, u™

is symmetric and convex from (R*)? in R, according to [A.7] the sum [4.55]
satisfies a.s.
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S
VI +oo8m o]+ 3 [VU()—¢od]"
1=k+1
S
<[P —goom] + 3 [VY()-€o00m)”
i=k+15£1 [4.56]
+ VU 400" —cobm]"
S
< 3 WP — €08+ VD) +oobm — o]
i=k;i£l

Moreover, as V.U (I) < V.V(I) from [4.50], the assertions (ii) and (i) of Lemma A.15
show that [4.51] implies that a.s.

VU Toobme —cobm1| <, [VU+oodme —coom]
[ }

Particularly,
s
ST VPG~ o] + VI +oobm — g0
i=kyiAl
[4.57]
il - + - +
< Y [We gt + [T o0 —go0m]
i=kyiAT
and we deduce [4.52] from [4.53,4.55,4.56], and [4.57]. Relation [4.50] is thus verified
atrank n + 1. O

In particular, the above result shows that, starting from the same initial service
profile and subject to the same traffic, the JSW policy optimizes the total workload
with respect to any other fixed allocation to another server, since for every I € [1, S|,
a.s.

S s
V) <Y VG,
i=1 i=1
On the other hand, as V.U is fully ordered, [4.51] implies that V.U (1) < V.U(I) as.,
that is, the proposed waiting time to the nth customer is as well minimized.

We can extend these results to the steady state. According to [4.49], a stationary

service profile for the allocating to the Ith server is a (R*)S-Valued solution to the
equation

Vo= [f/ +oer — 5.1} s G(V) as. [4.58]
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For any u and v such that u < v, for every ¢ > I, a.s.

G(u)(i) = [u(@) V ((u(l) + o) Au(i+1)) — €"
< @)V (1) + o) Av(i+1)) = €]
= G(v)(@),

whereas for all 7 < I, a.s.
G(u)(i) = [u(@) — €& < [o(i) — " = G(v)(9).

The mapping G is therefore a.s. < — increasing, and clearly continuous. Loynes’s
Theorem then yields the minimal solution of [4.58], given by Y, th~at is the almost
sure coordinatewise limit of the corresponding Loynes sequence (Y,,n € N) =

f/,? 0l ", ne N). According to Theorem 4.23, to the limit, the minimal solutions

satisfy a.s.
Yoo < Yoo and Yo (1) < Yoo (I).

The JSW policy hence minimizes the total workload at equilibrium and the proposed
waiting time.

It is also immediate to observe that forevery n € N, a.s. VY (¢) = 0 forevery ¢ < I,
as no service is ever provided by the first I — 1 servers, always inactive. Therefore,
the restriction of Y to its S — (I — 1) last coordinates clearly reads as the minimal
solution of [4.38], that is the stationary profile for a JSW system of S = S — (I — 1)
queues. We summarize these results in the following two corollaries.

COROLLARY 4.24.— ForeveryI € [1, S|, the <-minimal solution Yoo of [4.58] satisfies
Yoo (8) < 00 a.s. provided that

Efo] < (S-T+1E[].
In addition, if Y denotes the minimal solution of [4.38] we have
Yoo <« ?OIO :
VE>1, Yo (0) SYL(0),

and in particular Yo (1) < Yoo (I).

COROLLARY 4.25.— Let 1 < 8’ < S. Denote YD§ and Yfél as the minimal solutions
of equation [4.38], respectively for S and S’ servers. Under the condition E [o]
< S'E [€], where both are finite a.s., they satisfy
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YS(S —i) <Y (S —i)as. foralli€ [0, S —1].

The latter result states precisely the (intuitively clear) property, thatin a JSW system,
an increase in the number of servers reduces the workload at equilibrium: if both
systems are stable, the workload of each server of the small system is larger than that
of the corresponding server (in the decreasing order of workloads) in the big system.
The last inequality means that that the waiting time is minimized by the bug system.

4.4. The queue with S servers

We now consider a system closely related to the previous one. There are S servers
processing the requests without loss nor interruptions, but the architecture of the
queueing system is different: if all S servers are busy, the customers are queued in
a single queue of infinite size, and are assigned to the first server available, on a
First come, First served basis. Notations and probabilistic hypotheses are the same as
above — we thus consider a stationary G/G /S/co/FIFO queue.

In this section, we show that this system amounts to S parallel queues, under the
JSW policy. Particularly, the stability condition remains [4.40].

We again represent the queue by the sequence of service profiles, keeping track of
the service times of all the customers in the system at current time. Specifically, we
fix Vo € S and we denote for every n € N, V,, the element of S which represents the
residual service time of all customers in the system at the arrival of nth customer:

(1) If the S servers are busy:

- the first S coordinates of Vn are the residual service times of the S customers
in service, ranked in decreasing order;

- the following coordinates represent the service times requested by customers in
queue, arranged in the order of priorities. In other words, foreveryi € [S+1, N (Vn)]],
‘77,(1) represents the service time of the ¢th customer in queue, according to the order
of arrivals. Particularly, the customer of service time V,, (N (S + 1)) will be the next
to enter service, and so on.

(ii) If j < S servers are busy, N(V,,) = j and the coordinates V,, (), i € [1, j]
represent the residual service time of the customers in service, arranged in decreasing
order.

It is then easy to see that the sequence (Vn,n € N) so defined is recursive
on the canonical space of arrivals and services, and to make the recursive function
explicit. In that purpose, we construct for every u € S, the family of sets of indexes
Aj(u), Az(u), ..., Ag(u) by induction, in the following manner:

— we start by setting A (u) = AJ(u) = -+ = A% (u) = 0;
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=
<
S
<

(S) ' V(S+1) V(N(V))

< >
Customers in service T
Service time of the prioritary customer

Service time of the last arrived customer

Figure 4.2. The service profile of the G/G/S queue

— then, for every j € [1, N(u) — S|, we denote

eu(j) = Argmin Q u(i) + > u(S+k) [4.59]
i€[1, 5] ke AT (u)

and we set

Ay ) = AL () U {5}

Al(u) = A7 (u), for every i # ou(j);
— we finally set

A (u) = AN 75 () for every i € [1, S].

As usual, it is understood that ), ;... = 0 and we fix A;(u) = 0 if N(u) < S.
We have the following result.

THEOREM 4.26.— Starting from Vo €8, we have for everyn € N,
Vi1 =G0 G (,€00™) 0 G (o 00™) (V,),

where the mappings Gl,éz and G® are, respectively, defined by [4.60], [4.63]
and [4.64].

Proof. Assume that C,, finds a system having a service profile Vi upon arrival. First,
the service time o o 8™ brought by C, is placed at the place of lowest priority, in other
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words the service profile becomes at first

Vig = Vo4 (0 06™) ()1 = G (V,,000m). [4.60]

+

Then, the customers possibly in line are assigned to the various servers.

I N (Vn) < S, there are available servers at the arrival of C),, and therefore
the service time o o 0™ is assigned to the first that becomes available. V,, remains
unchanged since the service time of the arriving customer is by construction given by

Vop (N (V) +1).

) If N (Vm_) > S, there is no available server upon the arrival of C,,. It suffices to

understand the construction of the sets .A;(V},) to write easily the recurrence function.
Let us call “server i”, i € [1, S], the server whose customer in service has a residual
service equal to Vn(z) upon the arrival of C,, (particularly, the server 1 has the largest
remaining workload and the server S the smallest one at this instant). Let us also denote
C'j, je, N (Vn+) — 5] the customer (if any) in line at the arrival of C,,, whose
service time is given by f/g+ () (particularly, C is the customer on priority at this

time and CN(X7,L+)—S = CN(V,,,)+1—S is the customer C, just arrived). Notice that

both these indexations are related to the situation at the arrival time of C,,, in other
words they depend on n.

First, notice that 1 € AS(Vn+) by definition. The first customer to possibly enter
service after the arrival of C,, is C;. This customer will join the first server that becomes
available, that is the server S. The second customer to enter service C’g will then join
the server S if

Vn+(5) + Vn-i— (S + 1) < Vn-ﬁ-(S - 1)7

or the server S — 1 if

Vit (8) + Vi (S+1) > Vi (S —1).

Notice, that in the first case 2 € As(fé,ﬁ_) and in the second case, 2 € As_l(‘A/n_F),
by the very definition of the sets A;(V,,4). And so on, we observe that for every

je 1, NWuy) = 9], <p‘7n+(j) defined by [4.59] represents the index (upon the

arrival of C,) of the server that actually serves the customer C'j, as it is the first one for
which the remaining workload vanishes after the beginning of service of the customer
C'j_l (or after the arrival of C), if j = 1). In other words, for any ¢ € [1, S] and any
je[l, N(V,y)—S], A(V, ) represents the set of indexes (in the indexation of the
C’k’s) of those customers in the system after the arrival of C,,, arrived strictly before
C‘j+1, and who will enter service with server ¢. Therefore, A; (Vn+) denotes the set of
indexes of all customers present just after the arrival of C,, and who will be assigned

to server i.
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tis easy to see, as the discipline is FCFS, that the sets A{ (Vi) differ only from
AJ(V,) for the index j = N(V,,;) — S of the customer just entered, which is added

N(Vn)-S
to the set A‘P\"/,,ﬁr (N(Vig)=5)

Thus, between the arrivals of C, and C), 1, the server of index ¢ at the arrival of
C,, provides a quantity of service equal to

Eo0" A Vor(i)+ D Var (S+k)
kEAi(VnJr)

If £ 0 6" is less than the latter sum, the server ¢ is still busy when C),41 enters the
system. The last customer to have come into service at server ¢ before the arrival of
Cr 41 is then:
- the customer who was already in service at the arrival of C, if Vn+ (1) > o™
- otherwise, the customer C“w(i) , where

min{ j e Ai(Vr) | Var()+ Y. Vs (S+k) >80 3,
Y(i) = keA! (Vy)
or
max A;(V;,) if the previous set is empty,

since, as easily checked, (i) denotes the index of the last customer who had the time
to reach the server of index ¢ (at the arrival of C),) between the arrival times of C,, and
Cn+1 . . _

In other words, forevery j € [1, N(V,4)— 5], the customer C; comes into service
(with the server ey, (7)) before the arrival of C, 11 if and only if j < ¢(¢p - (1));-

In both cases (i) and (ii), the sequence Vn++ representing the service profile just
before the arrival of C,,1 1 and before reordering, reads

Vi () = Vs )+ Y. Vap (k) —&o0™| ;ie[L, S], [4.61]
keA? D (Voy)

and for every j € [1, N(V,4+) — 5],

A 0 if5 < vleq,, ()):
Vit (S +j) otherwise,

with the convention ), ;... =0.
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As above, denote G2(., £ o 0™) the application: (RT)N x R — (R1)N defined
by [4.61] and [4.62], and such that

Vn++ = G2(Vn+, 5 o 0") [463]

Finally, we rearrange in decreasing order, the remaining service times of the
customer in service (which are the first .S coordinates of V,, ;). The possible following
non-zero coordinates represent the customers in line in the order of priorities, until the

index N (Vn++). By denoting G* as the mapping : (RT)N — S which arranges the
first S components of a sequence in decreasing order, and which deletes the following

null components, retaining their order (keeping only the residual services time of the
customers still in line at the arrival of C,,11), we therefore have

Vir = G (Vs ) [4.64]
Hence the result. O
Define the mapping
S - (R+)S

u  — W(u) such that
W(w)(i) =uli)+ Y u(S+j)forallie [1, S].
JEA;(u)

\UE

In this case, for every n € N and i € [1, S], the amount ¥(V},)(¢) represents the
“virtual” workload of the server of index 7 just before the arrival of C),, consisting in
the service times of all the customers to be served by this server. We have the following
result.

LEMMA 4.27.— Foranyn € N,

+
U(Vpy1) = |U(V,)) +00bm.ey —(E0bn) 1| . [4.65]

Proof. Upon the arrival of C,,,

(i) if some servers are free (i.e. N(V,,) < S), ¥(V},) is nothing but the arranged
version in increasing order of the restriction of V;, to its first S components. Then,

Vn+ - Vn +oo en’eN(‘A/n)+1;

Az( n+1) = @7 1€ [[]-7 S]]v
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which implies that
. . +
Vs = [V + 000" ey )40 — (€007 1]

Thus [4.65] is satisfied in this case.
(ii) If all servers are busy, C,, will be assigned to the server of index Py, (N (Ve )—

S). In FCFS, the assignments of the customers to the various servers do not depend
on future arrivals, hence any customer in line at the arrival of C), remains at the same
server after the arrival of C),, after the following arrivals, and so on until his service
(even if the server index may change through the successive arrivals). Hence, for any
server ¢ to which C,, will not be assigned, the set of indexes of those customers to be
served by 7 just before the arrival of C,,, is the same as just after the arrival of C),. In
other words,

U(V) (i) = U(V)(0): i # op, (N(Viy) — S).

Then, for any i the set of indexes of customers to be served by a given server just
before the arrival of C, 1 equals that just after the arrival of C,,, from which we remove
the indexes of the customers entered in service between the two arrivals, during a time
interval of duration £ 0 8. On the other hand, the index of the server may possibly vary
from i to ¢ thereby following the order of the residual service times of the customers
in service upon the arrival of C, 1. Therefore, we have

Vi 7é QDVHJr(N(Vn*F) - S)? e [1, S]v \Ij( An+1)(£) = [\P(Vn)(z) - § © en]+
[4.66]

In addition, C,, is actually assigned to the server having, upon his arrival, the least
virtual workload (made by the customers in line at the arrival of C',), that is

U(V) oy, (N (Viy) — ) = U(Va) (1) + 0 067,

and therefore

— +
3k € [1, S]s. t. U(Vir) (k) = [\If(vn)(l) Yool —fo 9”} . [4.67]
Clearly, [4.66] and [4.67] also imply [4.65] in this case.

O

The SRS of the virtual workloads of the servers thus satisfies Kiefer and Wolfowitz’s
equation. This amounts to saying that this system is equivalent to that of .S parallel
queues under the JSW policy : each queue corresponds at a given time to a given server,
and to the customers he is about to serve.
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We can now address the stability of the system. Denote G, the random map: S — S
defined for every u € S by

Glu)=G3oG?*(,6) oG (., 0) (u) as.. [4.68]
A stationary service profile thus corresponds to a solution V to the equation
Voo=GV)as. [4.69]

THEOREM 4.28.— Equation [4.69] admits a S-valued solution provided that [4.40]
holds. Otherwise, there is no S-valued solution.

Proof. Let (V,,, n € N) be the sequence of the service profiles of the system of .S
parallel queues and Y, be the minimal solution of [4.38]. Let U € S be such that

U(U) =Yy as.. [4.70]

We can then deduce from [4.37] and [4.65] that the SRS (\I/(VHU), n e N) and
(VYoo n € N) = (Yoo 00", n € N) coincide a.s..

Let the event
& ={Y.(1)=0}.

According to the previous remark, for any n € IN, on the event §~"& we have

Y(VE)(1) =0,
and therefore A, (V,V) = ), which implies in turn that
VIS +1)=VY(S+2)=...=0,

since forany v € S, S € Ag(u) when u(S + 1) > 0. Hence, on the event 6 "E,

A N +
Vi = [V 4000 ey (puys —€00"]

_ ([\I,(f/nU)_|_Uo¢9".es—§o€”}+7070, )

first S components

_ <[Ymoen+aoeﬂ.e1—goanr,o,o, )

The sequence (6~"&, n € N) is hence a sequence of renovating events of length 1 for
(SY, n € N), for any initial condition U satisfying [4.70]. As a conclusion,
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(i) If [4.40] is satisfied, in view of the fact that £ is non-negligible according to
Theorem 4.21, the Corollary 2.12 implies the existence of a solution V' taking values

in S for the equation [4.69]. In addition, it is easy to show that ¥(V) = Y, a.s..
(>i1) If [4.40] is not verified, if [4.69] would admit a solution V with values in S ,a

(R™)5-valued solution V to the equation [4.38], would clearly be given by V = ¥ (V).
This is an absurdity according to Theorem 4.20.

This completes the proof. O

4.5. Infinite servers queue

We now consider an ideal system where all the customers are served simultaneously
at full velocity. In other words, there are an infinite number of servers, so that every
customer is accepted for service upon arrival. We assume again that the input is of
the G/G/ type, and keep the same notation as before. We hence note G/G/o0, such a
system. It is easily seen that in this case, the workload sequence is not recursive, as
the amount of work processed by the server between two successive arrivals depends
on the number of customers in the system at any time between these two dates. We
give hereafter the stability condition of this system, and a representation at equilibrium
using the service profiles.

4.5.1. The service profile

Asabove, we work on the space S (see A.3). We denote S;°, the service profile at T},

n

starting from a profile S§° originally. We arrange the profiles S2°, n € IN arbitrarily
in decreasing order. It is immediate to observe that the service profile sequence is
recurrent on S: for any n € N,

le%s) 1 oS} n n +
Spar = |F (S, 000" —£00™1]
where F1(., o 0 ™) is defined by [4.12].

By working on the Palm space of arrivals and services, the existence of a stationary
service profile thus amounts to that of a S-valued solution S°° to the equation

S0 =G (5"),P - as, [4.71]

+
where G*°(.) = [Fl(., o) —&.1| , P-as.. The stability condition of the system is
given below.
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THEOREM 4.29.— We assume that o and & are integrable and that P (£ > 0) > 0.
Provided that

J
P | sup er_j—2506_i <0| >0, [4.72]
JEN* i=1

equation [4.71] admits a unique S-valued solution S°. In addition, by denoting Z,
the only solution of the equation

ZobO=[ZVo—¢T, [4.73]
then for every i € S such that
w(l) < Z, [4.74]

there is a strong backward coupling between the sequences (S, n € N) and
(8° 06" neN).

Proof. Starting with any service profile at the origin, for every n € NN the largest
residual service time at T, ; is the maximum between the largest term at T, and
the initial service time of C),, minus the quantity of service provided to all customers

between 7}, and 7}, 1. In other words,
(D) =[S (1) v (g00™) =€

Therefore, the existence of a largest residual service time amounts to that of a proper
solution to equation [4.73]. According to Theorem 4.19, this equation admits a unique
finite solution, given by

; +
J
sup <a 07 — Zg o 91')] . [4.75]
=1

JEN+

7 =

We then apply the arguments of the proof of Theorem 4.7. As u(1) = 0 implies u = 0
for any u € S, denoting for all n, B,, = {Z o 0™ = 0}, (B,,, n € N) is a stationary
sequence of renovating events of length 1 for any sequence (S2°#, n € N) initially
equal to u, where i is a S-valued random variable such that

w(l) < Z,as..

As [4.72] amounts to P (By) > 0, Theorem 2.11 implies again the existence of a
solution to [4.71]. The uniqueness of the S-valued solution follows from the fact that
S(1) = Z for any solution S and therefore, that two solutions coincide and are S-
valued on the non-negligible event { Z = 0}. Finally, the property of strong backward
coupling follows from Borovkov’s Theorem, as in Theorem 4.7. O



126  Networks Modeling and Analysis

As before, it follows naturally:

COROLLARY 4.30.— Provided [4.72] holds, there exists a unique stationary congestion
X, and any sequence of congestions starting from any p satisfying [4.74], converges
with strong back coupling towards X °.

COROLLARY 4.31.— Provided [4.72] holds, the G/G/> queue starting from any finite
profile empties a.s. infinitely often.

Proof. As the largest component S°°(1) of the stationary profile satisfies [4.73], it is
given explicitly by [4.75] and the assumption [4.72] implies that
P(S*=0)=P(5S*(1)=0)>0.

We conclude with an argument similar to that of Corollary 4.4. O

4.5.2. The GI/Gl/co queue

Let us assume that the service and inter-arrival times form two independent and
identically distributed sequences, that are independent of one another (this is thus a
GI/GI/o0 system). In this particular case, the stability condition of the system can be
rewritten more explicitly.

COROLLARY 4.32.— In the case of a GI/Gl/co queue, the conclusions of Theorem 4.29
and of Corollaries 4.30 and 4.31 remain valid, under the stability condition

P(0c<¢) >0. [4.76]
Proof. 1t suffices to check that [4.72] is equivalent to [4.76] in this case. Of course,
[4.72] always implies [4.76] since

Po<&=P(oobf ' —¢of ' <0)
and, a.s.,

sup o o677 7250071 >cgo0fl—co0f .

JeN* i=1

For the converse, we have a.s. for any j € N*,
oo™’ —Zﬁo@ﬂ
i=1

j—1
:009_1—509_1—1-2((009_1—0)09_1—(509_1)09_1),

i=1



Stationary Queues 127

we the usual convention 2?21 .... = 0. Therefore, in virtue of the independence
assumptions,
P|sup |go087/ —2509*’ <0
JEN™ i=1
>Pl{o00 —c00' <0}

(s Soert oo corery <ol
:P(U—§<O)P<sup Z((JOG_I—U)OG_i—(509_1)09_i)<0>.

JEN™ i

The last probability on the right-hand side is strictly positive by applying [4.6] to the
random variables o 0 ! — o and £ o ! and by observing that

E[co0™ —0—¢007 ' =E[-¢ <0

according to Lemma 2.2. So [4.76] implies [4.72] in this case. O

4.6. Queues with impatient customers

Let us consider a system with one server and of infinite capacity, in which the
customers enter according to a G/G input (we keep the same notation as in section 4.1).
It is further assumed that these customers are impatient: the customer C,, requires
to be served before his patience D,, elapses, where we assume that the sequence
((ony&ns Dp);m € Z) is stationary. This patience time therefore sets a “deadline” at
time T, + D,,, at which the customer leaves the system forever, if he has not been
satisfied. We note such a system as G/G/1/1+G-X where the third G characterizes the
sequence of the patience times, and where X denotes the service discipline.

We are primarily interested in two types of systems:

(i) The customer C,, requires us to enter the service booth before T;, + D,,. In such
a case, we will consider that the customer will remain in the system until the end of
his service, even if the latter occurs after 71;,, + D,,. Otherwise, the customer leaves
the system forever at T;, + D,,, without reaching the server. The time is then said to
be up to the beginning of service. We will then say that the queue is of type (b), as
“Beginning”, and we will note it as G/G/1/1+G(b)-X

(i1) The customer C', requires us to have been fully served before T, + D,,. Otherwise,
he leaves the system forever at T,, + D,,, even if his service was initiated before that
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date. We then say that the patience time runs until the end of service, and that the queue
is of type (e) as “end”. We will denote it as G/G/1/1+G(e)-X

Throughout this section, we work on the canonical space (2, F,P,0) of the
sequence ((0y,,&n, Dy); n € Z) or in other words, on the Palm space of arrivals,
services, and patiences. The random variables o, £, and D are then defined as in the
previous sections, and we assume that they are all integrable, and that P (¢ > 0) > 0.

4.6.1. The profile of service and patience times

In this section, we give an exhaustive representation of the system by an SRS keeping
track of all residual service times and all residual patience times of the customers in
the system. To simplify the presentation, we consider here only a G/G/1/1 + G(b)
system with non-preemptive service discipline. It will appear, however, that similar
representations may be proposed for queues (e) and/or multiple server queues. This is
left to the reader.

As above, we denote X,, the number of customers in the system just before the
arrival of customer C,, (at T, ) and for any ¢ < n such that C} is in the system at T},
we note ¢, (i) € [1, X,], the place of C; in the queue in the order of priority, the
first being occupied by the customer in service at 7;, . For each such customer C;, we
denote :

— R, (pn(i)) as the residual service time of C; at T, (already defined in
section 4.1.3);

— R, (n (1)) as the residual patience time of C; at T;; , i.e. the residual time at T},
before the end of the patience of C;. In other words,

Ry (pn(i)) = Ti + D; — T, [4.77]

For any n € N, we define v,, € S 2 (see the formal definition of S2, and additional
notations in appendix A.3), the sequence representing the residual service and patience
times of the customers in the system at this time, arranged in the reverse order of
priorities. By convention, we set as 0, the residual patience time of the customer in
service (this customer will not be removed anyway), and as (0, 0), the other components
of v,,. In other words,

Rn(Xn‘i‘l_i)aRn(Xn""l_i)) fori<Xn;
V(i) = Rn(XnJrl,i)’()) for i = X,,;
(0, 0) for i > X,,.

We call v, the service and patience profile at T, .
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Let us make precise the dynamics of the profile process within the Palm space
of arrivals, services and patiences. Assume that the customer C,, finds upon arrival
a profile v,,. First, the service time and the patience of (', are inserted in the profile
arbitrarily in the first position, i.e.

Uy = {(0 0f™, D 09”),yn(1),yn(2),...} — H' (vn,000").  [478]

Then, as in the case of the service profiles of a G/G/1 queue, we apply to S, +
the map H*>®:5% — &2, to rearrange the components v, following the order of
priorities for the discipline ®:

1) If ® depends only on the arrivals and service times of the customers (i.e. & =
LIFO SRPT, etc. ... ), H?*? is nothing but the “extension” of the application F'® defined
in [4.13] to S? in the sense that for any u € S2,

H?(u)(i) = (F®(u!)(i),u?(5)), where j is such that F'(u") (i) = u' (),

that is the second coordinate “follows” the first one, re-arranged following F'®.

2) The discipline ¢ may also depend on the patience times of the customers:
- The Earliest Deadline First discipline (EDF) gives a non-preemptive priority, at
the end of each service, to the customer in line whose residual patience is the shortest.
Therefore,

HEPF(y) = {u(?),u(?)), (i), u(), u(i+ 1), } if (i + 1) < u?(1) < u2(0),

in other words the sequence of second coordinates of H?EP¥ () is ordered in decreasing
order.

- The Latest Deadline First discipline (LDF) gives non-preemptive priority, at
the end of each service, to the customer in line having the largest residual patience.
Therefore,

HYPF(y) = {u(2),u(3), (i), u(), u(i+ 1), } if Ui+ 1) > u?(1) > u2(0),
i.e. the second coordinates of H*PF (v) are arranged in increasing order.

We denote as above, for any discipline @,
Unit = H*® (1,1). [4.79]
Then, the customers are served successively in the order of priorities for a duration

€ 0 0™. To describe this, we define for any z € R™ and u € 82, the sets of indexes
Bl (u), j € [1, N(u) — 1] in a similar way as the sets A (u) of section 4.4, as follows

By (u) = {0},
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and for all j € N*,

| BlMwu i}t if Yl (N(u) k) <z A’ (N(w) —j);
B} (u) = keBL T (u)
Bi~1(u) otherwise.

Finally, we denote
Ba(u) = BYW=1(4) and ¥, (u) = max B, (u).

Letuscall C;, j € [0, N(vy,4)—1] the customer in the system just after the arrival
of C,,, and whose service time and residual patience are given by vy, + (N (Vpy4)—7),
so that Cj is the customer in service, C the following customer in the order of priority,
etc. and C N(vnsy)—1 18 the last customer in the order of priorities.

The set Bgoen (Vn++) then contains all the indexes (up to j included) of those

customers who make it to enter service before the arrival of C,, ;1. Indeed, customer C'j
can enter service before the arrival of C), ;1 if and only if the following two conditions
are met:

(i) the time needed to serve the customers on priority with respect to this customer
is less than £ o 67, that is

Z Vg (N (Ungt) — k) < €08
kengeln(VﬂHri»)

(i) his patience has not ended before the end of the services of the customers on
priority with respect to him, that is

Yo Vnar (N nrs) = k) <vpy (N (Vngs) = ).
kEBlogn (Vnt+)

The integer 1¢opn (Vn4+) thus represents the largest index of a customer who came
into service before the arrival of C), 1 (or the customer in service at the arrival of C,
if this service has not been completed before the arrival of C),11).

Just before the arrival of C), 11, the components of v, hence read as follows.
— First,

Vntt4+ (N (Uns1) — §) = (0,0), j € [0,%¢opn (Vn++) — 1, [4.80]

as all the customers of corresponding indexes have either finished their service, or their
patience has ended before the arrival of C, 4.
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— The components corresponding to the customer in service at the arrival of C, 41
are given by

Ups sy (N(Ungt) = Yeoom (Vngt))

Yeoon (Vnt+) + [4.81]
= Z Vpi s (N (Ungy) —k) = €0 ™|
k=0
V727,+++(N (Vnty) — Yeoon (Vn++)) 48]

= [V’I'2L++(N (Vnt+) — Yeoom (Vnt4)) — €0 an]-",

the last quantity being zero whenever the customer’s patience ran out after the beginning
of his service.

— Finally, for any j € [¢opn (Vns+ ) N((Vng4) — 1],

V2 (N (ngs) = 5) = V241 (N (Unas) — ) — €007 [4.83]

V711+++(N (Vn++) —J) = Vrll++(N (Unt+) —J) I{V?L+++(N(Vn++)_j)>0}’ [4.84]

the possible customers having less priority than the one currently in service hence have
their service time remained unchanged, and their residual patience reduced by the time
elapsed between the two arrivals. They are eliminated (the corresponding coordinate
is set at (0, 0)) if the latter quantity is negative.

Equations [4.80—4.84] thus define a mapping H': S x Rt — &2 such that

Ungaq = H? (Upypq,E00™). [4.85]

Finally, v,, 1 is obtained by removing the components equal to (0, 0) intercalated in
between non-zero components (which correspond to the customers served or eliminated
between the arrivals of C), and C), 1), keeping unchanged the order of the remaining
components. We then write

Un41 = H4 (V7L+++) . [486]
We have thus proven the following result.

THEOREM 4.33.— The sequence (v, n € N) is recurrent for any admissible discipline
®: for any initial value vy € S?, for any n € N,

Upi1 = H® 0 ™ (vn),
where

H® = H*o H3(.,6) o H** o H'(.,0),
defined by [4.78, 4.79, 4.85] and [4.86].
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As usual, for a given admissible service discipline ®, a stationary profile is a S2-
valued random variable v satisfying the equation

v? o0 =H*(v?) as. [4.87]

We have the following.
THEOREM 4.34.— For any admissible discipline ®, if

J
P ( sup <(J + D)o — Zf o 0i> < O) > 0, [4.88]

JEN* i—1

the G/G/1/1+G(b)-® queue admit a unique stationary profile v®.

Proof. Existence. According to Theorem 4.19 applied to « = 0 + D and 8 = &,
provided that [4.88] holds there exists a unique positive random variable, solution of
the equation

Yoo =[VV(o+D)-g*,

given by
j +
YorPE = | sup (U—i—D)oG*j—ZgoG*i .
JEN* i=1
Let us define for any u € S?,
Z(u) = sup (u'(i) +u?()), [4.89]
1EN*

as the largest sum of the two coordinates of a component of . Let x be a S2-valued
random variable such that

Z(x) € Z := {positive random variables Z s.t. Z < Y7 tP€as}.  [4.90]
Let (vX, n € N) be the sequence of profiles initially equal to  for a fixed service

discipline ®. As we noticed during the computation of the recurrence function of
(vX, n € N), forany n € N and ¢ € N*, there exists a j € IN* such that

X1 X2 (s X1 X2 ( n]t
V(@) + XA () < [ G) + i) - o8] 4911

since between the arrivals of C,, and C,1, the residual patience of any customer
decreases from £ o 6™ and the residual service time is at the most constant (the index
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of the customer in the queue may change from i to 5 between v, and v, 1, based on
priorities). But according to [4.78],

[+ w20y g e N} = {nt () +v2(); j e N" fU Lo 00" + Dog"),
which, taking the supremum, implies with [4.91] that
+
Z (), < [Z (X)V (oo™ +Dof™)—Eo 9"} as.. [4.92]

Therefore, for any n € N such that Z(vX) < Y724 06", we obtain by monotonicity
with [4.92] that

Z (V:erl) < [(Y‘”D’f 09") V(cob"+Dob") —goenr
=Yy tDL o gntt
by definition of Y7 +:¢. We have thus shown by induction with [4.90] that
Z (vX) <YtP% 09" as. forany n € N. [4.93]
Now, set the event
A={y"+tP¢ =0}. [4.94]

According to [4.93], on " A we have Z(vX) = 0 and therefore vX = 0, the null
sequence of S2. Therefore, (§~".A, n € N) is a sequence of renovating events of
length 1 for any initial condition x € Z as defined by [4.90]. In view of the assumption
[4.88], Corollary 2.12 implies the existence of a S2-valued solution for [4.87].

Uniqueness. Let ¢ be a solution of [4.87] for a fixed discipline ®. According to [4.92],
we have a.s.

Z(s08) < [Z(g) V(o +D)— g} " [4.95]

If we had Z(c) > o + D a.s. (which implies in particular that Z(¢) o § > 0 a.s.),
according to [4.95] we would have a.s. that

2()00 < [2(6)V (0 + D) €| = Z(5) v (0 + D)~ £ = 2(5) ~ &

and therefore E [Z(s) 0 0 — Z(s)] < —E [£] < 0, a contradiction to Lemma 2.2. We
have therefore

P(Z(s)<o+D)>0. [4.96]
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According to [4.95], on the event {Z(¢) < Yo+D:E}
+
2(s) 08 < [Y7rPEV (0 + D) — g] = yotDE o,

Hence, {Z(s) < Y?+P:¢} is §-contracting. On the other hand, on {Z(c) < o + D},

2(<) o0 <[Z2()V(e+D) =€ =[o+D-¢"

< [YotPEy (D4o)—¢] =Y P00,
and [4.96] implies that P (Z(s) < Y7TP:¢) > 0, so
Z(5) <YTTPL a5,

In other words, for any solution ¢, Z(¢) belongs to the set Z, and therefore
(v, n € N) = (c00", n e N)admits (6-"A, n € N) as a sequence of renovating
events of length 1. According to Corollary 2.13, P (A) > 0 implies the uniqueness of

the solution v®. O

As the queue is empty at the arrival of C,, if and only if v,, = 0, and as this is true
if and only if Z(v,,) = 0, we obtain as usual the following result by domination.

COROLLARY 4.35.— For any admissible discipline ®, the G/G/1/1+ G (b)-® queue a.s.
empties infinitely often if [4.88] holds.

As above, we can deduce the following result from Theorem 4.33.

COROLLARY 4.36.— There exists a unique stationary congestion X® and a unique
stationary workload W< provided [4.88] holds.

4.6.2. GI/Gl/1/1+GI queue

We can apply the same arguments as in section 4.5.2 to give the stability condition
of the system GI/GI/1/1 + GI(b):

COROLLARY 4.37.— For any admissible discipline ®, the queue GI/Gl/1/1 + GI (b)-®
is stable, and the conclusions of Theorem 4.33 and Corollaries 4.34 and 4.35 remain
valid, under the condition

P(o+D<¢)>0. [4.97]
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4.6.3. Optimality of EDF

Consider the special case of a G/M/1/1+G(b) queue: the service times of the
customers (o, n € Z) are assumed to be independent and identically distributed with
an exponential distribution, and are independent of the inter-arrival times (&, n € Z)
and of the patience times (D,,,n € Z). We show in this case that the EDF discipline is
optimal, as it is the one that loses the least amount of customers, in the sense that we
are going to specify.

Let v € R* and u, v € S2. We shall modify the two sequences u and v to obtain
two other ones 4 and v, as follows:

(i) We set their first non-zero first component arbitrarily equal to the first non-zero
component of v (we could have taken u either way), i.e.

@t (N(w) = " (N(v)) = o' (N(v)).

(ii) the second components of # are those of u, and second components of © are those
of v.

(iii) Let
6y =min{j >0; j € BL(u)orj € Bl(v)},
be the firstindex belonging to B, (u) or to B, (v). We then fix forany j < ¢1, ' (N (u)—
j) =u*(N(u)—j)and o' (N (v) —j) = v (N(v) —j). Then,if ¢ € Bi(u) = Bi(a),
denoting
ki =min {j > 0; j € B}(v) = Bj(0)} > {1
the first index of B, (v), we set

0" (N(v) = k1) = u! (N(u) = &),

i.e. we make the first coordinates corresponding to the first indexes of B, (u) and B, (v)
artificially equal.

(iv) Then, we denote
by =min {j > ¢1; j € BL(a)} Amin{j > ki; j € BL(D)},

the second index belonging to BB, () or B, (v), and we start again the same construction.
If again the minimum is given by the left one, we leave the first intermediate components
unchanged, and we set

o' (N (v) = k2) = u* (N(u) — £2) = @' (N(u) — £o),

where ks is the second index of B,,(¢), and so on until ¢, (%) A 1 (0).
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These notations are complicated, but they describe the simple idea that we can
transform step by step, starting from the last positive components, the two sequences u
and v to obtain two other sequences @ and ¥, whose second components are unchanged
and whose first components corresponding to the indexes of B, (%) and B, (?), ar

equal up to ¥, (4) A (D).

We refer the reader to the definition of “<” in the set S (Definition A.22). We have
the following result.

LEMMA 4.38— Let u and v be two non-null elements of S? such that
u? <v%inS. [4.98]
Then, for any x € R™,
(H? (@, 2))* < (H? (8, 2))%in S,
where H? is defined by [4.85].
Proof. Let us observe that by the very definition of the space S2, in view of [4.98] we
necessarily have N (4) < N(d).
Then, we show by induction that there exists, for any j € [0, 1, (@)], a bijection

Bi(t) — Bi(d

This property is obvious for 7 = 0, and if it holds for the integer j — 1 we have that
Card BJ~!(a) = Card BJ~1(%), thus according to the construction of 4 and o,

Soooa(N@ -k = ) N (N(©) k). [4.99]

keBi ™ (a) keBL T (v)
In addition, j € B (1) means that the term on the left-hand side is less than

z A (N(@) —j) < x A9*(N(a) - j),
in view of [4.98]. So is the case with the term on the right-hand side of [4.99], hence
there exists an integer £ < j + N (@) — N (%) < j such that £ € B.(d) C BL(0). T
induction is completed, by taking F; (i) = F;_1 (i) foralli € BL~1(a), and F;(j) =

Therefore, 1, (1) < 1,(9) and there exists an injection

. {fzw) 50



Stationary Queues 137

The result is finally a consequence of the fact that ¢, (4¢) < 1,(0) and that for all
J > (@), j € B, (0) implies that
NG - Az> Y H(N(D) — k)
keBL ™ (9)
> Y at(N(@) - k)
keB.(2)
> a2 (N(@) - j) A,
which implies in turn that
0* (N(0) = j) > @* (N(@) - j) -

Therefore, any term of H3 (4, ) that is different from (0, 0) has a second component
smaller than the corresponding term of H3(%, x): these two terms are, respectively,
the term of same index of @ and of 0, left the same. O

We can now state the main result of this section. Let ® be an admissible discipline
that is independent of the service times of the customers. In the following, we add
exponents ® and EPF to emphasize the dependence of the various parameters in the
service discipline. Assume that the stability condition [4.88] holds. Then there exist,
respectively under ® and EDF, two stationary profiles v® and v*PF, and two stationary
congestions X® = N (l/‘b) and XEPF = N (VEDF). The optimality of EDF is stated
in the following terms.

THEOREM 4.39.— EDF maximizes stochastically the stationary congestion for
G/M/1/1/G (b) queues: for any x € R,

P(X*">2)>P(X®>2).
Proof. Let us place ourselves on the event

{(1/‘1’)2 < (VEDF)2} _ {(19‘1’)2 < (ﬁEDF)2}.
Then, readily

(1! (*.0) )2< (1" (5", o) )2.

It is then easy to check by the definition of H?, and the very definition of the EDF
discipline, that

(H2,¢> (Hl (]yb’a)) )2< (HQ,EDF (Hl (ﬁEDF’U)) )2’
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as EDF arranges the terms of the sequences in the decreasing order of their second
coordinates. Therefore, Lemma 4.38 and the definition of the mapping H* allow us to
conclude that

(H‘b @@) )2< (HEDF @EDF) )2.

The event { (lfb) . (ﬁEDF ) 2} is thus #-contracting. As it includes the non-negligible

event A defined in [4.94], it is almost sure. In particular, the respective stationary
congestion N (2®) and N (0#PF) satisfy

N (9®) < N (#%°F) as.. [4.100]

For both ® and EDF, the term % (N (v)) reads as the residual service time of
a customer in service. Thus, in view of Theorem 7.3, v? (N(v)) is exponentially
distributed with the same parameter as that of the initial service times, say p, and
independent of the service time already completed for the customer in service.
Consequently, in view of the independence assumption, the non-zero terms of v/? form
nothing but a family F of N(v) random variables that are i.i.d. with distribution e(u).

Furthermore, for any n the number N (v,,) of customers in the system upon the
arrival of C,, only depends on the arrival times and patience times of the customers,
on the service times of the already departed customers and on the service time already
completed for the customer in service at this time. Again, in view of the independence
assumption, this implies that all r.v.’s of the family F are independent of N (v).

For a moment, write v(F) to emphasize the dependence of v on the family F.
Then, we have that

o(F) = v(F),

where the family F is obtained from F in the following way : if we write
F=U1),UQ2),....U(N®@))),
where the U;’s are i.i.d. of distribution £(u), then

F=¥(U(Q1)),..U (v (N®)))),
where :

— v is a random permutation of {1, ..., N(v®)} independent of F, corresponding
to an exchange of the service times of the customers waiting in line (in order to match
the upcoming service times of the customers in both disciplines);

— for all family G of N(v®) random variables, U(G) is the family obtained by
substituting a random variable Y of distribution () to the I-th component G(I) of

G, where Y and I are independent of the G(7)’s. Here, this component corresponds to
the residual service time of the customer in service, set to Y under both disciplines.
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It is then a simple consequence of the interchange argument [4.26] that under both
® and EDF, A
v(F) = v(F) in distribution,

and thus that (F) has the same distribution as v(F).
Finally, this with [4.100] implies that for all x € R,
P (N (V(b) > x) <P (N (UEDF) > x) .

O

This optimality property is crucial, in that it implies that the loss under EDF is less
than that of any other discipline independent of the service times.

4.6.4. FIFO queues

Let us consider the particular case where the server processes the requests in First
In, First Out. As we shall see, in this case the system can be described by the workload
sequence, as in a classical G/G/1 queue.

4.6.4.1. Single server (b) queue

Let us first assume that the system is G/G/1/1 + G (b)-FIFO: the patience times run
only until the beginning of the service, thus the customer C,, is served until the end of his
service, without interruption, once he reached the server before his deadline 7, + D,,.
Asin section 4.1, let us denote for any n, IV,, as the amount of work (measured in unit
time) submitted to the server just before the arrival of C,,. In FIFO, this workload thus
represents the proposed waiting time to C',, before reaching the server.

We aim to establish the dynamics of the sequence (W,,, n € N) starting from a
given initial state upon the arrival of Cy. At the arrival of C,,, we are in the following
alternative:

(i) If the patience of C,, is greater than its proposed waiting time (i.e. Do 0" > W),
the customer C,, will reach the server, and thus brings a contribution of ¢ o 8" to the
workload.

(ii) Otherwise, D o 8™ < W,, and C, does not contribute to the workload as he will
never reach the server, even if he stays in line for a duration D o 6.

Consequently, starting from an arbitrary workload W/, just before the arrival of Cj,
we have for any n € N,

W1 = Wy + (00 0™) 10, pogniy (Wn) — €0 9”]+ . [4.101]
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The sequence (W,,, n € N) is hence an SRS driven by the non-monotonic random
map
+
i x [11 + o 1410, p13 () — 5} a.s.,
and a stationary workload WO solves the equation

WHO 6 g = (W) as.. [4.102]

THEOREM 4.40.— Under condition [4.88], [4.102] admits a unique finite solution
WFIEO  satisfying

yorD.& < FIFO < yot D6 g o [4.103]

where Y tP:€ and Y o\P> € are defined as in [4.35]. Moreover, for any random variable
Z such that Z < Y°TD:€ q.s., there is strong backwards coupling for (WnZ, n e N)
and (WFIFO o™ ne N).

Proof. 1t suffices to notice that, under FIFO, the system workload can be obtained
readily from the service and patience profile. For doing so, define for all u € S2,

B(u) = {0},

forall j € N*,

| Bi-lw)u{j} if >l (N(w) = k) <u? (N(u) - j);
B (u) = keBLS ™ (u)
ijl(u) otherwise,

and finally
B(u) = BN~ ().
In other words, the set B(u) can be seen as the limit of 5, (u) as = goes to infinity.

In FIFO, the set of indexes of the customers who will be served among those already
in the system is explicitly known at any time, and will never change except for adding
the indexes of new accepted customers. Indeed, no future customer will ever have a
higher priority than those already in the system. As a consequence of the construction of
the sets B, (u), at equilibrium the latter set of indexes is precisely given by B (vF°) .
Therefore, the workload of the system is nothing but the sum of the service times
requested by the latter customers, or in other words the sum along B (VF I O) of the first
coordinates of the terms of O j.e.

TWFIFO _ Z (VFIFO)l(Z-)_

i€ B(VFIFO)
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Consequently, the existence and uniqueness of W¥FO are straightforward consequences
of that of O i.e. they follow from Theorem 4.34.

Now, first notice that if we had WO > D a.s. (which implies in particular that
WFIFO 5 9 > 0 a.s.), we would have

WFIFO o 9 — WFIFO _ § a.s.
a contradiction to Lemma 2.2. Hence, we have
P (W' < D) > 0. [4.104]

On another hand, recall the definition of the map ¢ of [4.102], and remark that for any
r € RT, as.

0(2) =[x+ 0 Lg(—oo, b} (&) + T 1((D, Do} (&) + T 1{(Dyo, 00y} (@) — €]
< (D +0) (oo, (2)+(D + 0) 1D, D10y () + 2 L (g0 (1) — €] T
=[xV (c+D)—¢*
= ForP:8(g), [4.105]

where Fo+P:€ is defined as in [4.33]. As the latter mapping is a.s. increasing, for all
r <,

o(x) < FPT78(y) as.. [4.106]
Consequently, on the event {WFIFO < yo+D. €}
WHFO 0 9 = (W) < FIHPE (Yot &) = yotPlo g,
Hence, {WFFO < Y o+D:8&1 is f-contracting. But on {WFFO < D},
WEIFO g [WFIFO+U_£]+ < [D+U—£]+
< [YorPEy (D4o)—¢] =Y tPEop.

So [4.104] implies that P (WFFO < yo+D.€) > 0 and in turn, the upper bound of
[4.103]. As a consequence, the announced strong backwards coupling property follow
as usual, using Renovating events.

Regarding the lower bound, apply the same argument after remarking that for all
z € R, as.

FoNDE (g D)1 1 1 "
(oA {(=o0,DAo)} (@) + 2 1 (DAg, D} (T) + 2 1 (D ooy} () — &

+
< [ (z + 0) (1g(—00,Dr0]} (@) + 1{(Dro,D1} () + T 1g(D,0o)} (@) — f}

= p(x). [4.107]

O
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NoTE.— Equation [4.102] can be solved explicitly using Renovating events theory and
the upper-bound of [4.103], without using Theorem 4.34 (see the references at the end
of the chapter). This alternative proof is left as an exercise.

The loss queue

Let us now turn to a G/G/1/1 queue: the system has a single server, and no
waiting line. Consequently, the customers (entering according to a G/G input) are
either immediately served if the system is empty upon arrival, or immediately lost if
the server is busy when they arrive.

This classical system has been widely studied in the literature (see the references at
the end of the chapter), and is often called Loss queue. It is easy to see that it is in fact a
special case of G/G/1/1+G(b)-FIFO queue, where it is assumed that the patience times
are identically zero. Then, by keeping the same notation as in the previous Section, the
sequence of the workloads at the arrivals of the customers satisfies

Watt = [Wa + (000" 110y (W) — £ 0 6"] "

,neN, as..

On the Palm space of arrivals and services, a stationary workload WO thus satisfies the
equation

W00 =[W+01,(W° —¢]" as. [4.108]

The following result follows directly from Theorem 4.40:

COROLLARY 4.41.— If

J
P ( sup <o— 0 I — Zg o e—i> < 0) >0, [4.109]
1=1

JEN*

[4.108] admits a unique finite solution WO such that W° < Y€, where Y ¢ is
defined as in [4.35].

The queue with load limitation

Another classical example of loss system can be addressed within this framework:
let us assume that the single server of the system accepts the arrival of the customers
only if the workload at this time does not exceed a given threshold, denoted as d > 0.
The server then serves the accepted customers, following any service discipline X
(preemptive or not) until the end of their service. Under the current hypotheses, and by
using the same notation, the workload sequence hence satisfies the dynamics

Wit = [Wa + (0 06™) 1go,qy(Wa) —€06"] ", n €N, as.



Stationary Queues 143

The sequence (W,,, n € N) for this system equals that of the system G/G/1/1+G(b)-
FIFO with the same input and for D = d a.s., even if the two systems are different in
general as they do not serve the same customers if X ## FIFO. A stationary workload
for this model is a finite solution of

Wob = [WJrffl{[o,d]}(W)*ﬂ+ as., [4.110]

and we thus have the following corollary.

COROLLARY 4.42.— If

J
P <sup <goeﬂ'—Z§oei> < —d> >0, [4.111]

JEN* i=1
[4.110] accepts a unique finite solution W< such that

yord s < wd < yotd€ g

Impatience until the end of service

We now consider a G/G/1/1+G(e)-FIFO queue. In this case, a customer can reach the
end of his patience, and get lost, while he is in service. Such a customer then contributes
to the workload of the server, by providing an amount of work corresponding only to
the time he has spent in service before the end of his patience. More specifically, the
workload I,, brought by the customer C',, upon arrival is given by

gofn, ifW, < (Dob"—oofm)t;

cgol" — (W,+0c00"—Dob™)=Dob" —W,,
if (Do —cof™)T <W, <Dof"

0, if W, > D oo

I, =

In the first case, the patience of C), lasts beyond the end of his service. In the second
one, it ends while C,, is in service, and this customer remains in service for a period
of time of duration D o §™ — W, . Finally, in the third case C), does not have time to
reach the server before the end of his patience time. Hence, starting from a workload
W at the arrival of Cy, for any n € N,

Wn+1 = [Wn + In - gn]—i_ 3
which can be rewritten in the following more compact form
Wit = [Wn+ (006" — (Wy+000" — Do) )" —c00"]". [4.112]

Consequently, a stationary workload on the Palm space of arrivals, services and patience
times is a R4 -valued random variable .S that solves the equation

Sof=(S) =[S+ (0 —(S+0—D)")*—¢]". [4.113]
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THEOREM 4.43.— There exists an a.s. finite solution S to [4.113], such that
S<YP7as., [4.114]
where Y P29 is defined as in [4.35]. Moreover, this solution is unique if

J
P <sup <Do€j Zgow) go) > 0. [4.115]

JEN™ i=1

Proof. First, itis easy to verify that the application ¢ defined in [4.113] is a.s. increasing
and continuous. Hence we can apply Loynes’s Theorem, and obtain the minimal
solution S to [4.113], which is the almost sure limit of the corresponding Loynes’s
sequence.

According to Theorem 4.19, the unique finite solution Y'?¢ of the equation
Yo =FP&Y)
is given by
j +
YP & = | sup Donj—Zfoﬁfi .
JEN* i=1
By noticing that for any z € R™, a.s.
+
P(x) = [((z + o) A D) 10, ppy (%) + 2 1{(D, 00)} () — €]
< [(@V D) A (z+ 0L ppy(z) — €] [4.116]
= p(a) A FP4(2),

we clearly check that the event {S < Yp, 5} is f-contracting. On the other hand, we
have P (S < D) > 0, since the contrary would imply that S o6 = S — £ as., a
contradiction to Lemma 2.2. But on the event {S < D},

Sof = [((S+0’)/\D)—§]+ < [D\/YD75—E}+ ZYD7609.
This implies that a.s.,
S <Yp,¢ < o0.

Finally, for any solution S’ of [4.113], {S = S’} is #-invariant. In view of [4.114]
and of the minimality of S, this event includes {Yp ¢ = 0}. It is therefore almost sure
when [4.115] holds true. O

The proof of the following Lemma follows the same arguments as above, and is
left to the reader.
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LEMMA 4.44 — Provided [4.115] holds,

1) for any random variable Z such that Z < YP-¢ a.s., there is a strong backwards
coupling between the sequences (WHZ, n e N) and (S0 60™ n e N);

2) moreover, if the condition [4.88] is satisfied, we have a.s.
S<W, [4.117]
where W denotes the only solution of [4.102] and
S > yorpE, [4.118]

where Y °\PS is defined as in [4.35].

The loss probability at equilibrium is a crucial feature of the system’s performance.
It can be intuitively defined on the Palm space of arrivals, services, and patience times
as the asymptotic proportion of lost customers in a stable system.

First, let us consider the G/G/1/G(b)-FIFO queue, and assume that the stability
condition [4.88] is verified. For any n > 0, the customer C', has a patience of D o 6™
and is offered a waiting time W o 6™, if Cy had found a workload W upon arrival .
Hence C,, is lost if and only if W 0 6™ > D o ™. Consequently, if we denote 7(b) as
the loss probability for this system and

B = {(a:, y) € (RN 2> y}a

we have a.s.
I ;
lim_ 521{3} (W, D)o ") =E [1(5,(W, D)] =P (W > D). [4.119]

According to [4.35] and [4.103], we therefore have that

P(jselg)*<(a/\D Yo7 — Zfo@ ) >
<7r(b)<P<sup <(J+D Yof ™I — Z{oe ) )

JEN*

[4.120]

Let us now get back to the system G/G/1/G(e)-FIFO. The customer C), is lost (i.e.
his service cannot be completed) if the sojourn time W, + 0 06™ offered to him exceeds
his patience D o 6™. The stationary loss probability 7 (e) is given, for the same reason
as before, by

m(e)=P(S>D—o0).
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According to [4.114] and [4.118], we therefore have that

P(sup <(U/\D)00_j—i500_i> >D—0>
i=1

JEN*

Sw(e)ﬁP(sup (Do@jifoﬁz) >Da>.

JEN™ i=1

[4.121]

Finally, the stationary probability 7 (e) that a customer cannot even reach the server
is given by

w(e)=P (S >D).
According to [4.117], we therefore have that

#(e) < w(b).

4.7. Notes and comments

Loynes’s Theorem for the single server queue was first introduced in [LOY 62]. The
approach we propose for the stability study, based on the study of stochastic recursive
sequences, concurs in many ways with that introduced and developed in [BAC 02].

The proof of the optimality of SRPT, as presented here, can be found in [FLI 81].
The optimality of FIFO has been treated under different aspects by several authors.
We present here a proof similar to that of [FOS 81]. The optimality of EDF for
smooth deadlines has been shown in a similar framework in [MOY 08a]. The exchange
argument is proven on p.267 of [BAC 02].

The representation of Processor Sharing queues and infinite servers queues by
profiles sequences are due to [MOY 08b].

The construction of the stationary state of the system with .S parallel queues is due
to [NEV 84]. The optimal allocation results, as well as the comparison with the queue
with S servers, are original.

The construction of the stationary workload of the FIFO queue with impatient
customers follows the representation of [BAC 84]. It is explicitly obtained in [MOY 10],
for impatient times until the beginning and until the end of service. The optimality
of EDF for hard deadlines has been formulated in similar terms in [PAN 88.] The
description by service and patience profiles, and the proof of the optimality of EDF in
these settings, are original.
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Epitome

— In a single server queue, the stability condition is p < 1, where p is the traffic
load.

— In a queue with S servers, this condition becomes p < S.

— A system with .S parallel queues, where each customer joins the shortest queue
in terms of workload, is equivalent to a FIFO queue with .S servers. It has hence the
same stability condition.

— Packets of deterministic size minimize the average waiting time.

— The SRPT service discipline minimizes the waiting time among all admissible
disciplines.

— In the independent case, the FIFO discipline minimizes the waiting time and
sojourn time among all disciplines independent of the service times.

— The GI/GI/oo system is stable provided P (o < §).

— The GI/GI/1 queue with impatient customers is stable if P (¢ + D < &), where
D is the patience time.

— The EDF discipline minimizes the lateness in the case of smooth deadlines, and
the system loss for hard deadlines.



Chapter 5

The M/GI/1 Queue

In the range of single server queues that can be studied with the stochastic tools
introduced in this book, after the M/M/1 queue which will be discussed in Chapter 8, the
following ones in term of generality are the GI/M/1 and M/GI/1 queues. In the latter,
the inter-arrival times (respectively, service times) are independent and identically
distributed, but not necessarily of exponential distribution.

Unfortunately, in both cases the process counting the number of customers in the
system is no longer Markov. In fact, at a given time we cannot repeat the argument of
example 7.1, as the exponential distribution is the only one that satisfies Theorems 6.6
and 7.3.

In order to circumvent this difficulty, the system is observed in discrete time, at
instants suitably chosen. In the case of the M/GI/1 queue, these are the departure times
of the customers. To keep this chapter as simple as possible, we only address the
embedded Markov chain, which gives the most important results.

5.1. The number of customers in the queue

Let us recall the main notation concerning this queue. The arrivals form a Poisson
process of intensity A and the service times are independent and of the same distribution
P,, of mean 1/u. We denote p = \/p the traffic load. For all n > 1, let o, be the
service time of customer n and X, be the number of customers in the system just after
the departure of customer n. We have seen in the introduction that X,, satisfies the
recurrence equation

X1 = Ay;
Xn+1 = (Xn - 1)+ + An—i—l, n > 17

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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where A,, is the number of customers arriving during the service of customer n.

THEOREM 5.1.— (A, n > 1) is a sequence of independent and identically distributed
random variables, of distribution given by

oo k
P(A, = k) = /0 exp(—/\t)(/\]:!) AP, (1),

In particular,

E[A,]=p=\p.

Proof. Denote, as usual, T}, as the departure time of customer n and X as the stochastic
process in continuous time counting the number of customers in the system. The process
X is adapted to the filtration

Gt =0(N(u), u<t)Vo(op, n>1).
As the Poisson process N is independent of the service times, it remains a Poisson
process of intensity A with respect to G and thus the process (¢t — N(t) — At) is a
G-martingale. As we can write

T, = inf{t > 0, AX(t) = —1} and T/, = inf{t > T/, AX(t) = —1},

the random variables (T7,, n > 1) are G-stopping times that are all constructed in the
same way

S =T 4T 06T n>1.
According to the strong Markov property,
(T{? T2l - T{a Ty Tv/z - T’rlLfl)

is a sequence of independent and identically distributed random variables.
Consequently, as

Ar = N(T7);
Anpr =N (L) = N(T;) . n>1,

the strong Markov property together with Theorem 6.7 entail that the A, are
independent and identically distributed, we thus focus on A;.

By construction, A; is the number of arrivals during the first service time, which
lasts by definition o; units of time. To calculate A1, we condition by the value of oy;
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as N independent of o, we have
P(A1 =k) =E[E[1;(A4,) | 01]]
E

= E[E [1,(N(o1)) | o1]]
= E[P(N(ay) =t)]

o k
=E [exp(—)\al) ()\k'l)
e’} k
_ /0 exp(—/\t)(/\kt!) AP, (b).

We then derive the mean expectation of A,, by its very definition. We have

= /OO exp(—At) Z k ()\]:')k dP,(t)
0 k=0 '

:/\/OoothU(t)

=P

as the last integral equals the mean expectation of a service time, i.e. 1/ p. O

We already know from Theorem 4.2 that the system is stable in the sense that there
exists a stationary workload and a stationary congestion if, and only if, the traffic load
p = A/ is strictly less than 1. As X is a Markov chain, we can specify the mode of
recurrence.

THEOREM 5.2.— Let a, = P(A,, = k) and p = E[A,). Assume that
O<ag<ap+a <1.

Then,
1) the chain X is transient if and only if p > 1;
2) X is recurrent if and only if p = 1;
3) X is positive recurrent if and only if p < 1.

Proof. 1t is obvious that X is irreducible, as it ranges in IN by increments of 1 and
of —1, as the condition on a and a; ensures that there can be no arrival, or more than
one arrival during a service time.
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Let us assume that p > 1. Let Xy = [ > 0. As long as X has not decreased from
[ units, i.e. as long as n is less than T& (the first hitting time of 0, see the notation of
Chapter 3), the dynamics of X is given by

Xp =14 (A —1)+ ...+ (A, —1).

Let X, = " (A; — 1) and 7y = inf{n > 0, X,, = 0} = 7. As p > 1, from the

j=1
strong Law of Large Numbers,

Xn .
— — p—1, P;as.forany:.
n

Therefore, for almost all sample w, there exists N (w) such that

n>Nw) = 0<(p—1)/2< 20 <3(p—1)/2. [5.1]

Consequently, the hitting time of 0 occurs before N (w).

Let us assume that there exists a value [y of [ for which
0<a=Pw:Nw) <l <1. [5.2]
As X can decrease at most by one per step, if Xy = lp and N(w) < [y then
Xi(w)>0,..., Xn()(w) >0

and from [5.1], X,,(w) > 0 for any n > N(w). Consequently, starting from 0, as
the chain is irreducible there is a non-zero probability to reach [y. From this point,
with probability « the chain will never return to 0, hence O is transient, which by
irreducibility implies that the chain is transient.

It remains to show [5.2]. If for all ¢ > 0, N(w) is a.s. less than ¢, this means that
N (w) is a.s. null and therefore that X,, > X, for any value of n, which is contrary to
the irreducibility assumption. If for all ¢ > 0, N(w) is a.s. greater than 4, this means
that N (w) is a.s. infinite, which contradicts the convergence of X,, /n. Hence [5.2].

Let us finally assume that p < 1. Take h as the identity function and F' = {0} in
the Foster’s criteria. As X,, = f(Xo, 41,..., 4,) is independent of A, 11, fori > 0
we have

E[ X1 | X, =i =E[i+ A, — 1| X, =1

so from Foster’s criteria, the chain is recurrent null if p = 1 and positive recurrent if
and only if p < 1. O
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5.2. Pollacek-Khinchin formulas

The computation of the stationary probability in the case p < 1 is done by using
a subtle but widely used tool, the Laplace transform or in probabilistic terms, the
generating function. We already know that the stationary probability exists since from
the Foster’s criteria, the chain is positive recurrent. Let 7 be the stationary probability
and X, be a random variable of distribution 7.

THEOREM 5.3.— Let 7 be the invariant probability of a M/GI/1 queue of traffic load
p < 1. We have the following identity, known as Pollacek-Khinchin formula

ko (2= 1)Qa(2) .
;z (k) = 0.0 (1—p), [5.3]

where Q 4 is the generating function of Ay, thatis Qa(z) = E [zAl] for any z.

Proof. Set

Oxoo(2) =E[z¥>] = szw(k‘), for |z |< 1.
%

If p < 1, we know that X, converges in distribution to X ,, therefore

lim E [2%"] = Qx . (2).

n—oo

But
Ox,(z)=E [ZX"“]
= E |:ZAn+1 Z(X7L_1)+:|
=E[:] (B [Y 1(x,50] + P(X, = 0))
and
1
E [ZX"_l l{Xn>0}] = 2 (E [ZX"] —E [ZX" l{Xn:O}D
— 1 Xn _ _
— “E[:¥] - SP(X, = 0)
To the limit,
-1
Qoo () = N2 1) [5.4]

z—Qual(z)
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In a neighborhood of 1,

Qua(2)=14+(z—1E[A1] +0o(z—1)
=1+4p(z—1)+0(z—1)

and
Ox.(2)=140(z—-1),

hence the term on the right-hand side of [5.4] must tend toward 1 and on the other
hand, be equivalent to (1 — p)7(0). Therefore,

Finally, we conclude that

(z—=1)Qa(?)

(1—=p).

As the function Q x (%) is expandable in series, we have

Qo (2) =14 ) —2—2, [5.5]
k=1
so it is sufficient to differentiate k times @) x, at point 0 to obtain 7 (k). O

We aim to recover Q4 from the service time distribution and the intensity of
the arrival process. Let £, be the Laplace-Stieltjes transform of the service time
distribution, i.e. for z > 0,

Lo(z) = /OOO e dP,(t).

LEMMA 5.4.— The generating function of the number of arrivals during a service time
in the M/GIl/1 queue at equilibrium is given by

Qua(2) = Ls(A— A2) forall z € [0,1].
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Proof. By definition, Q4(z) = E [zN “} , from which we deduce that
Qa(z) =E[E[:"|0]]
:/ E[:" |0 = u] dP,(u)

-/ ®!
/

=L,(A— Az).

P, (u)

exp(—(1 — 2)Au) d Py (u)

O

LEMMA 5.5 (Second Pollacek-Khinchin Formula).— If p < 1, the average number of
customers in steady state is given by

p(1+ C?)
2(1-p) "’

Var|o]
E[o]*’

E[X.]=p —|— where C? = [P-K 2]

with o a r.v. of distribution P, .

Proof. Recall that Q'; (1) = E [X]. In addition, by derivation in the integral we get

d‘c < —sz
15 7 (s )——/0 xe ** dP,(z),

from where it follows that

dQa .\

Differentiating the latter leads to [P-K 2]. O

NOTE.— In the M/M/1 case, we have C, = 1 and thus obtain the result known from
Chapter 8:

E[X]=p(1—p) "

NOTE (Optimality of determinism).— With [P-K 2], we verify the result known from
Chapter 4: p being fixed, the average number of customers in the system at equilibrium
is minimized for Var[o] = 0, that is for deterministic service times.

According to Little’s Formula, we also minimize the average sojourn time at
equilibrium, and this is the main reason why we will prefer, in packet networks, packets
of fixed size.
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EXAMPLE (M/T'/1 queue).— We denote so the queue where the service times follow a
T distribution, that is to say for all z,
dP,(z) = 6—(19:“*16*’6”” 1g+(z)d ez,
I(a)

where a and 3 are strictly positive. A quick computation shows that
E [0] = /B and Var[o] = a/(?, thus CF = 1/a.

We see that when o becomes small and (3 is chosen in a way that the ratio a/( is
constant, the traffic load is constant but the average number of customers goes to
infinity. But as Var[o] can also be written as E [0] /3, a small « induces a small 3,
hence a very high variance of service times. Given this result and the previous one on
M/D/1 queue, we see that is advantageous to limit the fluctuations of the service times.

The distributions for which C? is greater than 1 are called super-variants. In the
case of the Gamma distribution, this super-variance is due to the fact that the density
tends to O at infinity slower than the exponential one, and the probability of having
a long service time is much higher than for the M/M/1 queue. This phenomenon is
quite common and crucial in the applications to networking, for it has been observed
statistically that on the web, the files length follows a Pareto distribution, i.e. of the
form

dPy(z) = 27 [ 400y (2) d z,

where K > 0 represents the minimum length of the files and o > 0 represents the
decay rate at infinity. The situation is even more dramatic in this case than for the
Gamma distribution, since if o < 2, the variance of o is infinite.

NoTE.— Using Little’s Formula, we easily show that

E[TA]  p(1 +C§)
BX] ~ 20-p)

where a linear dependence appears between the average waiting time and the coefficient
of variation for a fixed traffic load.

5.3. Sojourn time

To compute the stationary distribution of the sojourn time in the system, let us
build on the following observation: given that the service policy is FIFO, the customer
leaving the system leaves behind him all the customers who arrived during his stay in
the system. Therefore, for all n the number of customers at the departure time coincides
with the number of arrivals during the sojourn time, i.e.

N(Ts,) = X, [5.6]
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where Ts,, is the sojourn time of customer n. Similarly, as the sojourn time depends
only on the customers who arrived before customer n, TS,, is independent of the number
of arrivals that occur during the stay of customer n. Knowing the distribution of X
at departure times by using the Pollaczek-Khinchin formula, we can deduce that of the
sojourn time. Notice, that we can decompose Ts,, as the sum of the waiting time TA,,
in the queue plus the service time o,.

THEOREM 5.6.— If p < 1, then the random variables TS, and TA,, converge in

distribution to the random variables TS and TA, respectively. In addition, for any
5 >0,

Lrs(s) = B[] = £,(s)— L =)

SCAT AL (5)
Lra(s) = E[e™™] = m '

Proof. Using relation [5.6], we have for all n and z,

Qx,(z2)=E [E [ZN[T%T%”W |TSnH

o0
= / E [ZN[TH’TTL*“[ | Ts,, = u] d P, (u)
0
:/ E [Nt 5w +ul] d Pr, (u)
0
0

= /OOO exp(—(1 — 2)Au) d Prs,, (u)

= Lrs, (A — \2).

As X, converges in distribution to X, Qx,, converges pointwise to Qx,, therefore
Lrs, also admits a pointwise limit, which is equivalent to saying that Ts,, converges
in distribution to TS. As TA,, = TS,, — o, and as the distribution of o,, is constant, we
deduce from this that TA,, converges in distribution, to the r.v. TA. In view of [5.3], we
deduce from this that

ETAS)::LU@)S_:Ti:;Zlﬁg.

As Ta,, depends only on what happened before the arrival of customer n, TA,, and o,
are independent, hence

E [e—sTSn] —E [e—sTAn] E [6_80"],

from which we deduce the desired formula for Lr,. O
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5.4. Tail distribution of the waiting time

If we aim to size a buffer, we need to know a priori the loss probability for each
possible value of the size. In other cases than that of the M/M/1 queue, these quantities
are not analytically tractable. However, in the general M/GI/1 case, we can access the
tail distribution of the virtual waiting time, that is to say P(TA > x) for large . From
there, we deduce a dimensioning of the system by choosing x such that the probability
of exceeding the threshold is less than the tolerated loss rate. By doing so, it is clearly
plausible that we oversize (sometimes significantly) the buffer.

LEMMA 5.7.— Forany s > 0,

Ele*™] =1- / P(Ta > x)se ** d x.
0

Proof. From Fubini’s Theorem, we have

/ P(Ta > z)se **dz = / (/ dPTA(u)) se dx
0 0 T
oo u
_ (/ se_s‘”dx) d Py (u)
0 0

— [ a-emapnw)

=1-E [e_STA].

In other words, denoting TA°(x) = P(TA > x), we have

L= 2ns)).

S

ETAC (S)

The asymptotic study of L, thus allows us to study the behavior of the tail distribution
of TA.

ExamMpPLE (M/PH/1 queue).— Let us consider that a proportion p of the requests can
be processed locally in a time of exponential distribution of parameter j1, and that the
other requests may need a remote processing, in an exponential time of parameter jo.
We then say that the service times have a “phase”-type distribution, hence the name of
the M/PH/1 queue. We then have

1/p=Elo1] =p/p + (1 —p)/pz and Var[G1] = 2p/pi +2(1 — p)/pi3.
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Similarly,
- M1 2
Ly(s)=E %7 = +(1—-p)——.
(s) [em71] P ( p)#2+8
After some algebra, we obtain
-1 A
Lrae (5) (pp2+sp—1+pp)

o+ pie S — e A p+ s —As+ s

The denominator vanishes in two real points

1
oy = *5(,&1 + po — A+ VA);

1
a- = —§(M1 + 2 — A= VA),

where
A= (4 pg = A)? = 4ppa(1 = p).

We therefore have the simple elements factorization

+ g — A+ VA + g — A= VA
ﬁTAgo(S):p<Ml a +N1 e )

2 s—ao_ s — oy

NOTE.— It is not absolutely clear that if 11 + ps — A is negative then « is negative.
In fact, by using the condition

p=Ap/m + (1 —p)/p) <1,

we show that p1 + po — A is necessarily positive.
Using the Laplace inversion formulas we obtain that
P(Ta > ) = & (i + 2 = A+ VA)E 7 + (i1 + iz = X = VA)e™+7).

In fact, as = becomes large, only matters the term which has the slowest decrease, that
is the one with the exponential containing «v_. Hence we have

P(Ta > 2) ~ g(ul F s — A+ VAo,
This result has to be compared to that for the M/M/1 queue,

P(TA > z) ~ pe H1=P)T,
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Let us fix the unit of time so that A = 1 and let us fix p, which amounts to fix the average
service time 1 /1. In this case, to ensure a probability of exceeding the threshold x below
€, we have to take

> _
T > 1

In(pe);

whereas in the case of the M/PH/1 queue,

2
x> —In| pe. )
o ( p1+pe — 1+ VA

Fixing p amounts to linking the three parameters 1, po and p but there are still
two degrees of freedom which are chosen arbitrarily as p1 and po. We see that the
dimensioning of the M/PH/1 queue is determined not only by p, but also by the product
and the sum of x; and po. In other words, the knowledge of the traffic load alone is not
sufficient to size the buffer and to guarantee a given loss. The situation is extremely
different from that of the M/M/1 queue, for which the knowledge of p alone is enough
to calculate the threshold.

5.5. Busy periods

Always assuming that the queue is stable (p < 1), a busy cycle of the queue consists
of an idle period I which ends with the arrival of a customer, followed by a busy period
U that ends when the last customer departs, leaving behind an empty system.

Given the memoryless property of the exponential distribution, I follows the same
distribution as that of an inter-arrival time, that is

P(I<t)=1-e?,

To analyze the busy period U, we will take time ¢ = 0 as time origin, which is the
moment of arrival of the first customer in an empty system, or equivalently, the departure
of a customer leaving behind a single customer in the system. We denote in the sequel,
(X (t), t > 0) the process in continuous time counting the number of customers in the
system at any time.

DEFINITION 5.1.— An elementary busy period is the random variable U defined as
follows.

U= 1nf{t>0,Xt:O\X0:1} ifp <1
oo ifp>1.

It is possible to generalize the definition of the busy period, if the initial time
coincides with the departure of a customer leaving behind n other customers.



The M/GI/1 Queue 161

DEFINITION 5.2.— A busy period of initial condition n is the random variable U,, defined
as follows.

U — inf{t >0,Y;=0|Yo=n} ifp<l
[ ') ifp>1.

Notice that U; = U.

THEOREM 5.8.— The probability distribution of U,, is the convolution product of order
n of the distribution of U.

Proof. The duration of the busy period is insensitive to the service policy, provided
that it is conservative. The server serves all the customers entering the system, so it
reads as the sum of the service times of all the customers arrived in the system during
this duration.

To compute U,,, we thus factorize it as follows. The n customers present at the
beginning of time will be called the fathers:

1) serve the lead customer (the first father);
2) serve all the customers who arrived during the service of the father (the sons);

3) serve all the customers who arrived during the service of the son (the grand
sons);

4) repeat the previous steps until there are no more descendants to serve;

5) repeat steps 1,2,3 and 4 above for the second father, then the third father, .. .,
until the nth father.

On the basis of the i.i.d. nature of the service times, and the memoryless property
of the Poisson process, the duration of the time periods subsuming steps 1 to 4 for all
fathers form a n sample of the distribution of U. So the distribution of the sum is the
convolution of order n of that of U. O

NOTE.— We have chosen a suitable way of ordering the service times in order to easily
expedite the proof of the last result. Compare this ordering to the concrete FIFO case:
the server takes care in the order of arrivals, of the n present customers at time 0, then
the ’sons’ of the first customer, i.e. the customers entered during the service of the first
father, in the order of arrivals, then the sons of the second father, and so on... so the
genealogical tree is read from left to right, then from top to bottom.

THEOREM 5.9.— Forany s > 0,

Ly(s)=E[e*Y] =L, [s+ A= Au(s)]. [5.7]

Proof. We factorize U in a similar manner that U,,, that is:

1) serve the father, during this service, V' sons have arrived,;
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2) serve the first son followed by all his descendants;

3) repeat the previous step for the V' — 1 sons remaining.

Therefore,
v
U=o1+) o,
i=1

where each ®; represents the service duration of the son ¢ and its descendants, and has
the same distribution as U from the memoryless property of the exponential distribution.
To compute the distribution of U, we first calculate the conditional distribution on V'
and o1, then we successively un-condition on V, then on ¢;. For any x and k,

E[e_SU loy =,V =k = E[e_s(”+z’]5=1 (I)T‘)]

By un-conditioning on V,

E[G_SU‘O'l :t] :ZE[G_SU|0'1 :t,V:k]P(VZk"Ul :.’L‘)

k=0
—S8Tr . (Ax)k — AL
—e Z[cU(s)]kTe A
k=0
— 6793[5+)\7A£U(s)].

Finally, by un-conditioning on oy,
Lo(s) = / Ele=U |01 = 2] d P, (2)
0

_ / efz[er)\f/\EU(s)] dPU(Z)
0

O
ExAMPLE (M/M/1 queue).— In this case, everything is easily calculable and we obtain
the following.
THEOREM 5.10.— For the M/M/I1 queue,

(A+u+s)—\/(A+u+s)2—4Au}.

1
EU(S) = ﬁ
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By inverting Ly (s) and by differentiating we obtain the density of the elementary busy
period:

d 1
t) = —G(t) = ——e AWt [21& ]
ol0) = 610 = e VA
where Iy, (t) is the modified Bessel function of the first kind of order k, defined by
i ) (ke-2m)
| 1’
m:O (k + m)!m!
Proof. As
!
S) =
() =7,
it follows that
I

ALu ()] = A+ p+8)Lu(s) +p=0.

The latter equation has two solutions:

als) = 2& [+ 8) = VDTt 97— ]

B(s) = [()\Jrqus Y+ VO A+t s)2 4/\;4,

2\
where s € C, Re(s) > 0and Ay > 0.

On the other hand, L/ (s) € C and as the system is assumed stable, the distribution
of U is not degenerated, hence | Ly (s)| < 1. Therefore, only the roots of modulus
less than or equal to 1 are suitable. We shall now check whether the two roots meet
this condition.

Let us first notice that | a(s) | < | B(s) | since AuRe(s) > 0, for any s in the right
half-plane of the complex plane. When | Ly (s)| = 1 (on the border of the unit disc),
we have

(At u+s)Lu(s)| = [A+p+s)| >A+p>[p+ALu(s)].
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Hence we have two complex functions
f(2) = =(A+p+9)z
h(z) = p+ 22,

which are analytic inside and on the border of a closed domain of the complex plane
defined by its contour

C={z€C;|z] zl}ﬂ{s;%e(s)>0}

and such that | f(z)| > | h(z)| on the contour. Rouché’s Theorem allows us to say
that the largest (in modulus) of the two functions (that is to say f(z)) and the sum of
the two functions have the same number of zeros in the area defined by the contour C.
However, in this area f(z) has a single zero. Hence only one of the roots «(s), 3(s)
is in the area bounded by C. It must be the smallest of the two, i.e. a(s), which is
appropriate. The result is shown. O

Theoretically, it is possible to obtain numerically from the analytic expression of
g(.), the distribution of G(.). However, the operation is not simple in view of the
complexity of the form of the above series. It is also theoretically possible to compute
the distribution of U,, by inverting the function (L (s))™. In practice, it is very easy
to calculate the first moment of U, as

o d
EU] = [ tdPa(t) =~ 1-Los)] (oo,

0 S

or in other words

1

— ifp<1;

p—x 7

00 if p> 1.

THEOREM 5.11.— If p > 1,

1 1
P(U<oo):;<1andP(U:oo):1—;>O.

Proof. Observe that

oo

liH(l) Ly(s) = lim e dP,(z) = lim G(x).

s—0 0 Tr—00

But the latter tends to P (U < o00). If the queue is stable (p < 1), the state 0 is positive
recurrent: starting from 0, the chain comes back to it almost surely after a finite time,
with a finite average excursion time. Therefore,

p<1=G(oo)=P (U < 0) =1.
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If p = 1, then O is null recurrent. The chain returns to zero almost surely, but the
average time between two visits is infinite. We still have G(co) = 1. Finally if p > 1,
then 0 is transient, and there is a non-zero probability of never returning to O starting
from this state. Hence,

p>1= G(c0) =Ly(0) = A—i—u VA4 )2 — 4 ]

Hence the result. O
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Epitome

— In a M/GI/1 queue, the process counting the number of customers in the system
is not Markov. We restrict ourselves to the embedded chain taken at the departure times
of the customers.

— We can calculate all the characteristics of this queue (waiting time, sojourn time,
length of the busy period, etc.) using their Laplace transforms.

— The waiting time depends not only on the traffic load. It also depends on the
variability of the service times. Unfortunately, the variance analysis of the service
times is not enough to characterize this variability.



PART 2

Continuous-time Modeling



Chapter 6

Poisson Process

The modeling of a physical system must comply with two constraints. On the one
hand, it must reflect the reality as accurately as possible, and on the other hand, it
must have a predictive role, in other words it must provide computational tools for
the analysis. Beyond the difficulty to qualitatively and quantitatively determine the
pertinent parameters of a physical system, the experience shows that the more one
wants an accurate model, the less it will be tractable in practice.

Within the framework of queuing systems, we must, in the first place, model the
process of arrivals of the requests. The Poisson process which we study in this Chapter,
is the most frequently used model, primarily because it is one of the rare models with
which we can make computations. This modeling is found to be highly pertinent for
the telephone calls to a commutator. Unfortunately, this is not the same for other types
of network, where the traffic is much more versatile. However, as we will see at the
end of this chapter, the Poisson process can be modified, so as to reflect this versatility
to a certain extent.

The definition of a point process and the associated notations are given in A.5.2.
Let us recall that an integrable point process is a strictly increasing sequence of positive
random variables (T, Ts, .. .) such that T,, — oo a.s.. By convention, we adjoin the
random variable T = 0 a.s. to this sequence. These random variables will represent
the arrival times of requests to the system. We can also describe the sequence by the
differences in time which elapses between the successive arrivals: &, = Ty,+1 — T,
is the nth inter-arrival time. The sequence (&,, n € N) also characterizes the point
process by the relation 7,, = Y. &. We will finally denote N (), the number of
points (that is, of arrivals), up to time ¢.

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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N

Figure 6.1. Notations related to point processes

6.1. Definitions

The Poisson process admits multiple characterizations. As each one of them can
be considered as a definition, and the others as properties, we give to all the status of
definition and then show that they are equivalent.

DEFINITION 6.1.— The point process N is a Poisson process of intensity \ if, and only
if, the random variables (§,,, n € IN) are independent and of the same exponential
distribution with parameter .

DEFINITION 6.2.— The point process N is a Poisson process of intensity \ if, and only
if, the following two conditions are satisfied:

1) N(t) follows a Poisson distribution with parameter \t;

2) conditionally to {N(t) = n}, the family (T, ..., T,,) is uniformly distributed
over [0, t].
DEFINITION 6.3.— The point process N is a Poisson process of intensity \ if, and only
if the following two conditions are satisfied:

1) forany0 =ty <t < --- < ty, the randomvariables (N (t; + 1)— N (t;), 1 <
i < n — 1) are independent;

2) foranyt, s, the random variables N (t + s) — N (t) follow a Poisson distribution
of parameter \s, i.e.

(As)*
k!

DEFINITION 6.4.— The point process N is a Poisson process of intensity \ if, and only
if, for any function f:RT — R (or for any function f with compact support on
R™), the following identity holds.

E |exp | = > f(Ty) :exp(—/ooo(l—e_f(s)))\ds).

n>1

P(N(t+s) — N(t) = k) = exp(—\s)
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DEFINITION 6.5.— The point process N is a Poisson process of intensity \ if, and only
if, the process (N(t) — At, t > 0) is a martingale with respect to the filtration F
generated by N, i.e. F, = o{N(s), s < t}.

In order to show the equivalence between these definitions, we must introduce three
technical results.

LEMMA 6.1.— The density of the distribution of (T1, ..., T,,) is given by
dP )@, o ) = A" exp(—Axy,)1e (2, ..., @) Ay d 2y, [6.1]
where

C={(, - yn) eRT)"0<y <--- <yp}.

In particular, T,, follows a gamma distribution with parameters n and )\, defined by

n—1

dPr (z) = A" exp(—Az) 1r+(2) da. [6.2]

(n—1)

Proof. We proceed by identification. For all bounded measurable f,

E[f(Tb ---;Tn)]

— // f(zo, zo+x1, ..., 2o+ ...+ 2p_1)dPg(20)...dPe _ (zp_1).
(R

Perform the change of variable
U] =Tg, U2 =9+ X1y ooy, Up =9+ ...+ Tp_1,

whose Jacobian equals 1. The conditions zy > 0, ...,x,—1 > Oamountsto 0 < u; <
Uy ... < u,. We therefore have

E[f(Ty, ..., Ty)] = / . / f(un))\"e_)‘u"lc(ul, coy ) dug .. dug,.
(RT)™
The density of the joint distribution follows from it. If f depends only on 7,, we obtain

E[f(T,)] = /“'/0< 3 flun) A" exp(—Auy,) dug ...duy,

= /OOO fun) A" exp(—Auy,) (/Oun dunl/.../ou2 du1> duy,

%) . Uﬁfl
:/0 f(u71)>\ eXp(—AUn)m dun

The result follows. O
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LEMMA 6.2.— Let X be a random variable of Poisson distribution with parameter \.
We have

E [e_sx] =exp(—A(1 —e™?)).

Proof. By definition of the Poisson distribution, we have

E [efsx] = Z eiSke”‘H = exp(—A+ Ae™?),
k=0
hence the result. O
LEMMA 6.3.— Let (Ui, ..., Uy,) be n independent random variables of uniform

distribution on [0,t]. Let U represent the reordering of the n-tuple in increasing order,
that is

Ui(w) <Us(w) < ... < Uy(w), as..
The distribution of U is given by

n'
dP(Ul,...,Un)(xh ey .%‘n) ﬁlc(ml’ ey C(,'n) dml ...dxn.

Proof. Denote o, the random variable with values in the group of permutations &,
of [1, n], representing the permutation of indexes necessary to arrange the values of
Ui(w) in increasing order, e.g. if we have

Uz(w) < Us(w) < Ur(w),
o(w) is defined by

-3 27)

The image of i by o'(w) is the index of the random variable which is in the ith position for
the sample w. Therefore, by definition we have U;(w) = Us(.)(i)(w). As the random
variables U;, i € [1,n] are independent and of the same distribution, for any 7 € &,,,

n 1
APw, ), Upny) (W5 ooy Up) = ®iz17 Lo (ug) du;.
Notice, in particular, that this distribution does not depend on 7. Therefore,

Plo=7)=P Uy <... <Ur(n))

/ /]-C ULy - vy un)dP(UT(l),..A,UT(n))(uh DR Un)
=P(c =1d).
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Thus, o follows a uniform distribution on &,,, that is to say

To compute the distribution of the n-tuple U, we partition the probability space in
Ures,, (0 = 7). For any bounded continuous function f, we have

E [f(Ula ) Un)] - Z E [f(Ula ) Un)v o= T]
TEG,
=Y E[f(Urq) - Ur)1eUrqr)s -5 Urn)]
TEG,
= Z //f(ul7 vy ug)le(ug, ooy un)dP(UTu)w-,UT(n))(ub cey Up)
T€EGS,
n 1
= Z //f(ul, oo un)le(ur, ooy up) Q8 gl[o,t](ui)dui
TEGS,

|
= :L—n//f(ul, ces un)le(ur, ey un) dug .. d g,

Hence the result. O

Proof of equivalence between the definitions. We are going to show the
implication chain: 6.1 = 6.2 = 6.3 = 6.4 — 6.5 = 6.1.

6.1 —> 6.2 Let us first show that N (¢) follows a Poisson distribution. Since it is clear
that the events {N(t) = k} and {T}, <t < Ty41} coincide, we have
P(N(t)=k) =PI <t <Ty+ &)

= / / o<ty Yatysip AP (2) dPg, (y)

t [e's) N X xk—l
= Ae” ydy) AV ———exp(—Az)dx
(L (=1 A

t xkfl
:e*”/ A\F dzx
0 (k—1)!

=t (/\x)k
=e T
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For the conditional distribution, we proceed similarly:

P((T1, ..., Tn) € A|N(t) = n) P(N(t) = n)
:P((Tl, ...,Tn)EA,Tn§t<Tn+1)

/~ . / La(ug, ..., un)l[umun+1)(t))\”+lef)‘“"“ duy...dupyy

0<ur<...<up41

00
=)\" // 1A(U1> ceey Un)l[un,oo)(t) (/ )‘6_/\MH+1) duy...duy
t

0<ur<..<up41

= \"e M // 1A(u1,...,un)1[umoo)(t) duy...du,

0<u;<...<un4t1
By dividing the term on the right-hand side by e=**(\t)™ /n!, we obtain

((Tl,...7 yeEA|IN(t) =n)

0<u1<...<Upy1

which, in view of Lemma 6.3, means that (73, ..., T},) has conditionally to
{N(t) = n}, the same distribution as the vector (Uy, ..., U,,) defined therein. In
other words, conditionally to { N (t) = n}, the n-tuple (77, ..., T;,)is uniformly

distributed over [0, ¢].

62—63 Letty =0 < t; < --- < t, be a family of n + 1 real numbers and
10, .- -, in—1, a family of n integers. We aim to prove that

P <7ﬁ {N(tl—H) —N(t) = Zl}) HP (ti41) N(tg) = il).

=0

We can always write that

P <ﬁ {N(ti41) = N(t) = il})

=0
= Z P <7h {N(ti+1) = N(t;) =41} | N(tn) = ]4;) P(N(t,) = k).
keEN

The unique value of k for which the conditional probabilities of the latter
quantity are non-zero is kg = ), 4;. In order to derive the corresponding
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conditional probability, we know that the points between 0 and ¢,, are uniformly
distributed. This quantity thus equals the probability that k points that are
uniformly distributed over an interval, divides into ¢; points in the interval [0, 1],
io points in the interval |¢1, t2], and so on. Each point belongs to an interval of
length x length with probability x/t,,,. We thus have

P <h {N(tiz1) = N(t;) = i1} | N(tn) = k:0> _ Z‘1'160!2. ' 1:[ <t1+1t— tl>u |
Ldnl 2 N

=0

As N(t,,) follows a Poisson distribution with parameter At,, and ko = Z?:_Ol i1,

we deduce that

P (h {N(tiy1) = N(t) = Zl]f‘)

1=0
_ (Atp)Fo k! nl—[ ter — 4\
kol i1!.. .1, tn

11 n 0
= h 6_’\(tz+1—tl) ()\7(h+1 — tl))“ .
7!
=0

The probability of the intersection of events thus reads as a product of
probabilities, therefore the random variables are independent. By taking n =
2,t1 =t,ta =t+ s, 19 =4 and 7; = j, we obtain

(M)’ 5o (As)!

P(N()=1i, N(t+s)—N(t)=j) = e*MTe i

Finally, summing over all the values of ¢ yields the desired result.

6.3 —> 6.4 Notice, that taking f(s) = 1,4 (s) leads to
S F(Th) = N(b) - N(a).

From Lemma 6.2, we thus deduce that the result is true for the indicator functions
and by linearity, for the piece-wise constant functions (that is to say, the linear
combinations of indicator functions). By monotone convergence, we deduce that
the result holds true for any positive measurable function.

6.4 —> 6.5 It suffices to write N(t +s) = (N(t+s) — N(t)) + N(t) and to use the
independence of these random variables to prove that

E[N(t+s)|F]=E[N(t+s)— N@#)]+ N(t)=As+ N(t),

hence the result.
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6.5 = 6.1 As NN remains constant between two jumps, for any bounded f we have
FIN(#)) = F(N(s))
= Y. JW() — fF(N(r-))

s<r<t, AN(r)=1

- / (FN(r_) + 1) — F(N(r_)) AN ()
- / (FING) +1) — FING_))AN() - Adr)

+/ (f(N(r-)+1) = f(N(r_)))Adr.

As the process (r — f(N(r_)) is predictable, Theorem A.34 implies that the
stochastic integral is in fact a martingale. So the process defined by

t— f(N(1)) —/O (f(N(r-) +1) = f(N(r-)))Adr

is a martingale. According to Theorem 7.15, N is a Markov process of
infinitesimal generator

Af(x) = M f(z+1) — f(z)) for any bounded f: N — R.

From Theorem 7.9, Definition 6.1 is verified. 0

6.2. Properties

Definition 6.2 might lead to a misinterpretation, and should be clearly understood.
The latter stipulates that, conditionally to the number of points on an interval, the
points are uniformly distributed over this interval. When we observe a sample path of
the process, knowing ¢ and the number of impacts in this interval, we should observe a
cloud of point that is uniformly distributed. However, we observe distributions that are
similar to that of Figure 6.2. This is the “clusterization” phenomenon: the arrivals give
the impression of being grouped. The same observation can be made in actual stores,
where after an idle period, many customers may arrive almost at the same time.

In fact, the very concept of uniform distribution is vague, and should not be confused
with the constancy of the difference between the arrivals. As shown in Figure 6.2, the
uniformity in the distribution is “seen” on several sample paths: here there are almost
no parts of [0, 1] that does not have any impact in one or the other of the sample paths.
There is a primary difference between the apparent clusterization phenomenon of the
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Time

Figure 6.2. Four trajectories of a Poisson process. There are no areas of the segment that is not
covered by any one of the trajectories, but each of the trajectories present “bursts” of arrivals

Poisson process and the “bursts” phenomenon observed in the LAN-WAN Broadband.
In the first case, the instantly average throughput (calculated averaging over a large
number of sample paths) does not depend on time (as it is equal to A) whereas in the
other case, it will largely vary over time (think of the variable throughput video traffic
flow). Thus, we cannot represent such a traffic by a Poisson process.

THEOREM 6.4.— Let N be a Poisson process of intensity \. For any function f with
compact support, we have

E [exp [ — Zf(Tn) = exp (— /R+(1 - ef(s)))\ds> . [6.3]

n>1

Proof. By taking f(s) = alj,)(s), we have
Y f(Tn) = a(N(b) ~ N(a)).

We know that N (b) — N (a) follows a Poisson distribution with parameter A(b — a).
Therefore,

B lop [~ £@) || = 3 ememro-n A= a)"

n!
n>1 n=0

= exp(—)\(b — G,) + /\(b - a)e_a)

— exp (—/ (1 - e—f“)) )\ds) .

By independence of the increments, equation [6.3] thus holds true for the step functions.
By dominated convergence, this is also the case for the functions with compact support.

O
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6.2.1. Superposition, thinning

When we set the two point processes N' and N2, the superposition of these
processes is the point process, denoted as N = N' 4+ N2, whose points are those
of N and N2. With Theorem 6.4 in hand, the following result is straightforward.

THEOREM 6.5.— The superposition of two independent Poisson processes of respective
intensities A1 and )z is a Poisson process of intensity A1 + Aa.

NOTE. — In particular, during the superposition of two independent Poisson processes,
two clients cannot arrive simultaneously. This result holds true for any two independent
point processes.

Let us now assume that a Poisson process NV of intensity A is split into two processes

N' and N? according to a random draw of Bernoulli of probability p, that is to say

that at for any point of N, we decide that it belongs to N'* with probability p and to N2

with probability 1 — p. This draw is assumed as independent of everything else in the

model, and in particular of the previous draws (Figure 6.3). It is said that the Poisson
process N is thinned.

1 11

| I } } |

|
1 | [l | .
2 22 2 2 2 Time

Figure 6.3. Thinning of a Poisson process. The figure above or below each point
represents the number of flow to which this point is attributed

Theorem 6.4 ensures that a Poisson process on R is a special case of a spatial
Poisson process (see section 10.3). Therefore, Theorem 10.6 implies the following
result.

THEOREM 6.5.1.— The processes N' and N? processes resulting from the thinning of
N, are two independent Poisson processes of respective intensities A\p and A\(1 — p).

6.2.2. Bus paradox

This is a specific result of the one dimensional case, known as the bus paradox (or
inspection paradox). Let us interpret the points of a Poisson process as the arrival times
of buses at a given bus stop. Let

W(t) = Tnw+1 — t,
Z(t) =t —Tne),
) =W(t)+ Z(t) = Tnwy+1 — Tn,
be the waiting time of the bus when arriving at the stop at time ¢, the time elapsed since

the last bus went by, and the length of the time interval between the bus that we take
and that we missed, respectively.
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o &1 &

Figure 6.4. Notations

Figure 6.5. Distribution function of Z(t)

THEOREM 6.6 (BUS PARADOX).— W (t) follows an exponential distribution of
parameter A and is independent of Z (t), whose distribution is given by
1—e™® if0<ux<t
< = —_ ’
P(Z(t) < 2) {1 ifz >t

This may seem paradoxical since the average value of W, that s to say, the average
waiting time, is therefore 1/, whereas the average time between two passages of the
bus also equals 1/\. This property is another manifestation of what is commonly called
the memoryless property of the exponential distribution, which will be discussed in
the next chapter. In fact, everything happens as if, at the moment when we arrive at the
bus stop, the counter of time which elapses between two bus arrivals was reset to zero,
and if we recounted a time of exponential distribution until the next arrival.



180 Networks Modeling and Analysis

Clearly speaking, this approach is mathematically wrong because if &, follows
an exponential distribution of parameter A for any fixed n, £(¢) does not have the
distribution of a &,,. Indeed, the number of the buses that we have missed changes
along the samples paths. Conditionally to { N (¢) = n}, £(t) indeed has an exponential
distribution of parameter ), but contrary to what we might believe, when we un-
condition, the distribution of £(¢) is no longer exponential.

Proof. Let us observe that Z(t), by its very definition, cannot be larger than ¢. For
0 <z < tandy > 0, by using the independence of T3, and &,, for any n € N, we have

P(Z(t) <z, W(t =Y P(Z(t) <z, W(t) >y, N(t) =n)
neN
=Y Pt—Tu<a, Tut+é—t>y T, <t <T,+&).
neN

For n = 0 the latter probability equals
P(tém; 50 >t+y) :07

since we have assumed that z < ¢. The previous sum therefore reads

Z // l{t u<z} 1{u+v t>y} 1{u<t}dPT ( )den+1( )

neN*
n—1 o]
Z/ et (/ Ae”du> du
_ (n =D \Jiry—u

neN*
)\n —A(t+y) /
nEN* - 71 N 1

S e —)\(t+y)|: t—x ]

neN*

_ o) ( 5 ()\t')" oy (A( 'x))n>

neN* ’ neN*

efk(ter)(e)\t 11— (6)\(1571) - 1))

e (1 —e M),

As lim, (1 — e %) = 1 — e~ < 1, we deduce from it that there is a jump in the
distribution function of Z(t) and therefore P(Z(t) = t) = e~ > 0. O
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NOTE. — The mean expectation of (¢) is derived in the following manner.
E[((t)] = E[W()] +E[Z(t)]
1 —At ! —As
=—+4te "+ | Ase ds
A 0
= —(2—e ).

Therefore, as ¢ goes large the expectation of £(¢) tends to 2/ and the average waiting
time, which equals 1/, represents half of it. This is in accordance with the intuition.

6.3. Discrete analog: the Bernoulli process

The analog of the Poisson process in discrete time is defined as follows.

DEFINITION 6.6.— Let p €]0,1[ and (én, n e N) be a sequence of random variables,

independent and identically distributed, having a geometric distribution of parameter
p, that is

P(& =k)=p(1—p)* ' ke N*.

We then set Ty = 0 and Tn+1 -T, = én for any n € N. The point process
(To, Th, ..., Ty, . . .) hence defined is called a Bernoulli process of parameter p.

NOTE. - As for the Poisson process, we can define the random process N with rcll
paths, defined for all ¢ > 0 by

N = Lz, <y

neN

which counts the number of points of the process until ¢. It is clear that N (t) follows
for any ¢ > 0, the binomial distribution B(|¢], p), where |.| denotes the entire part.

We verify hereafter that the Bernoulli process satisfies the bus paradox, similarly
to the Poisson process. By analogy to section 6.2.2, let us denote, for any £ € N,

Wy, =k — ka), the time elapsed since the last point before £;
Zp = TN( k)+10 the time to wait before the first point after k.

By definition, W) is zero whenever there is precisely a point at k, while 7y is necessarily
strictly positive. We have the following result.
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THEOREM 6.6.1.— For any k > 0, Wi follows the geometric distribution with
parameter p and is independent of Zy, whose distribution is given by

p(1—p)"  ifi<k;
P(Zy=i)={ (1-p) ifi=k;
0 ifi > k.

Proof. The scheme of proof is the same as that of Theorem 6.6. Let us fix j € N*. Itis
clear by definition that Z;, cannot be greater than k. Moreover, for any ¢ < k, Zp =1
if N (k) is strictly positive (else k = ) and strictly less than k& — ¢, because there is no
point between times k£ — ¢ and k. Therefore,

P(Zy=i,Wi=34)= Y. P(Z,=1i,Wy=j Nk)=n)

1<n<k—i
1<n<k—i

= > P, =k—ip1-p)tit
1<n<k—i

by independence. But T;,, = k& — ¢ amounts to saying that there is a point at k£ — i (and
therefore a success to a Bernoulli draw of parameter p) and if £ — ¢ — 1 > 0, that there
has been n — 1 successes during the previous k — ¢ — 1 independent Bernoulli draws.
In other words,

P(T, =k—i)=pP(B=n—1)=pCr=t p"= (1 - p)k-i-t-(-1),

where B is a random variable of binomial distribution B(k — i — 1,p) and by setting
possibly CJ = 1. Therefore, for any i < k, we have

P(Zy=i, Wy =3)= Y pCpTl p" (1 —p)r 1= Dp(1 —p)"ti-?

1<n<k—i
— p2(1 _ p)i+j71 Z C]:L_i_lpn(l _ p)kfiflfn
0<n<k—i—1
=p(1—p) 'p(1-p), [6.4]

according to Newton’s binomial formula. Moreover, Zk = k means that N (k) =0,
and therefore

P(Zp =k, Wi =j) =P =i+j)
=p(l—p)H 1 =p(1—p) (1 -p).

From [6.4] and [6.5], we deduce that Zk and Wk are independent and follow the
announced distributions. O

[6.5]
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This memoryless property can be easily understood: a random variable & counts
the number of independent Bernoulli trials needed to achieve a success. The r.v. Wi
counts the number of trials that are still required from k to obtain the first success
after k. The trials being independent, we clearly see that, here again, the waiting time
“capitalized” since the last success up to k£ does not increase the probability of success
at each attempt after k, and therefore W) has the same distribution as anyone of the

&i’s.

The latter result is thus intuitively clear, and gives an insight on the bus paradox in
continuous time. In fact, the Poisson process is nothing but a somewhat “macroscopic”
version of a Bernoulli process. More precisely, we set A > 0 and for any n € N* such
that A\/n < 1, we denote N ", a Bernoulli process of parameter A/n and of associated
variables 56‘, I3 1 .. .. Finally, for any n we define the point process N™ as follows.

& =& /n, i € N;

T8 =0,Tr, — T =¢&r, i € N;
N’I’L(t) - Z I{Tingt} .
iEN
Starting from a Bernoulli process of parameter ), in order to obtain N”, we divide
the probability of occurrence of a point at any time by n and we compensate by an
“acceleration of the time”, by a factor n, by dividing the inter-points times by n. We
therefore have the following result.

THEOREM 6.6.2. — The sequence of processes {N o> | A } converges in distribution
to the Poisson process of intensity \.

Proof. The concept of convergence in distribution for processes is quite heavy to define,
and is beyond the scope of this book. We will not get into these technicalities here. In
fact, in our case it suffices to check that the inter-points of N™ tend in distribution to
those of the Poisson process of intensity A. This is clearly the case since for any ¢ € N
and any ¢,

B B A [nt]
m$>o=meww:Q—) ,

n

and the latter quantity tends to e~** as n goes large. O

6.4. Simulation of the Poisson process

Definition 6.1 allows us to simulate trajectories of a Poisson process of intensity A,
by simply making successive draws of random variables of exponential distribution of
parameter .
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Algorithm 6.1. A sample path of a Poisson process (method 1)

Data: AT
Result: a trajectory (t,, n > 1) on [0, T of a Poisson process of intensity .
t<—0;n«0;
while ¢ < T do
x «— drawing of a e(\);
t—t+ x;
tn 1,
n«—n+1
end
return ¢y, to, ..., iy

Definition 6.2 enables us to simulate a trajectory on [0, ¢] by making a draw of
a Poisson distribution of parameter A¢t, whose result is denoted %, then to carry out
k uniform draws on [0,t]. Once arranged in increasing order, the smallest of
these draws can be assimilated to the first point 77, the second smallest to 75, and
SO on.

Algorithm 6.2. A sample path of a Poisson process (method 2)
Data: \T
Result: a trajectory (t,, n > 1) on [0, T'] of a Poisson process of intensity A.
n < A random variable of Poisson distribution of parameter \T’;
fori=1,...,ndo
| u; — drawing of a U([0, 1]);

end
(t1, ..., tn) < Sorting in increasing order of (u1, ..., u,);
returnty, to, ..., t,

In both methods, if we wish to extend the trajectory on [t, t + s], we restart the same
procedure only on [¢, ¢ + s], as Definition 6.3 guarantees that the trajectory on [t, t + s
is independent of that on [0, ¢].

Method 1 is the most advantageous for the “large” values of A, as to simulate
a Poisson distribution for a large A\ happens to be impossible as long as exp(—X\)
becomes smaller than the numerical precision of the computer. But, as we see in
Chapter 10, the 2nd method is the only one which fits to the simulation of a spatial
Poisson process.
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Figure 6.6. Graph of A and of its inverse (in dotted line)

6.5. Non-homogeneous Poisson process

DEFINITION 6.7.— N is a non-homogeneous Poisson process of intensity A(s)ds,
where s ranges over R if, and only if for any function f: RT — R7T,

exp | =3 #(T) | = exp (— / (l—ef(s)))\(s)ds). 6.6]

n>1

This definition should be related to Definition 6.4. If X is a constant function then
we retrieve the definition of a Poisson process of intensity A. This class of processes
models traffics in which the flow varies over time, but in a deterministic manner. We
always assume that A is a rcll function.

Let us set

7(t) = inf{s > 0, a(s) > t}.

The graph of 7 is obtained by taking the symmetric to that of a with respect to the first
bisector. By definition, for all ¢, a(7(t)) = t. The inverse relation 7(a(t)) = ¢ holds
true only if A does not vanish on an interval. In fact, in the latter case, a presents an
interval of constancy and 7 is no longer continuous.



186 Networks Modeling and Analysis

THEOREM 6.6.3.— Let N be a non-homogeneous Poisson process of intensity A(s) d s.
Then the process N defined by

N(t) = Z 1ias)<ty [6.7]1
s: AN(s)=1

is a homogeneous Poisson process of intensity 1.

In other words, when N jumps at an instant £, N has a jump at the instant a(t).

Proof. Ttis sufficient to show that M (t) = N(7) satisfies the properties of Definition
63.Forall0 =ty <t; <...<t,, wehave

M(tig1) = M(t:) =Y 1pr, 7, 1(T0).

n

As 7 is deterministic, by definition of the non-homogeneous Poisson process,

E |exp | =Y a;(M(tj11) — M(t)) | | =

J
=E |exp | — Z Z Q; 1{[th , th+1]}(Tn)
noj
Ttiiq

=exp —Z/ ’ (1 —e")A(s) ds

g T

=€exp | — Z(l - e_aj)[a(th+1) - a(th)]

—exp | =D oyt —t;) |,
i

hence the result. O

With the previous notations, we deduce from the latter result the algorithm of
simulation of a non-homogeneous Poisson process.



Poisson Process 187

Algorithm 6.3. A sample path of a trajectory of a non-homogeneous Poisson
process
Data: a,T
Result: a trajectory (t,,, n > 1) on [0, T'] of a Poisson process of intensity
A(s)ds.
S1y - .., Sp < simulation of a Poisson process of intensity 1 on a(T);
returnt; = a(s;), i =1,...,n

THEOREM 6.7.— The point process N is a non-homogeneous Poisson process of
intensity A(s) d s if, and only if, the process

N: t»—>N(t)—/t)\(s)ds
0

is a martingale.

Proof. Let f be a function with compact support. According to Itd’s Formula A.15,

exp </Ot f(r)dN(r)) =1+ /Ot exp (/O f(r) dN(r)> f(s)dN(r)

# (o ([ 1048 @) (¢ -1 1) an o

In view of Theorem A.34, the stochastic integral of the term on the right-hand side is
a martingale, thus by taking the mean expectation, it remains

E |:exp (/Of f(r) dN(r)ﬂ
~1+xf exp ([ smasm) e -1 senane)]
~1g|f Cexp ([ r0avm) @@ -1- e as| .
By letting ¢(t) = exp( [ f(r)d N(r)), we have

o(t) =1+ / o(s)u(s) ds,

where u(s) = (e/(*) —1 — f(s))A(s)). By solving the differential equation, we obtain

o) = e ( [ (O - 1= 1) M) as).
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that is, by simplifying both sides by exp(— fot f(s)A(s)d s),

E {exp (/Otf(r) dN(r)ﬂ — exp </Ot (ef(s) - 1) A(s) ds) .

Conversely, by applying [6.6] to

n—1
f= Z Oéil(ti,tiﬂp
i=0

we obtain

exp< Zozt (tis1) N(ti))ﬂ

= exp (AZ/OO (1 —ailie;, ) (S)) ds) .
— Jo

Notice now that the function s — (1 — e~ - t+11()) vanishes outside the interval
(t;, ti+1] and equals 1 — e~ on this interval. We thus have

exp ( Zal (tiv1) N(tJ))] = exp <— Z (1—e) /t " A(s) ds) .

We thus conclude that the Laplace transform of the random vector (N (¢; + 1) —
N(t;), 1 < i < n— 1) is the product of the Laplace transform of each component
(as it is written as a product of functions that depends each only on one of the «;’s),
so the random variables are independent. By a monotone class argument, we deduce
that N (¢ + s) — N(t) is independent from F; = o(N(r), r < t). In the case where
n =2, t; = a, to = b, the previous formula yields

E [exp (—a (N (b) — N(a)))] = exp (—(1 — e~ / A(s
Hence, N (b)— N (a) follows a Poisson distribution of parameter f; A(s) d s. Therefore,
t+s
E[N(t+s)— N(t)| F] = BE[N(t+5) — N(t)] = / A(s)ds,
¢

so Nisa martingale. O
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6.6. Cox processes

The Cox processes are Poisson processes for which the intensity is random. From
what is mentioned above, we see that this amounts to putting a probability measure on
the set D of positive and rcll functions.

DEFINITION 6.8.— Let M be a random variable with values in . The point process N
is a Cox process of intensity M if, and only if, for any function f with compact support,

exp( Zf ) |M] = exp (—/(l—e_f(s))M(s)ds>.

Consequently, to derive the Laplace transform, it is necessary to un-condition with

respect to M, thus
[exp ( /(1 — e T M(s) ds)} .

e )

The previous martingale results can be extended without any change, but on the
filtration, which must be taken as equal to 7o = o (M), F; = o(M)Vo(N(r), r < t).

The example of Cox process which we will be the most useful to us is that of
MMPP; see section 7.6.

6.7. Problems

EXERCISE 10.— Let N be a Poisson process of intensity A, we denote 7;, as the nth
instant of jump. By convention, Ty = 0. Let (Z,,,n > 1) be a sequence of random
variables of same distribution such that, for any n, T, and Z,, are independent. Let g
be the density of the common distribution of the Z,,’s.

1) Show that for any function f,

“+o0 n—1
E[f(Tyn, Zy) / /f e~ (A1) ' dzdt.
0 (n—1)!

2) Deduce that

+oo
E Y f(Tn, Zy) 7>\/ /ftz ydzdt.
n>1

3) We assume that the telephonic communications of a subscriber lasts for arandom
time of exponential distribution of about three minutes in average. These durations are
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independent of each other. In the last century, the cost of communication was based on
its duration ¢ according to the following formula.

c(t) = a if t < tg,and c(t) = a + B(t — o) if t > to.

Deduce from the above that the average cost of one complete hour of communication
is given by

1
)\/ c(t)re M dt,
0

with A = 20. (Hint: Consider Z,, = Ty, 11 — T,, and explain why we can apply the
previous result).

Numerical application: for local calls, in 1999, we had the following parameters:
to = 3 minutes, « = 0,11 euro and § = 0,043 euro per minute. For national calls,
to = 39 seconds and 5 = 0,17 euro per minute. o was the same. For reduced price,
divide (3 by 2. By applying t; = 1 minute and o = 0,15 euro, how much is the price
of the extra second in mobile telephony in a package, whose amount for 1 hour of
communication was 23,62 euros?

EXERCISE 11.— An ATM records the beginning and ending times of queries of the
customers, but of course not their arrival times in the queue. A new busy cycle having
started at 7: 30, we have recorded the following:

Customer number | Beginning of service | End of service
0 7:30 7:34
1 7:34 7:40
2 7:40 7:42
3 7:45 7:50

Let us assume that the arrivals take place according to a Poisson process, what can
we say about the arrival time 77 of customer 17 In particular, give its mean expectation.

EXERCISE 12.— An insurance company must pay for claims at a rate of 5 per day. We
assume that the instants of occurrence of disasters follow a Poisson process, and that
the total amounts of damages are independent of each other, of exponential distribution
with an average of 500 euros. We introduce (X;, ¢ > 1), a sequence of i.i.d. random
variables, of exponential distribution of average 1/ = 3,000 euros, and a Poisson
process N of intensity A = 5 days~!, independent of the X;’s.

1) What does Z = Zf\i(f’ 65) X; represent?

2) Calculate the average total annual amount spent by the insurance company.

3) Calculate E[e~*%].

4) Infer the variance of Z.
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6.8. Notes and comments

For more detailed results on the point processes in any dimension, we refer the
reader to [LAS 95, BRA 81, DAL 03]. For the convergence in distribution of point
processes, see [ROB 03, appendix D].
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Epitome

— A Poisson process is a process that represents a random flow with an average
flow that is constant over time.

— Its intensity A represents the average number of points per unit of time.

— The superposition of two Poisson processes is a Poisson process. The thinning of
a Poisson process form several Poisson processes.

— A Poisson process represents very well the events linked to human activity
(telephone calls, arrival times in a store, logging session of a mail, opening of
web page, etc.), but not the activity of a machine (sending of packets, signaling
messages, etc.).



Chapter 7

Markov Process

The Markovian modeling of a dynamic system often leads to a Markov chain, for
which the sojourn time in each state becomes random. In many cases, this description
is insufficient to establish interesting mathematical properties. In that purpose, we
introduce the formalism of Markov jump processes, with their semi-groups and
infinitesimal generators.

To go one step further and, in particular, to prove several crucial results such as
PASTA or its avatars, we need to see a Markov process as the solution of a martingale
problem. In this chapter, we review these different characterizations, and show that
they are in fact equivalent.

Throughout this chapter, E/ denotes a state space that is at the most countable, and
equipped with the discrete topology. We refer the reader to the definitions and notations
of Appendix A.1.

7.1. Preliminaries

We start by stating two technical Lemmas on the exponential distribution, which
will be useful in the following.

LEMMA 7.1.— Let U and V' be the two independent random variables, of respective
distributions £(\) and (1), where X, > 0. Then,

()P (U <V) =N+ p);
(ii)) UAV ~e(X+ p).

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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Proof.
(i) The density of the random couple (U, V) is given for all (u,v) by

fow) (1, 0) = A e g (u) 1+ (v),

By denoting the subset A = {(u,v) € R?;u < v}, we can write

P(USV)://Af(Uy)(u,v)dudv

—+o0 —+o0
— / e M {/ pe HY dv} du
0 u
—+oo
= / e~ At gy
0

A

— )\ + 'u).
(ii) It suffices to see that for any x > 0,
PUANV>2)=P{U >z} N{V >z})=e e h = ¢~ Atnz,

Hence the result.
O

LEMMA 7.2 (Memoryless property of the exponential distribution).— Let U be a random
variable of distribution €(\), where A > 0, and t > 0. Then, conditionally to {U > t},
the random variable U — t has the same distribution ().

Proof. 1Tt is sufficient to compute, for any x > 0, the conditional probability

P(U>t+x) e Mtz az
PU>t+z|U>t) = PO — v =e 7,

The life duration of a human being is not exponentially distributed. Indeed, if it
was so the latter result would imply that the probability of reaching the age of 90 for a
human of 80 years old equals the probability that a new-born reach the age of 10 years
old! This is, of course, not the case.
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7.2. Pathwise construction

DEFINITION 7.1.— Let v be a probability measure on E and Q) = (q(x, y), T, Y € E)
be a family of real numbers such that

q(z, y) > 0 forany (z, y) € FE and Z q(x,y)=1foranyx € E. [7.1]
yFT

The Markov process X with parameters (v, Q) is constructed as follows:

— X (0) is a random variable of distribution v;

—if X(0) = zq, let & = Ty be a random variable independent of X (0) and of
distribution £(q(xo, xo)). Then, we set

X(t) =zo forall t <Ty.
Then we let X1 be a random variable independent of (X (0), T}) and such that
P(X1 =y) = q(0,9);

—if X1 = 1, we let & be a random variable independent of (X(0), &, Xl) and
of distribution £(q(x1, x1)). Then, we set

X(t) =z forall Ty <t <Ts.

— We continue this construction on and on.

NOTE.— A random variable of exponential distribution with parameter 0 must be
understood as almost surely infinite. Hence any point « € F such that ¢(x, x) = 0 is
a “graveyard” point: when it has been reached, the process never get out of it.

ExXAMPLE 7.1 (M/M/1 queue).— In this model, arrivals occur according to a Poisson
process of intensity A > 0, and the service times are i.i.d. with exponential distribution
of parameter p. We consider the process (X(t), t > 0) counting the number of
customers in the system at any time. The state space F is that of natural integers.

If there are ¢ # 0 customers in the system at a given time, the next event is a
departure or an arrival. In view of Theorem 6.6, the next arrival will occur after a
period of exponential distribution with parameters A. In addition, Theorem 7.3 below
shows us that the next departure will take place after a time exponentially distributed
with parameter p. From (ii) of Lemma 7.1, the sojourn time in state ¢ then follows
an exponential distribution with parameter A + p, thus (¢, 1) = XA 4+ p for i # 0. If
i = 0, there cannot be any departure, so ¢(0, 0) = \. Again, in view of Lemma 7.1
the probability of moving from state 7 to state 7 4 1 corresponds to the probability that
a random variable of exponential distribution with parameter A be less than a random
variable of exponential distribution with parameter p, thus

o m
A+ p

q(i,i4+1) = and ¢(i,1—1)

A+
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Figure 7.1. The path of a Markov process with parameters (v, Q)

If 7 = 0, we obtain
q(0, 1) =1,

as the only possible move from state 0 is toward state 1.

Hence we have to prove our statement on the distribution of residual service times.
It is not clear at this point, whether the departure process is Poisson, since there are no
departures when the queue is empty. Hence we cannot a priori apply Theorem 6.6 in
a straightforward way. However, within a busy period the departure times behave as a
Poisson process. We formalize this idea in the following theorem.

THEOREM 7.3.— Fanyt > 0, let R(t) be the residual time at t before the next departure.
Then, conditionally to { X (t) > 0}, the random variable R(t) follows the distribution
e(p).

Proof. We denote Tj) < T} < - -- the successive departure times, and for any ¢ > 0,
B; € N*, the index of the last customer who entered an empty system before ¢. In
other words, T'p, represents the starting time of the last busy period started before ¢.
From there, we mark the departure times of the server by a point process as follows

j—g = TBt;
T} =Tp 1p1; k € N7,
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the k-th departure time of the server since the beginning of the last busy period started
before ¢. We also denote for any s > T',,

t _ _
M=) Loy
keEN*

and for any v > 0,
NI = MY, ..

The notations are a bit complicated, but the idea is simple: the point process
(Mf“ u > 0) marks the departure times since the beginning of the last busy period
started before ¢, at which we set the origin of the time scale. The number of departures
between the beginning of the busy period and ¢ is given by Mtt—TBt .On{X(t) > 0},the

system is never empty between 1Tz, and ¢ and therefore, forany 1 < k < Mtt*TBt +1,

Tt Tt
Ty =Ty—1 = 0B, +h-1,

the service time of the k£ — 1th customer since the beginning of the busy period. These
service times are independent of each other, independent of the past before 7'z, and
all of distribution e (1) for k& < Mtt_TBt . So, conditionally to { X (¢) > 0}, the process

(M}, u > 0) is equal in distribution on the interval [0, Zf}p ) ] to a a Poisson process
t—Tp,

with parameter 1, for which Ty < T} < --- represent the points and 0,61, ... the
sizes of the inter-points. We can hence write that for any =z,

P (R(t) > 2| X(t) > 0)
= Y P ({Th+&—(t=Tu) 2o} 0 {Th <t =T, < Tisa})
keEN

and we can proceed as in the proof of Theorem 6.6, to conclude. O

Embedded Markov Chain

Given the independence assumptions, it is clear that the sequence (X nsm > 0)isa
Markov chain with transition matrix ) defined by

Qe v) - {g@ S

The latter is called embedded Markov chain of the Markov process. There cannot be
any transition from one state to itself since X is observed only when it changes states.

DEFINITION 7.2.— A Markov process X is called irreducible (respectively recurrent,
transient) if and only if the embedded chain X is irreducible (respectively recurrent,
transient).
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Figure 7.2. Notations

Equivalent construction

Another equivalent construction is possible. It is more artificial, however it leads
to more simple proofs for several mathematical properties.

DEFINITION 7.3.— A process X with parameters (v, Q) is said regular if

llg]loo = sup ¢(z, z) < 0.
veE

Let X be a regular Markov process with parameters (v, Q). We set

q(z, x .
ﬁq” )q(x, y) ifx#y,

gz, @)
1gllo

Q(xa y) =

ifz=y.
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Let X be the Markov chain with initial distribution v and transition matrix Q, and N be
a Poisson process of intensity ||¢|| o, independent of X . The process Y (t) = X N(¢) has
same distribution as X . Indeed, the paths of this process may stay for several transitions
in the same state. Let z € E and

Tye = inf{t > 0, Y (¢) # x};
Fpe = inf{n >0, X,, # z}.

Conditionally to X (0) = x, Tyc is independent of N and follows a geometric
distribution with parameter ¢(z, 2)/||¢|| . But

P(re > t|Y(0)=2)=P [ S & >t ],
j=1

where the ¢;’s are the inter-points of IV, so the random variables are independent of
each other and independent of 7., and of exponential distribution of parameter ||¢|| -
From Lemma 7.1, we deduce that the sojourn time in the state = follows an exponential
distribution with parameter ¢(x, x). In addition, when X jumps, we observe that

P(f(lzylffl#ffozx)z Q(x’y))zq(w,y)=P(X1=y|Xo=x>-

1—q(z, x

NOTE.— We also deduce from this construction that at any fixed s, there is no jump
almost surely, i.e. P(AX (s) > 0) = 0. Indeed,

P(AX(s) >0=0) <P(AN(s) =1)
B| [1@dNw)| = [L@llds=0

Therefore, P ® d s-almost surely, X (s) = X (s7). Indeed, the Lebesgue measure does
not see the jumps since they are in quantity at the most countable.

7.3. Markovian semi-group and infinitesimal generator

DEFINITION 7.4.— Let X be a process with values in EE and with rcll (right continuous
with left-hand limits) paths, and let F; = o{X,,, u < t}. The process X satisfies the
(simple) Markov property if for any t, s > 0, we have

E[f(X(t+5)) [ F] = E[f(X(+s) [ X(2)]. [7.2]
The process X is called homogeneous when for any t > 0, forany x € F,

E[f(X(t+5)| X(t) = 2] = B[f(X(s)) | X(0) = a]. 73]
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Let X be a process with rcll paths satisfying [7.2] and [7.3]. For all f € [*°(E)
and all x, y € E, we set

Pz, y) = P(X(t) = y| X(0) = z);
Pf(z) =Y fly)Pi(z,y) = E[f(X(1) | X(0) = 2].

THEOREM 7.4 (KOLMOGOROV’S EQUATION).— For any t > 0, P, is continuous from
[°(E) into itself. Moreover, forany t, s > 0, P,y = P.Ps = P, P;.

NOTE.— The latter is an identity between operators, that is for any f € [°°(FE) and any
re kb,

Prisf(x) = PP f)(x),
or between matrices (although the notion of matrix of infinite size remains unclear):
Pis(a, y) = 3 Pila, 2)Py(z, y).
zeR

The family (P, t > 0) is then called a semi-group of operators: the stability property

[P

for “o” is similar to that of a group, but each element of the family does not necessarily

[P

admit a symmetric element for “o”.

Proof of Theorem 7.4. Fix t > 0. First, from the definition of P, we have
Ptlil and\Ptf| SPt|f‘

Moreover, according to the properties of conditional expectation, P, f > 0 for any
f > 0. So in particular, f < g implies P;f < P,g. Therefore if f is bounded, so is
P f

[P f(z)] < Pl fl(x) < Pl flloo D)(2) = | flloo Pr 1(z) = || fll oo
Hence, P; is continuous from [*°(E) to itself. Moreover,
O'(X(O)) vV F = Fy,

and according to the interlocking property of conditional expectations, we have for all
s > 0 that

Piysf(z)

E[f(X(t+5))]X(0) = 2]
E[E[f(X(t+s))|F] | X(0) =]
E[(Pf)(X(t) | X(0) = ]
Py(Psf)(x).

The second identity is obtained by conditioning to F;. O
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Notice that by dominated convergence, P, f(z) tends toward f(x) for any « € E,
since the process X has rcll paths.

DEFINITION 7.5.— We say that a semi-group P is strongly continuous if for any f €
1°°(E),

lim sup | P, f(z) — f(«)| = 0.
—YzeFE

DEFINITION 7.6.— Let P be a strongly continuous semi-group. Let Dom A be the set of
functions f for which for all v € E, t=1 (P, f(z) — f(x)) has a limit when t tends to
0. The infinitesimal generator A of the semi-group P is defined on Dom A and for all
z € FE by

Af(x) = lim ~(Pf(x) — f(z)). [7.4]

t—0 t

THEOREM 7.5.— Let P be a strongly continuous semi-group of infinitesimal
generator A.

(a) For all f € Dom A and t > 0, the function

t
T / Pf(x)ds
0
belongs to Dom A and
t
Ptf—sz/ Pfds. [7.5]
0
(b) For f € Dom A and t > 0, the function P, f belongs to Dom A and
d

Pl = AP.f = PAJ. [7.6]

(c) For f € Dom A and t > 0, the following identity holds.

t t
Ptf—f:/ APSfds:/ P,Afds. [7.7]
0 0

Proof. Fix t > 0. By definition of A, we must show that

1 t
E(Ph —1d) (/ P, f(x) ds) converges as h — 0.
0
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But

(P;L—Id)( OtPsf(x)ds> :At PP, f(z)ds — tPsf(x)ds

0

:/()tps+hf(x)ds—/()tPsf(:v)d8
/}LHhPSf(x)ds/OtPsf(x)ds

_ /tHhPSf(x)ds—/hPsf(x)ds.

0

As P is a strongly continuous semi-group, the continuity at 0 implies that at any point
s, that is to say that for all f € [*°(E), the mapping (s — Psf) is continuous from
R™ to [°°(F). We thus have the following limit.

t+h h
;%13%% </t Psf(x)ds—/o Psf(:v)d8> =P f(z) — f(2).

For h > 0, we set A, f = h= (P, f — f). Itis easily seen that
ApPf = h™NPonf — Pif) = P(h™ ' (Puf — f)) = P.Awf.
As f € Dom A, Ay, f tends to Af as h tends to 0, therefore A, P, f also converges,

which amounts to say that P, f belongs to Dom A and that [7.6] holds. Finally, the
identity [7.7] is an immediate consequence of [7.5] and [7.6]. O

This can be interpreted very easily. Informally, [7.6] implies that

P f = exp(tA)f.
The sense of the latter expression is well-known if A is a matrix. The fact that A can
be an operator (a matrix of “infinite size”) requires some mathematical adjustment, but

the key point is there. Written in this way, it becomes obvious, for instance, that A and
P, commute (see [7.6]) and that

A‘1f=/ Pfdt,
0

keeping in mind the value of fooo exp(at) dt when a is negative.
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THEOREM 7.6.— Let X be aprocess withvalues in E, with rcll trajectories and satisfying
properties [7.2] and [7.3]. The pair (v, A) completely determines the distribution of
X. Farticularly, for any integer n > 1, for any bounded functions f;, j =1, ..., n
defined on E and for any t1 < - -+ < t,,

E|[] (X))
j=1 [7.8]

- [E P (F1Piats (fo - oot (FarPovs, fu)) - (@) dw(a),

Proof. In view of Theorem 7.5, P fully determines A. Assume for a while that [7.8]
holds. By applying it to f; = 1.4;, where A; is any subset of F, we see that the term
on the left-hand side equals

P(X(t1) € Ay, ..., X(tn) € Ap).

Finite-dimensional distributions of X are hence completely characterized by (v, A).
According to the extension Theorem, we deduce that the distribution of X is fully
determined by (v, A). It remains to show [7.8]. For n = 1, this is the very definition
of P. Let us assume that the result holds true for some n > 1. By conditioning and
according to the definition of P, we have

n+1 n
E ] H&@) | =B [LHXGDE (X (tns) | F]
Jj=1 j=1
=E [[i(X(t)) - fac1 (X (tn—1)) (fnProy—t, 1) (X (£0))] -
As fn Py, .1 —t, fns1 is bounded, the result follows by induction. 0

THEOREM 7.7.— Let X be a process with values in E, having rcll paths and satisfying
the properties [7.2] and [7.3]. The process X satisfies the strong Markov property: for
any stopping time T, for any bounded function F: D(R', E) — R,

E[F(0:X) | F;] = E[F(X)[X(0) = X(7)]. [7.9]

Proof. Letus assume at first that 7 takes its values in the countable set T = {t;, j > 1}.
The events {7 < t} and {7 > ¢} belong, by definition of a stopping time, to ;. Hence,

{r=t}=[{r<t}n ) {r>s}|eF

s<t,s€T
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We can then follow the proof of the strong Markov property for Markov chains (see
(3.6)), replacing n by ¢, to obtain that for any function f € [*°(E),

E[f(X(7+9)) | F-] = E[f(X(7 + 5) | X(7)] = P.f(X(7)). [7.10]

Now, for 7 an arbitrary stopping time, we consider the sequence of stopping times
{Tn, n > 1} defined by

oo
E+1
™= o Lz, (hny2=n (7).
k=0
This sequence converges decreasingly toward 7. As X has right-continuous paths,

X (1n, + ) tends a.s. to X (7 + s). Therefore, for any A € F. C F,,, by dominated
convergence we have that

E[f(X(r+5))1a] = lim E[f(X (7, +5)) 14]

n— oo

— lim E[P,f(X (7)) La] = E[P.f(X(7)) 14].

n— oo

Consequently, [7.10] remains true for any stopping time 7.

By successive conditioning, for 0 < s; < --- < s, we therefore have that
k
E|[[5XGE+s)Fr| = (Posy_, fi- - Py 1)(X(7))
j=1

k
—E [[[£i(X(r+5)) [ X(7)
j=1
But in view of [7.8], we also have

k
E H [i(X () | X(0) = 2| = (Psy—s_, i - - Py 1) ().

Therefore,



Markov Process 205

E[F o0, X(r) =] = B[F| X(0) = a,

for all functions F' of the form Hj f;. By monotone class, this result remains true for
all bounded functions from D(R™, F) to R, hence [7.9]. O

DEFINITION 7.7.— Let X be a regular Markov process of parameters (v, Q). For f €
[ (E), we set

Agf(x) = qlz, ) > (f(y) — (2))a(, ).

yF#w

By identifying f as the column vector (f(x),x € E) (after rearranging the elements
of E, which is possible since there is an injection from E into N), we can rewrite the
previous identity as a matrix product, by introducing the matrix Aq, defined by

_ _Q(xv (E) ifz=y;
Agla, y) = {q(% ) g [7.11]

Notice in particular that Ag(x, y) = (Ag 1,)(x) for any x, y.

THEOREM 7.8.— Let X be a regular Markov process with parameters (v, Q). The
process X satisfies the simple Markov property [7.2] and the homogeneity property
[7.3]. The associated semi-group is strongly continuous. Its infinitesimal generator is
Ag, and its domain is 1 (E).

Proof. Let us start from the second pathwise construction of X. In this case, the
knowledge of F; amounts in particular to that of the number of jumps of N before ¢
and the value of X after the last jump of N before ¢. By the very construction of the
paths of X, these two quantities are the only ones that are useful for determining the
sequel of the trajectory. Therefore, we have that

E[f(X(t+5)| 7] = B [f(X(t+5) | N(t), Xn

=) E [f(X(t +8)) LN (t4s)-N(&)=n} | N (1), XN(t)}
n>0

= ZE [f(XN(t)+n) Lin(t4s)-N@)=n} | N(1), XN(t)} :
n>0

As X and N are independent and N has independent increments, we have

BLf(X(+ )| F] = 3 00 (X yy)eNaloos Ules)”

n!
n>0
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Moreover,

E[f(X(t+9) | X(®)]

=Y E[E[f(X(t+5) Inaro-no=n} | N({), X([1)] | X(1)]
n>0

=Y E [E |:f(XN(t)+n) Lin(rs)-N(=n} | N(t), XN(t)} \X(t)]
n>0

—B |30 f(X e Nille (IICIHOTS)” X ()

n.
n>0

=370 f(Xypy)e el 5M7

n!
n>0

in view of the first part of the proof, and the fact that X (t) = X ~(t)- The simple
Markov property is thus satisfied. We can also deduce from the last equation, that

E[f(X(t+9)|X(t)=2] = Z QU f(x)e llallos S(||q||7x,s)".

n!
n>0

The term on the right-hand side does not depend on ¢, so the homogeneous property
holds as well. O

THEOREM 7.9.— Let X be a process with values in the F, satisfying [7.2] and [7.3].
Let v be the distribution of X (0), and A its infinitesimal generator. Then the process
X is a Markov process with parameters (v, Q a), where

|A(z, x)|  ify ==
Qalz,y) = [7.12]

Az, y)

A, z) TV

Proof. Let us set Ty = 0 and for any integer n,

Tpir = inf{t > Ty, X (1) # X(Tp)}
gzz — dn+1 — Tnv
X, = X(Ty),

with the usual convention inf () = oco.

Let z € E and for any v > 0, g(u) = P(T1 > u|Xo = z). Let us show that
g is a solution of the functional equation characteristic of the exponential function.
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According to [7.2] and [7.3], we have
glu+v) =PI >u+v|Xg =)
= E [1{x (=2, sc(0.u)} L{x(0)=2, t[uutv]}]
= B [L(x(5)=r,scl0u)) B [Lix (=2, tefuutoly | Fu]
= E [1{x(s)=z, scj0,u]} B [1{x()=a, tcfo,]} | Xo = z]]
= E [1{x(s)=2, scf0.u)}] 9(v)
= g(w)g(v).
As g is bounded, we deduce from this the existence of a g(z) > 0, such that
9(u) = exp(—q(z)u).
The sojourn time in the initial state thus follows an exponential distribution.

By definition of a stopping time, the event {77 > u} belongs to F,,. Moreover, on
{Th > u}, X(u) = X(0) and thus

P(X1 =y, T > u| X(0) = 2) = E; |1y, 00 (T1)Eq |10 (50) | 7]

= Eq |1, o0) (1B, [1) (X1) | Xo = 2|

As the quantity P(X; = y|Xo = x) is deterministic, it goes off the expectation.
Therefore, setting

we can write
P(X) =y, T > u| X(0) = 2) = q(a, y) exp (~(g(x)u)). [7.13]

We deduce from [7.13] that conditionally to X (0) = XO, X 1 and 77 are independent.
Hence, we have obtained what we aimed for, at least until the first jump of X: a
sojourn time of exponential distribution of parameter depending on the initial state,
then a choice of the new state independently of the sojourn time.

Let us now assume that for a given n, for j < n — 1, forany y € E and any v > 0,
the following identity holds.

P(Xj+1:y, fj>U|X0,...,Xj,T1, ...,Tj)

i o [7.14]
= q(Xj, y) exp(—q(Xj;, Xj)u).
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Figure 7.3. Graphic representation of the transition rates of the M/M/1 queue

Given that the knowledge of Xm R Xn, Ty, ..., T, amounts to that of the whole
past of the process until 7;,, we have

P(Xpi1=y, & >ulXo, .., Xn, T4, ..., Th)
=P(Xpt1 =y, & > ul|Fr,).

According to the strong Markov property (see Theorem 7.7), the latter quantity can be
transformed as follows.

P(Xni1 =, &n > ulFr,) =P(Xpy1 =y, & > ul X,)
=Py (X1 =y, &% >u)

= q(Xnv y) eXp(_q(Xnv Xn)u)7

from [7.13]. Relation [7.14] is verified at rank n. In means in particular that we can
construct the trajectories of X as in Definition 7.1. By identification, [7.12] follows
from [7.11] and Theorem 7.8. O

ExaMPLE (Example 7.1 continued: M/M/1 queue).— In view of [7.11] and the results
of Example 7.1, the infinitesimal generator of the process counting the number of
customers in the M/M/1 queue is given for any 7 € N by

A, 1+ 1) = A,
A(l, 1) = =(A+ 11, 4oo)(0)),
A(i, i —1) = pifi > 0.
We often prefer the following matrix representation:
—-A A
no—Odw A (0)

0  u —O+m) A

or the graphic representation of Figure 7.3.
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THEOREM 7.10.— Let X be a regular Markov process of parameters (v, Q). We denote
X, its embedded chain. The following properties are equivalent:

(i) X is irreducible;
(ii) For any x, y € E, there exists t > 0 such that p;(x, y) > 0;
(iii) For any x, y € E, for anyt > 0, p:(x, y) > 0.

Proof. In view of the second pathwise construction of X, the chain X is independent
of N, hence

pi(z, y) =P(X(t) =y | X(0) =)

— Z P(X(t) =y, N(t) =n|X(0) =x)
n=0

=Y P(N(t) =n)P(X, =y| Xy =2)
n=0

- — q oot " 7
~Y e HCIHOOtMQ( )z, y).
n.
n=0
By the definition of irreducibility, the equivalence becomes straightforward. O
Invariant probability

DEFINITION 7.8.— A measure p on E' is said invariant for the Markov process X, if
X (0) ~ p implies that X (t) ~ p for any t > 0.

THEOREM 7.11.— Let X be a regular Markov process with parameters (v, Q). A
measure (i is invariant, if and only if it satisfies the equations

/Afdy =0, forany f € [*°(E). [7.15]

In matrix notation, the latter amounts to pA = 0, where i is the row vector (u(x),x €
E)and 0 = (0,0, ...).

Proof. Fix t > 0. That X (¢) and X (0) have the same distribution, amounts to

E[f(X(1)] = E[f(X(0))],
for any f € [*°(E). But

E[f(X(1)] = E[E[f(X(t)| X(0)]] = E[Pf(X(0))] = /EPtf(ff)du(:ﬂ)



210  Networks Modeling and Analysis

So w is an invariant measure if and only if

/Ptf /f )l

Differentiating the latter equation, we deduce [7.15]. Conversely, if [7.15] holds, then
in view of [7.7] and Fubini’s Theorem,

[ (s = s@)duta //PAf )dsd ()
:/Ot (/EPSAf(x)d,u(m)>ds
= 0.

As F is discrete, [7.15] can be rewritten as

> (Z Az, Z)f(2)> u(x) =0,

xeFE \zeFE

which, by taking f = 1,, yields to

Z w(x)A(x, y) =0 forally € E.
zeE

In the matrix language, this exactly means that the product of the row vector y by the
matrix A is zero. O

Similarly to the discrete case, let us set
=inf{t >0, X(t) =z},

with the convention 7.} = oo, if X (t) # z forall ¢ > 0.

THEOREM 7.12.— Let X be a regular, irreducible and recurrent Markov process.
There exists a unique invariant measure up to a multiplicative factor. This measure
is proportional to one of the following three measures:
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(i) forany y € E,

wy) = Ey

/0 Ax )=y d8]7 [7.16]

where x is an arbitrary fixed element of E;
(ii) forany y € E,

w(y) = i(y)/a(y, v),

where [i is an invariant measure of the embedded chain X,

(iii) a solution p to the matrix equation yn A = 0.

Proof. To prove the item (i), we have to check that for any ¢ > 0, for any f € [*°(E),

/pt /f )d 7.17]

But according to [7.16], we have that

/Ptf )du(y) = E,

yek

=Y E, U P f( ())1{X<s>—y}1{s<r;}d5}

yek

_E, { | B+ )| Al ds}

/ Ptf )l{X (s)= y}dS]

_ / TEL[E[f(X(s + ) Lers) | ] ds
:/Om E, [f(X(s+1) 1seryy] ds

/ ) ds

/tTif(X s

/ ) ds].

1
x
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In view of Markov property and noticing that, by definition of 7., the right-continuity
of X implies that X (7}) = x, we obtain that
om[ [ soxena

[ rsane =z [ [* rovinas
/0 " ) ds]

.| [ 0K 1 y}ds]
“Ym

/f 1{X<>y}d8]
yeE

= /Ef(y) dpu(y)

Concerning the item (ii), let us recall that with the notations of Chapter 3,

= inf{n >0, X,, = z}.

By using the first pathwise construction of X, we obtain that

1

Aml{X(s)—y}d3‘| ZE [én X 1)1{n<7'1}i|

The event {n < 7!} is the complementary of {7} < n} = {7} <n—1},soitis F,,_;
measurable (with obvious notations). Thus by construction,

Bl || =Bt %] = q(Xn_lan_l)

E,

From this, we deduce that

[fn o (X 1)1{n<71}] x[E [§n|ﬁn,1} 1, (Xn-1) 1{nesny

1 N
= P.(Xn 1=y, >
qa(y. y) ( )
and we get
E /Til d L iP(X Al > ) 1 i(y)
J s)= S| = T —1=Y, Ty =2N = Hy),
" O qly, y) = " ’ a(y y)

where /i is a stationary measure of X. The proof is complete, as item (iii) has already
been shown in Theorem 7.11. O
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EXAMPLE (EXAMPLE 7.1 CONTINUED: M/M/1 QUEUE).— For this example, the system

—A A
poo—O4p) A (0)

0 u —O+m A

is equivalent to the equations

—Am(0) + pm(1)

0
AT(0) — (A + (1) + pm(2) = 0

A(i—1) = A+ pw)r(@)+pr(i+1)=0

By adding these equations successively by pairs, we obtain that

—Am(0) + pm(1) =0, =An(1) + pm(2) =0,... = Aw(i) + pr(i + 1) = 0,
that is for any integer ¢,

m(i+ 1) = pr(i) with p = N/,
or in other words

7(i) = p'm(0).

We know from the study of the G/G/1 queue in Section 4.1, and from the particular case
of M/GI/1 treated in Chapter 5, that the queue is stable, in that the process counting
the number of customers is recurrent, if and only if p < 1. Indeed, provided that the
latter holds true, the normalization equation

Z (i) =1
i€EN

implies that the unique invariant probability is given for all ¢ € N by
(i) = pi(1 - p).

In other words, the size of the system at equilibrium follows a geometric distribution
with parameter p, shifted from 1.
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Given the strong Markov property of Theorem 7.7, the proof of the following result
is exactly similar to its analog in the discrete case, i.e. Theorem 3.22.

THEOREM 7.13.— Let X be a regular, irreducible, and recurrent Markov process. We
denote T, its only invariant probability. For any f € L' (), we have

/0 F(X(s)ds = f@)m(a).

z€E

.1
lim —
t—oo t
NoTE.— This Theorem provides an interesting technique for approaching 7. In fact,
it suffices to simulate a trajectory of the process following, for instance, the pathwise
construction presented in the beginning of this chapter, and to compute the proportion
of time spent by the process in each state. This will provide an approximation of 7 in the
long run, allowing then to compute the expectations of several more general functions
at equilibrium . It remains to determine what “long” means, that is to determine the rate
of this convergence. This is beyond the scope of this book, but is however an important
topic in current research.

THEOREM 7.14.— Let X be a regular irreducible Markov process on E¥ and x € E. If
X is transient, then

pe(z, ©) — 0.

t—oo
If X is recurrent of invariant probability T, then
1

pi(e,y) —2 w(y) forally € E and E, [71] = ok

Proof. We develop the proof only in the recurrent case, the transient case is addressed
similarly. Let b > 0 and X» = X (nh). According to Theorem A.12,

E[f(X})| X! j=0, ,n—1] =E[f(X})|X!_|]
=E[f(X(nh))| X((n — 1)h)] = Py f(X((n — 1)h)).

The sequence X" is a thus a Markov chain with transition operator Pj,. In view of
Theorem 7.10, X" is irreducible and according to [7.17], 7 is an invariant probability
for this chain. According to Theorem 3.26, for any x € F,

Pnn (T, ) L m(y).

Since we have

Ipe(z, y) — ps(z, y)| =

¢
/ Apy(z, y)du

t
< / Apa(z, )| du

< lalloo(t = 5),
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we deduce that

Pe(z; y) = 7()| < llglloolt = nh| + |pnn(z, y) = 7(y)|-
Let € > 0, and fix h such that h||¢||cc < € and ng such that

n = ng = |pan(z, y) —7(y)| < e

If ¢t > ngh, then for some n such that |t — nh| < h, we have |pi(x, y) — 7(y)| < 2e.
Thus,

Jim py(z, y) = 7 (y).

We know that the invariant probability is proportional to the measure defined in
[7.16]. But

B,

yel

=E, [Tl],

x

/ 1,y (X(s))ds
0

hence by applying [7.16] for y = x, we get

hence the result. O

7.4. Martingale problem

DEFINITION 7.9.— Let v be a probability measure on the countable space F, and A a
continuous operator from 1>°(E) in itself, that is for some ¢ > 0, for any [ € [*°(E),

[Aflloo = supzer|Af(z)| < cl|flloo-
Then, we denote

[Allsc = sup [[Afloc-
1 flloo=1

THEOREM 7.15.— The process X is a regular Markov process with initial distribution
v and infinitesimal generator A, if and only if the distribution of X (0) is v and for any
bounded function f, the process

Mt F(X (1) — F(X(0)) / AF(X(s))ds

is a local martingale, whose quadratic variation is given for all t by

(M7, M), = / (AF2(X(5)) — 2f(X(s) AF(X(s))) ds. [7.18]
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Proof. Let f € [°°(E). Assume at first that the processes

t— A ))dsandt— A s
[ asx [ asxna

are bounded. Notice that the process (s — Af(X(s))) is adapted. For any s > 0, we
have

E [M/(t +s)| 7]

t+s

—EB[f(X(t+5)|F] - / E[Af(X (u) | 7] du
t t+s

—B[f(X(t+5)| X ()] / AF(X(u))du— / E[Af(X (u) | 7] du

— P 0) - | CAF(X () du - | Paarx@nau
From [7.5],
- [ e au=sxo),
thus
B [0/t + )| 7] = F(X(0) - [ AF(X()) du = M (1),
which means that M7 is a martingale.

Now, for any f € [°°(E) and any t > 0, f?(X (¢)) is integrable. On the one hand,
in view of the argument of the first part of this proof, we can write

FAX(t) - / Af2(X(s))ds+ M7 @). [7.19]

On the other hand, 1t6’s Formula for rcll martingales with finite variation (Theorem
A.23), gives

X)) - = 2/ F(X(57)) d M (s)
[7.20]
2 / F(X(s)AF(X(s))ds +[fo X, fo X].
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By comparing equations [7.19] and [7.20] and by definition of the quadratic variation,
we deduce that

foX, foX] = / AFA(X(s))ds — 2 / F(X(s7)AF(X(s))ds.

As this process is continuous and adapted, it is predictable, hence [7.18]. Notice, that
we can replace f(X(s7)) by f(X(s)) in the second integral, since there is no fixed
jump in s, and hence d s-almost surely X (s~) = X (s) (see the Note at the end of
section 7.2).

We now address the general case. Let for any integer n,

Tn:inf{t207/0 |A]”(X(5))|ds>nor/0 |Af?(X (s))|ds > n}

and M/ (t) = M/ (7, At). Letus notice that by construction, | M (t)| < 2|| f[|o + 7,
therefore Mﬁ: _is uniformly integrable. In addition, since A is continuous from /> (E)
into itself, 7,, tends toward infinity, so {7,,, n > 1} reduces M /. We observe finally
that for any stopping time 7,

MI(0) = FOEEAT) = FXO) - [ AR () ds

= FXT(0) — F(X7(0)) — / " AFXT(s))ds,

where X7(s) = X (7 A s). Therefore, we can apply the above argument to M and
X7, As aresult, an is a square integrable martingale whose quadratic variation is
given by [7.18].

For the converse, let us take for granted Lemma 7.16 below. We will show that for
any f € [°°(FE), forany ¢, s > 0,

E[f(X(t+5) | F] = lim (1d—n~"A)" I f(X (1)) [7.21]

The conditional expectation given JF; appears as depending only on X (¢) and on s,
implying homogeneity and the simple Markov property. Let A’ be the infinitesimal
generator of X. According to the first part of this proof,

t o /0 (A— AV f(X(s))ds

is a martingale which is null at 0. In addition, this process is continuous and has finite
variations. This implies that the process is null P ® dt-almost surely. Moreover,

t

(A= A)f(x) = lim ~ [ (A— A)F(X(s)ds =0,

t—0 t 0
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hence A = A’. Finally, as A is continuous from [*°(E) into itself and

sup la(i, )| = sup | A1 ()] < c
zelE

we conclude that X is a regular Markov process.

We now show [7.21]. By possibly studying X locally, we can always assume that
E* 1 is a uniformly integrable martingale. Applying [7.22] for A = n, we obtain that

PO =B | [ e (a0 Cxe + o) ds| 7
Applying this result to (Id —2 A)~! f yields
1\ >
(Id —nA) FX(D) = nE [/0 e (X (1 + 5)) ds| .7-}}
_E [/m e~ F(X (1 + s/n))ds}}}.
0
It follows by induction that for any integer k,
Lo\ F
(1a-24) s

—E{/ / ~(s1te sk f(X(t—f—n_l(sl+...+8k)))d81...dsk|]—}].

Let {Z, k > 1} be a sequence of independent random variables, independent of X,
and of exponential distribution with parameter 1. For any non-zero u, the strong Law
of Large Numbers states that

[nu)
LnuJ ZZ = uB[Z4] = u.

We therefore have

o0 o0
/ / ef(sﬁmﬂt’”@)f(X(t+n_l(sl+-~-+sk)))d31...dsk
0 0

[nu)
=E|f|X|t+umnu ZZ == f(X(t A+ ),

and obtain [7.21] by dominated convergence. O
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NOTE.— The derivation of the quadratic variation is interesting in itself, as it is one of
the keystones of many approximation methods for processes, such as fluid limits, mean
fields and diffusion approximations.

LEMMA 7.16.— Let X be a rcll process. For any f € [°°(FE), the process

Mt F(X (1) — F(X(0)) / AF(X(s))ds

is a local martingale if, and only if, for any \ € R, the process

BNt o e M (X (1) + / eNO(X(s)) — Af(X(5)) ds

is a local martingale. In particular, if the sequence {T,, n > 1} reduces E»/, we
obtain that

FXT(8) = B [/m e (X (E+5) — AF(XT(t+8))ds | F| [7.22]

Proof. By possibly studying X locally, we can always assume that the processes £ /
and M/ are uniformly integrable. We set for any ¢t > 0, U(t) = exp(—\t). This
process is continuous and with bounded variation, so according to the integration by
parts Formula, we have for any ¢,

t
Ut)M' (t) = / U(s)d M/ (s / M (s)he™* ds. [7.23]
0

By assumption, M/ is a martingale, hence so is the case for J Ud M7 by the very
construction of the stochastic integral. Let us now notice that

// Af(X(u))dure” ’\Sds/OtAf(X(u))/ut/\e’\sdsdu

. [7.24]
= / Af(X(w) (e — e M) du.
0
Substituting [7.24] into [7.23], we see that the process
tes Ut / M7 (s)\e™* ds
t
=e MF(X / f(xX ’\sds—/ Af(X(s)e ds

0

is a martingale, hence the result. O
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7.5. Reversibility and applications

In this section, (X (¢), ¢ > 0)is ahomogeneous Markov process, regular, irreducible
and recurrent with rcll paths on the countable space F, having transition operator )
and infinitesimal generator A. Hereafter, we will say that (X (¢),¢ > 0) is stationary if
it admits an invariant probability 7 and if the distribution of X (0) is 7. Without loss
of generality, we may assume that w(x) > 0 forany z € E.

DEFINITION 7.10.— Assume that (X (t), t > 0) is stationary. For any T > 0, the

reversed process of (X (t),t > 0) from T is the process (X (t), t € [0,T)) defined
foranyt € 1[0,T) by

XT() = X((T 1)) = lim X((T - 9)).

Let us recall (see the Definition A.5 for more details) that [?(N, 7) is the Hilbert
space of square integrable sequences for the measure 7.

LEMMA 7.17.— The generator A is a continuous operator from I2(N, 7) into itself.
Therefore it admits an adjoint A in 1?(N, ), defined by

~—

Az, )= Ay, ) 3.

Proof. Letusrecall that A(z, x) = — >, A(z, y) <0, thus we have

YA, y)| = 2|A(z, z)|.

yeE
Therefore, the measure v defined by

1

I/(y) = m ‘A(I', y)|, for any y € E,

is a probability measure on . Consequently,

2 2

ZA(x,Z/)f(Z/) < 4A(z, z)? Zz'fili W)

yek

< 2|A(x, 2)| ) Az, y)lIf ()]

yekE

< 2| Alle Y A, I )P,

yeE
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from Jensen’s inequality and the regularity of A. Therefore,

Y (AR (@) r(@) < 2 Al - D A, y)IIf(y) ()

reE zeE yeE

= 2| Allo > _(1+ Ay, »)D7(y) f(y)?

yeE
< 2/ Alloo (1 + [|Alloo)I1F 172 ()

Thus, A is continuous from [?(N, ) into itself, hence so is the case for the adjoint A
of A, defined for any u,v € I?(N, ) by

(Au, 'U>12(N, T = <u, A’U>12(N’ ) [7.25]

Furthermore,
- T
A, 5) = Aly, 2,

since as A(z, y) = (A1y,y)(y), taking u = 1,y in [7.25] gives
(A1) (@)7(2) = (Algwy) (W) (y),

that is
Az, y)r(x) = A(y, z)(y).
The proof is complete. O

THEOREM 7.18.— Under the ongoing assumptions, for any T' > 0 the process
(XT(@), ¢t € [0,T]) is a Markov process having rcll paths, and of infinitesimal
generator A.

Proof. The paths of (X T, t > 0) are a.s. right-continuous, since by almost sure
existence of a left-hand limit at any point for X, we have a.s.

hm XT(t +h) = hm lim X (T — (t+h) — h')
0 A'\0

= 611{% X(T—(t+e)=X(T—-t)" =XT(t).

The existence of a left-hand limit is proven similarly. Hence it suffices to take the
left-hand limit at 7" — ¢ to make the paths of the reversed process rcll.

With Theorem 7.15 in hand, we must prove that for any f € [*°(E),

tes (X7 () — F(XT(0)) - / AF(XT(r)dr
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is a local martingale. The filtration is of course that generated by the paths of X7 and
not those of X, that is 7, = 0{X7(s), s < t}. By using a monotone class argument,
it is necessary and sufficient to prove that for 0 < s; < ... < 5, < 5 < t, for any
bounded function ¢: E™ — R, we have

B | (£(X7 (@) - 1(7(9)

- [FARET ) ar) oK. e KT )] =0

As X is Markov, this identity can be rewritten as

o=n(sx—m - sexw o) - [Apxa-nar)

which, according to Theorem A.7, is in turn equivalent to the fact that for any
bounded 1,

E

(f(X(T—t)) —f(X(T - 9))

T—t

T—s
-/ <Af><X<r>>dr> YX(T - s>>] o,
[7.26]

By introducing the semi-group associated with X and recalling that by stationarity, the
distribution of X (T — s) is that of X (0), that is to say 7, we obtain on the one hand,

E[(/(X(T — 1) — F(X(T - 5)))(X(T — 5))
=/EwPHfd7r—/Efwdw

and on the other hand, from [7.25] and [7.5],

[7.27]
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E[/:Af(X(T—r))dm/)(X(T—s))} :/E/StPT_Sw/_lfdrdw

/OtS/EPTwAfdwdr

t—s
:/ /APrzbfdwdr [7.28]
0 E
t—s
_ / AP.pdrfdr
E JO

~ [ (v - wpan.

By substracting [7.28] to [7.27], we obtain [7.26]. O

Let us notice in particular, that the generator of (X Ty, t> O) does not depend
on T', which will be crucial in the construction hereafter.

DEFINITION 7.11.— The process (X (t), t > 0) is said to be reversible, if it is stationary
and for any T > 0, of same distribution as its reversed process on [0, T).

For any T' > 0, X (0) and X7 (0) have the same distribution . As the distribution
of a Markov process is fully determined by its generator and its initial distribution,
we deduce from Theorem 7.18 that (X (¢), ¢ > 0) is reversible if and only if for any
r,y ek,

m(z)A(z, y) = n(y)Aly, ). [7.29]

This relation, known as local balance equation, is a “mirror” property: the transition
rate from x to y equals that from y to x.

The following result will be used in Chapter 8.

LEMMA 7.19.— Let X be a Markov process on E with generator A and let 7, a
probability on E. Define A(x, y) for any x,y € E such that x # y by

Az, ) = A(y;rg;r(y).

Then, ifforall x € E,

ZA(JE, y) = ZA(J;) Z/)7

y#z y#x

then T is the stationary probability of X.
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Proof. Forallxz € F,

mA(x) =Y w(y)Aly, =)

yeE

Alw, @)+ ) m(y)Aly, z)
y#T

A(x,x)—i—Zﬂ'xAx y
y#T

=D Al y) + ) A, y)
y#T yF#T
=0.

Itis a straightforward corollary of the latter result that any Markov process satisfying
to a local balance equation is stationary, and hence reversible.

COROLLARY 7.20.— For any Markov process X on E, if there is a probability ©
satisfying [7.29], then X admits 7 as stationary probability.

Proof. Lemma 7.19 is satisfied for A=A O

Birth and Death processes

An important class of Markov processes, including most of the processes studied
in the following, enjoys the reversibility property automatically when there exists an
invariant probability: these are the birth and death processes.

DEFINITION 7.12.— A homogeneous Markovian process (X (t), t > 0) with values in
E, where E = N or [0, n], is said to be a birth and death process if its infinitesimal
generator is tridiagonal on E, that is for any x € E,

Az, y) =0 forany y such that |y — z |> 2.
This terminology is inherited from that of population dynamics. If (X (¢

), t
represents the size of a given population at any time, the jumps of (X (¢), ¢ > 0) on
occur at instants of birth (from x to x + 1) or death (from x to z + 1).

> )

THEOREM 7.21.— Any stationary birth and death process of distribution m is reversible.
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Proof. As A is tridiagonal, it suffices to check that
m(x—1DA(x -1, ) = n(z)A(z,  — 1)
for any x € I, which we verify by induction. Initially,
m(0)A(0, 1) = —m(0)A(0, 0) = (1) A(1, 0),
since mA(0) = 0. Then, if
m(x —1DA(x — 1, 2) = n(z)A(z, z — 1)
for an index x > 1 such that z + 1 € F, then
m(x)A(z, z+ 1) = n(z)(— Az, x) — Az, z — 1))
= —7m(x)A(z, z) —w(x —1)A(x — 1, x)
=m(x+1)A(x + 1, x),

since mA(z) = 0. The proof is complete. O

The following theorem allows us to derive easily many stationary distributions in
practical cases.

THEOREM 7.22 (Kelly’s Theorem).— Let (X (t), t > 0) be a reversible Markov process
on E, of infinitesimal generator A and of invariant probability w. Let F' C E. We define,
for a certain o > 0, the following matrix Aon E x E:

< _ JaA(z,y) ifxeF,ye E\F;
Ale, y) = {A(a:, Y ifnotforz £ y;

Az, z) = — Z A(z, y) forallz € E.
y#z

Then, the Markov process (f( (t), t> 0) of generator A is reversible and of invariant
probability 7 given for any i € E by
[ Cr(z) ife e F,
m(z) = {C’om(x) ifre E\F,

where C = (Y, cpm(k) + DkeB\F m(k)) ! is the normalization constant.

Proof. That 7 defines a probability measure on F is straightforward. It is thus sufficient
to check that it is reversible, which is immediate by observing that

T(2)A(z, y) = aCr(2)Alz, y) = 7(y) Ay, ©),
foranyx € Fandy € E'\ F. O
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In particular, if we set & = 0, we prevent the process from leaving the subset F’
while keeping the reversibility property. We will see an application of this result in
Chapter 9.

7.6. Markov Modulated Poisson Processes

The Markov Modulated Poisson Processes (MMPP) correspond to a class of
Markov processes generalizing the Poisson process, while keeping most of its tractable
characteristics. They naturally appear in the modeling of overflow systems, see Chapter
9. It was once thought they could serve as models for data streams. Even if this approach
seems to become obsolete, it is however interesting; see Chapter 1.

DEFINITION 7.13.— Let (J(t), t > 0) be a stationary Markov process with values in
E = [1,m]. Let Q its infinitesimal generator and v its stationary probability. Let \ be
a function from E to RT. The point process N is an MMPP with parameters Q and A
if and only if, for any function f with compact support,

E [exp (— /Ot £(s) dN(s))] -E [exp (— /Ot (1 - e—f<5>) A(J(s)) dsﬂ.

NOTE.— An MMPP is thus nothing but a Cox process whose intensity, varying over
time, depends on the evolution of a Markov process with finite state space.

The latter definition means that when the phase process J is in phase j, the points
of N follow a Poisson process of intensity A(j). When the phase process changes state,
according to the dynamics induced by its infinitesimal generator, the intensity of the
Poisson process changes. Figure 7.4 shows a sample path of a 2-phase MMPP.

Ji

Figure 7.4. A sample path of a 2-phase MMPP

The process N alone is not Markov. To see this, remark that at any time ¢, the
remaining time before its next point is exponentially distributed, but with a parameter
depending on the phase. However, the couple process (N, J) is Markovian and its
generator reads as a block matrix. To see this, denote A, the diagonal matrix whose
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coefficient in (¢, ) is A(¢). With these notations, the infinitesimal generator of (N, J)
is given by

Q-A A
0 Q-A A

Indeed, the events are of two types: arrival or phase change. An arrival causes a transition
from the state (i, ¢) toward (i + 1, ¢). A phase change leaves the first component
unchanged and modifies the second one. We deduce from this a simulation algorithm
of a trajectory of an MMPP. We always assume that the state space is £ = [1, m].

Algorithm 7.1. Construction of a trajectory of an MMPP
Data: m, Q, A\, {io}, T
Result: A trajectory (¢, n > 1) on [0, T] of an MMPP (m, @, \) of initial
state {ig}.
fori=1,..., mdo
Ti0 = A}
forj=1,..., mdo
| 7i =i -+ alis )
end
end
Phase « ig;
t— 0
n «— 0;
while ¢ < T do
2« sample of a r.v. of distribution Exp (/\(Phase) + >_; q(Phase, j )),

t—t+x;
u < sample of a r.v. uniformly distributed on [0, 1];
if u < Ti0 then
| tn =t
else
J— 1L
while v > r; ; do
Je—Jit+L
end
Phase « j;
end
n«—n+1

end
returnty, to, ..., Iy
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EXAMPLE 7.2.— A typical example of MMPP is given by the overflow process of a
M/M,,/SIS queue. In such a system, if some server is available, there is no overflow.
If all servers are busy, new arrivals are rejected and form the overflow process. To
represent this system with an MMPP, it suffices to consider as phase process J, the
process counting the number of busy servers, and the function A defined by

.
=10 el
A ifi= 6.

Indeed, the “arrival” process in the overflow system is that of the original queue, since
all the corresponding customers find a full system, and are thus lost by the queue, and
re-directed toward the overflow system.

Superposition of MM PP

To be applicable in practice (if one think of a network, for instance), a class of
processes must be stable by superposition: if we superpose two processes of the same
class (i.e. Poisson, Cox, MMPP), it is desirable that the “sum” process be of the same
class. We already know that the Poisson processes satisfy this property. We will extend
this to the case of MMPP. This requires to introduce new notations.

DEFINITION 7.14.— Let A and B be two square matrices, respectively of size n and p.
The Kronecker product of A and B, denoted A ® B, is the square matrix of size np
given by

A(l,)B A(1,2)B ... A(1,n)B
AoB=| z s
A(n, 1)B e ... A(n,n)B

The Kronecker sum is then defined by

A®B=(A®Id,) + (Id, ®B).

In particular, if A is diagonal it can be associated with function

@ {[1 'l : E(i, i).

For two diagonal matrices A; and As corresponding to two functions a; and ao defined
respectively on [1, n;] and [1, ng], the matrix A; & Ay corresponds to the function

. IIL nl]l X IIL n2]l - R
al@aQ'{(i, 5) — A1(Z, 1) + Aa(7, J) = a1(3) + a2(j).
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THEOREM 7.23.— Let Jy and Js be two independent Markov processes of respective
characteristics (Ey, Ay, v1) and (B2, A, va). The “couple” process J = (Jyi, J2)
is a Markov process of characteristics (E1 X Ea, Ay ® Az, 11 Q 15).

Proof. First, it is obvious that the state space is ¥ = E7 X FEs. In view of Theorem
7.15, it suffices to demonstrate that for any function f € [*°(FE), the process

t — 0F(t) = f(i(t), Jo(t)) —/0 (A1 @ A2) f(Ji(s), Jo(s))d s

is a martingale. Let us first assume that f = f; ® fo with f; and f; bounded. Since J;
and .J, are Markov processes for ¢ = 1, 2, we can write for any ¢ > 0 that

Fi(Ti) = Fi(T(0)) + / A () ds + Mi(t),

0

where M7 and M, are martingales. [td’s formula then gives

ST O) f2(Ta(0) = F1(11(0) fo(J2(0))
- / 11 (5)) A fa(Ja(s)) dis + / Fo(Ja(s) Arfr(Ji(s)) d s
0 0
+ 3" AR()AS(Ja(s)) + M(1),

s<t

where M is a martingale. As J; and Js are independent, they have almost surely no
common jumps, hence the second last term is zero. We can therefore write

Ji(J1()) f2(J2(t)) — f1(J1(0)) f2(J2(0))

- / (A& Aa)(f2 © £2)(Ja(s)s Ja(s)) ds + M(D).

The result is hence proven for f = f1 ® fo. By linearity, forall f = >"7'_| fix ® foi
and all bounded ) € F;, we thus have

E [0/(t + s)y] = E [67(t)y] forany s > 0. [7.30]

For any bounded function f, there exists a sequence of functions (f', I > 1) of the
form f! = >0, fl, ® fL, and tending uniformly to f. As A; and A, are Markov
kernels, || A; floe < ||f:]loo. Therefore, by dominated convergence, ©" converges in
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I1°(E) to ©f. As ) is bounded, [7.30] is also true for any bounded f, therefore ©7 is
a martingale. Finally,

11 @ua(A1 @ Az) =11 @ e(A; ®Idy +1d; ®As)
= I/1A1 & 120} —+ %1 &® V2A2

and v ® vy is thus an invariant measure for the process (Ji, J3). O

It is interesting to write “by hand” the generator of the process product, and obtain
the form A; @ A, (see exercise 15).

THEOREM 7.24.— Let N;, i = 1, ..., K be independent MMPP such that for any 1,
J; takes values in E; = [1, m;], is of infinitesimal generator A; and of invariant
probability v;. We note A; as the diagonal matrix of arrival rates for the MMPP N;.

The superposition process N of the N;’s is an MMPP process of J phases, whose
infinitesimal generator is given by

A=A0A, 0  -® Ak

and rate function A = A\; ® Ao ® - -+ ® Ag. The invariant probability of the phases
processisvy @ -+ @ V.

Let us give an insight on the case of two MMPP. As long as neither one of the
phases processes changes phase, customers arrive according to the superposition of
two independent Poisson processes, i.e. a Poisson process of “sum” intensity. Hence,
we have a Poisson process on random intervals, whose intensity is modulated by the
couples of underlying phases. All combinations of phases are a priori possible, thus
there are mqmy possible phases and intensities, which reflects the fact that A is defined
on the product space /1 X Es. Then, we have to check that the overall phase process
is indeed a Markov process.

The argument using Laplace transforms presented hereafter is more abstract,
although it is, by far, easier than this sketch of proof.

Proof. We address only the case K = 2, the general case follows by induction.
From the definition of an MMPP, for + = 1,2 and for any bounded f;, f5, we have
forany ¢t > 0,

fi(Ni(t)) = fi(N*(0)) +/0 fiNU($))Xi(Ji(s)) d s + M'(t),
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where M is a martingale. Since the processes are independent, the martingales M°®
are independent and thus their mutual quadratic variation is zero. Therefore, according
to the integration by parts formula [A.13],

JINE () f2(N?(2)) — f1(N'(0)) f2(N?(0))
/fQN2 yd M ( /f1 Ni(s))d M?(s)

+/O Ji(N1(3)) f2(Na(s)) (M1 (J1(s)) + Aa(Ja(s))) ds.

From Theorem A.32, we have thus proven that
— (f1 @ f2) (N1 (), Na(t))—(f1 ® f2)(N1(0), N2(0))
= [ (519 )N6), Mol (a(9) + Dala(s))d s

is a martingale. By density, this result holds true for all bounded functions on N x N,
especially for functions of the form (n1, n2) — f(n1+n2) with f bounded from N to
R. It follows that the process N1 + N3 is a Cox process of compensator A1 (J1)+Az2(J2).
In view of Theorem 7.22, this corresponds to the intensity process associated with the

couple process (J1, Ja). O
PASTA property

We conclude this chapter with a generalization of the PASTA property for MMPP.
THEOREM 7.25 (PASTA modified).— Let N = (E, J, v) be an MMPP and
(¥(t), t > 0), a FN-predictable and bounded process. Then,
lim 1 /tw(s) dN, = 1 lim - / Y(s [7.31]
t—oo Nt Jo ZjeE A(J ) t—oo t

provided these two limits exist.

Proof. In view of Theorem A.37, as v is bounded, we have that
JAN t L ANJ d
Jim, N 1/’ ()= B TG ds ¢ o YOAIEN s

Since J is an ergodic Markov process, we also have
1t ,
Jim < [ M) ds = 30 AGW)
o jEE

hence the result. O



232 Networks Modeling and Analysis

7.7. Problems

EXERCISE 13.— Let (J(t), t > 0) be the Markov process with values in {A, B} and
whose infinitesimal generator is given by

—0A A
o —oB)

1) Determine the stationary probability 7 of J.

2) What is the distribution of the sojourn time in state A? We now construct an
arrival process as follows: there are no arrivals during the periods where J(t) = A, and
during the periods where J(t) = B, the arrivals follow a Poisson process of intensity
A. Let us denote NV; the number of customers arrived up to time ¢. It is assumed that
there cannot be simultaneously a phase change (i.e. a change of state of the process .J)
and an arrival.

3) Write down the non-zero coefficients of the infinitesimal generator of the Markov
process (J, V).
4) Does this process admit a stationary probability?

This process called IPP (Interrupted Poisson Process) is a possible model for human
voice (where the phases A represent the silent periods and the phases B the periods of
talking). We aim to study the IPP/M/1/1 queue, setting 1/p as the mean service time.
To do so, we study the process (X, J), where X represents the number of customers
in the queue. We list the states in lexicographic order, i.e.

(0,4), (0,B), (1,4), (1,B).

5) Write the infinitesimal generator of (X, .J).

6) Does this process admit a stationary probability? Make explicit the values of
three out of its components in function of the fourth one.

7) Express the stationary probability of X using that of (X, J).

‘We now assume that
)\:37 ,U,:LO'A:L O'BZQ.

8) Calculate the stationary probabilities of (X, J), and then that of X.
9) What is the blocking probability at equilibrium?
10) What is the loss probability at equilibrium?

EXERCISE 14.— We recall that for any integer n and any positive real number (3,

teo n!
z"Be P dr = —.
/ 5
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We consider a queue where the service times are independent and identically
distributed. A request has a probability p that its service time follow an exponential
distribution with parameter p,, and a probability ¢ = 1 — p that its service time
follow an exponential distribution with parameter /5. Formally, if X; and X5 are two
independent random variables of exponential distribution with respective parameters
1o and pg, if Y is a random variable independent of X; and X5 such that

then the service duration reads as the random variable

X =Xy =Xilyy—1y + Xoly—oy.

The arrivals follow a Poisson process of intensity A. There is a single server and a
buffer of size K.

1) Show that the average service time is given by

1 1
p— + q—,
Mo Hp
which will be denoted 1/p.

2) Show that the variance of the service time is given by

2 2 1
P +4—=5— 5
pEo Tpy o p?

Finally, to study the performances of this queuing system, we consider the Markov
process X representing the number of customers in the system and the phase of the
customer in service. The state space is hence

E={0}U{(i,7),1<i<K+1, 7€ {a,B}}.

For instance, X being in state (5, ) means that there are four customers in the buffer
and that the customer in service is in phase «, so that his service time follows an
exponential distribution of parameter fi,.

3) For K = 0, write down the infinitesimal generator of X.
4) For K = 0, calculate the loss probability in steady state.

5) Compare to the corresponding result for the M/M/1/1 queue having the same
load.

From now on, we assume that the buffer size is infinite.

6) What is the condition of existence of a stationary probability? (No computation
needed!)
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7) What is the mean number of customers in the system in steady state?
8) If j1n, = 1 and p is fixed, what is the relation between p and yi3?

9) Represent the changes in the average number of customers when p varies from
0to1/p.

10) Write down the non-zero coefficients of the infinitesimal generator of X.

11) Let 7 be the vector representing the stationary probability. We set g = 7(0)
and z; = (7(i, ), w (i, 3)). Write down the equations satisfied by the z;’s, by using
products of block matrices.

EXERCISE 15.— Let J; = (Ey, A1, v1) and Jy = (Es, A, 1) be two independent
Markov processes. Write “by hand” the generator of the couple process J = (Jy, J2),
to corroborate the conclusion of Theorem 7.22.

7.8. Notes and comments

There exist in the literature, many books on Markov processes with discrete state
spaces and their applications to queuing. More or less in chronological order, let us quote
non-exhaustively [KLE 76, CIN 75, KEL 79, ASM 03]. These books do not address the
martingale problems, due to their complexity. However, this tool is the basis of many
of the fluid limits, and diffusion approximation results for queuing systems. Several
wonderful examples can be found in [ROB 03]. Other reference books on this subject,
with a strong mathematical background, are [BRE 81, DEL 76, ETH 86, JAC 79].

We have deliberately chosen this approach which is a little more formal than that
used in the chapter on Markov chains, for its elegance as well as to pave the way for
those readers who would want to get into the theory of Markov processes in continuous
state spaces, which is more difficult.

To learn more about the MMPP, we refer the reader to [FIS 93, NEU 94] and the
references therein. The approach developed here, based on martingales, is original.
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Epitome

— A Markov process with values in a discrete state space is a process whose paths are
made of jumps regulated by a Markov chain, and of constancy intervals of exponential
distributions. The parameter of each exponential distribution depend on the state.

— Its infinitesimal generator A is a (possibly infinite) matrix whose coefficients may
be interpreted as follows:
- A(z, x) is the opposite of the parameter of the exponential distribution
governing the sojourn time in state . Beware of the minus sign!
- A(z, y)/|A(z, x)| is the probability that the process goes to y when it leaves .

— The nature of the states (recurrent, transient) of the Markov process is the same
as that of the embedded Markov chain.

— The stationary probability 7 is obtained by solving the equations 7A = 0 and
> wep T(x) = 1 where 7 is written as a row vector.

— The stationary probability is invariant by multiplication of all the coefficients of
A by the same positive number. However the dynamics changes: the sojourn times in
each state change accordingly, and the transitions remain the same. In the modeling of
queuing systems, we use this fact by choosing the mean service length as time unit,
thatis p = 1.

— If the process is irreducible, recurrent and of invariant probability m we have

2] X as == Y pwna);

zEE
t—oo

P(X(t) = y| X(0) = @) “=°% n(y), Va, y € E.

— The excursion duration from a given point « to itself can be deduced from the
invariant probability

— The paths of a Markov process are simulated using the construction of
Definition 7.1.



Chapter 8

Systems with Delay

All actual telecommunication systems are loss systems, since all the buffers have
finite, and hence limited capacity. By system with delay, we mean a system in which
the dimensioning is such that the loss caused by the overflow is negligible, and for
which the relevant criterion for assessing the performances, is the waiting time.

Before we start a detailed study of these systems, we first introduce a well-known,
general and very useful relation called Little’s Formula.

8.1. Little’s Formula

We consider a system with delay, in which the customers arrive at times
(T,,, n > 1), spend in the system sojourn times given by (W,,, n > 1) and leave
the system at times (D,, = T, + W,,, n > 1). We denote N as the point process
of arrivals, D as the departure process and X, the process counting the number of
customers in the system. At time 0, the system is assumed to be empty, i.e. X (0) = 0.
The key point is that the system is conservative : all the incoming work is processed
by the server(s).

THEOREM 8.1 (Little’s Formula).— We assume that N is asymptotically linear, i.e. there
exists A > 0 such that
N(t) -
N(t) 1700\ aus.

and that the sequence W is ergodic, i.e.

1 n
=3 W W oas.
n

j=1

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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Under these assumptions, we have

t

1
X =1lim - [ X(s)ds=W.

t—oo 0

The existence of the latter limit is shown in the following proof.

Proof. Letusfixt > 0 and apply the integration by parts Formula A.13 to the processes
X and t — t. As the second process is continuous, there are no quadratic variation
terms and we have

tX(t):/otX(s)ds+/(Jtst(s).

But the jumps of X are those of [V and D, hence
t t t
/X(s)ds:/(t—s)dN(s)f/(tfs)dD(s)
0 0 0
=) (=T - Y. (=T, —Wy).

Tn<t Tp+Wp, <t

We must now distinguish between the customers who left the system before ¢, and
those who entered before ¢, but left the system after ¢. We have

/OtX(s)ds St =Tu—(t—Tn—Wa))+ Yoo (t-T)

Th+W,<t Ty +Wy,>t, T, <t
= Y W+t > (t —Tp).
Tn+W,<t Tn+Wy>t, T, <t

For all instants 7T, such that (T,,+W,, > t,T,, < t),weclearlyhave 0 < t—-T,, < W,,
therefore

> Wn</tX(s)ds< oWt D> Wa= D> W
0

Tpn+Wp <t Tn+Wp<t Tn+Wpn>t, T <t Tn<t
By the definition of N (t),
N(t)
SoWa=> W,
T,<t n=1

hence
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1 N()

N@) 1 oo
SN w, = 2 N e gy
PP

according to the two assumptions.
It remains to be proved that we have the same limit for the lower bound. This

requires controlling the number of customers who entered before ¢ and have not yet
left the system at this time. Let us observe that

Wn 1 n n—1
EaR PBLERDILE
j=1 j=1
1 -1 1 =
=W S W
j=1 j=1

Therefore,

Wo  Wo N(T) nose -\
?R_TT—)OA_O’ a.s..

Let us fix the sample path. For any € > 0, there exists m (depending on the path)
such that W,, < T, forn > m. Forn > m,
T, + W, <(1+¢e)T,.

Ifn>mand T, <t(1+ 5)’1, then customer n has left before time ¢. Hence,

N(t(14e)™ 1) N(t(14e)™ 1) -1
> Waz > Wi= Y W= W
Tn+Wn<t Jj=m j=1 j=1

The same argument as for the upper bound thus gives

. . —1
lim inf S Wz AW(+e)h
Tn+W,<t

As this result holds true for any € > 0, we deduce from it that it is still true for ¢ = 0.
The result follows by comparison of limits. O

ExaMpPLE.— Take as “system” in Little’s Formula, the server of a single server queue.
The sojourn time in this “system” hence equals the service time. As there is O or 1
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customer in service, the mean number of customers correspond to the rate of occupancy
of the server, denoted by 7. Little’s Formula entails that

T=Ax1/p.

In other words, the traffic load p is the proportion of time where the server is busy.

EXAMPLE.— Let us come back to relation [1.2], associated with Figure 1.3. We view
this as a system in which the nth customer arrives at time 7,, and leaves at time 7, +Y,.
The sojourn time of customer n is hence Y,,. According to the strong Law of Large
Numbers,

n—oo

T, 1< 1 1

—_— == E (X; +Y;) —— — + — almost surely. [8.1]
n n = w7

Denoting N as the number of arrivals up to time ¢, we clearly have

T, <t<T,41 < N(t) =n,

hence

N N _ N
Tnwy+1r — ¢ 7 I

As N(t) tends to infinity almost surely, the Theorem of limits by comparison together
with [8.1] implies that N (¢) /¢ tends to

/(1 /p+1/7)=A\

By construction, X represents the proportion of time when the server is active, and
according to Little’s formula we obtain that

X =-.
o

Hence we have shown in this case that the traffic load equals the product of the average
number of arrivals with the average processing time.

NoOTE.— Notice, that nothing in the assumptions of Little’s Formula is mentioned about
the service discipline. This means for instance that the average sojourn time is the same
in the FIFO discipline as in the LIFO discipline. This paradoxical phenomenon means
only that the average sojourn time provides a very poor information on the behavior
of system. However, it is often very easy to calculate. In fact, a qualitative difference
between the various service disciplines will appear when considering convex functions
of the sojourn time (see section 4.1.6). In particular, the latter implies a difference in
the variance and more generally, in the distribution of the sojourn time.
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8.2. Single server queue

THEOREM 8.2.— Consider a Mx/M,, / 1/0o0-FIFO queue, and set p = X/ p. In the
sense of Theorem 4.2, the stability condition is given by

p <1 [8.2]
In that case, the invariant probability m is given by
w(n)=p"(1—p), neN.

In particular, the average number of customers in the system in steady state is given
-1
by p(1—p)~".

Proof. We saw in example 7.1 that the process X = (X(t), t > 0) denoting the
number of customers in the system (also called congestion process of the system) is a
Markov process of infinitesimal generator

-\ A
po—(Hp) A (0)

©  u () A

The stationary probability 7 of X has been explicitly given using the tools developed
in Chapter 7 (see the derivation after Theorem 7.12). We obtain that for any integer ¢,

It then follows from the normalization constraint that under condition [8.2], we have

1

W(O) B ZieN P -

- P

and therefore for any ¢ € N,
(i) = pi(1 - p).

This means in other words that under condition [8.2] which is, according to Theorem
4.2, the stability condition of the system (and thus of recurrence of the state 0 for X), the
only stationary probability of X is the distribution of a random variable X, = Z — 1,
where Z follows the geometric distribution of parameter 1 — p.
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In particular, the average number of customers in the system at equilibrium is given
by
1 P
EXo]=E[Z-1]=——-1=—. 8.3
Kool =B[Z—1]= 7 - [8.3]
O

Throughout the remainder of this section, we assume that the stability condition
[8.2] is met.

For this system, an interesting performance measure is the proportion of customers
entering an empty system, or (equivalently, as we shall see) the proportion of time
during which the server is idle. By recalling that we denote 77 < 7> < ..., as the
arrival times of the customers in the queue, the asymptotic proportion of customers
entering an empty system is given by

N T
. 1 _ L1 -

1 T
tim - /O 1o (X (1)) dt [8.4]

T—o0
= E[1{} (X)]
= 71—(0) =1- Ps

where the first almost sure equality follows from the PASTA property for the measurable
function 1{0} (see Theorem A.38), the second one, from the fact that X has a.s. rcll
paths, and the third one, from the ergodicity of the process X (Theorem 3.22). For
instance, a system of load 1 / 2 is hence busy half of the time, and on a long time interval,
half of the customers find an empty system (and are hence immediately attended) upon
arrival.

Waiting time - sojourn time

Let us now address the waiting time (i.e. the time spent in the waiting room) and
the sojourn time (i.e. the total time spent in the system) of the customers in the system.
We adopt again the notation of Chapters 4 and 5, and denote for any n > 1, TA,, as
the waiting time of customer C), (which coincides in FIFO, with the workload of the
server at the arrival of C),, as studied in Chapter 4) and Ts,, as the sojourn time of C,
in the whole system (waiting room + service).

According to Theorem 4.2, provided [8.2] holds there exists, for any admissible
service discipline, a stationary waiting time TA and consequently, a stationary sojourn
time TS in the system, given by TS = TA + o. Little’s formula entails
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E(Ts] = = PA(‘”} - 8.5]

with [8.3]. We therefore have

E[TA]:E[TS]—E[J]:Mi/\ :M%X

[8.6]

Even though the average congestion [8.3] depends only on the traffic load p, we
can compare the waiting and sojourn times of two systems having the same traffic
load My /M,, /1 and My /My, /1, where « is a positive parameter. By adding the
exponent © to the parameters of the second system, we deduce from equations [8.5]
and [8.6] that

E [Ts%] = éE [Ts] and E [TA®] = éE [TA].

Thus, the average waiting and sojourn times are, for instance, divided by 2 as soon as
the service and inter-arrival times are divided by 2. The output parameters hence keep
the time scale factor of the input parameters.

NOTE.— The same volume of information can thus be transmitted by packets of average
size m emitted at a rate A, or by packets of average size cvm emitted at a rate \ / a.
The traffic load p, and as we saw above, the average number of customers waiting in
line remain the same.

Therefore, the greater the size of the packets, the larger the needed size of the buffer
will be (a concrete buffer is not infinite!!). This is not obvious a priori, because the
total amount of bytes transmitted is the same!

At constant traffic load, the average size of the packets also has an influence on the
limit sojourn time, see [8.5]. Transmitting the information in larger packets therefore
entails large transmission times. It seems that the solution would be to choose small
packets. Unfortunately, even that solution has drawbacks. Indeed, a packet consists of
useful material, and control informations (origin, destination, type, etc.). As the control
informations are generally of constant size for a given protocol, limiting the packet size
then amounts to limiting the proportion of useful material on the whole information.
Therefore, smaller the packets, more is the decrease in the efficiency (defined as the
ratio of useful information provided out of the size of the packet).

Recall, that in Chapter 5 we derive explicitly the distribution of the stationary
waiting and sojourn times through their Laplace transforms. By specializing the results
of Theorem 5.6 to the case where the service times follow the distribution £(11), we
obtain the following.
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THEOREM 8.3.— The stationary waiting time TA and the stationary sojourn time TS in
an M/M /1 queue admit, respectively, the Laplace transforms defined for all s by

Ele™] =1-p) (Ml“fp)sﬂ) ; [8.7]
E[e—™] = (1-p) (M(l_“p)ﬂ) , 8.8]

The PASTA property also allows us to show that the stationary distribution of the
congestion process coincides with that of its embedded chain.

LEMMA 8.4.— Under the condition [8.2], the Markov chain X = (X(T;),
n > 0) is irreducible, positive recurrent and of stationary distribution .

Proof. 1t is obvious that the chain is irreducible and recurrent, so let 7 be its invariant
distribution. According to Theorem 7.13, for all f € {°°(N) we have that

U R ) /fdvr

As N(t) takes values in N and tends to infinity as ¢ tends to infinity, we have by
extraction

N(t)

Zf RimiccR /Nfd?r.

n=1

But in view of Theorem A.38,

1 N(t)
Jim oy S = i s / F(X(57)) AN (s)
= lim — / f(X(s7))ds= / fdm.
t—o0 t N
By identification, it follows that 7 = 7. O

NOTE.— Setting up a connection is an investment that must be profitable. Therefore, the
connection should be used as much as possible, in other words it should carry on a traffic
load as close as possible to 1. Unfortunately, according to [8.6], such a load induces
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some significant delays, and hence a limited quality of service. Fortunately, in real life
the connections are loaded at 10% of their capacity.

8.3. Multiple server queue

We now turn to the Markovian queue with .S servers (S > 1) and waiting room
of unlimited capacity, denoted by M /M, /S /o0o-FIFO in the usual nomenclature.
This model is represented by the process (X S)(t), t > 0) , thereby counting the total
number of customers in the system, with values in N. This process is naturally Markov,
we determine hereafter its infinitesimal generator:

—forany i € [1, S], if the process is in state 4 there are ¢ customers in the system,
who are all in service. So the sojourn time of the process in state ¢ (which will
denoted by Y; for any 7) is the minimum of a random variable U ~ &(\) counting
the current inter-arrival time, and ¢ random variables independent and identically
distributed V7, Vo, ..., V; of distribution £(u), counting the residual service times
of the 7 customers in service. Then, the process jumps to ¢ — 1 if Y; = V}, for some k
andto:+ 1ifY; = U,

—forall i > S, in state  all the .S servers are busy, so ¢ — .S customers are waiting.
Thus, Y; equals the minimum of S random variables Vi, V5, ..., Vg of distribution
e(p) and of the random variable U having distribution (), keeping the previous
notations. The process then jumps to ¢ — 1 or to ¢ + 1 as in the previous case;

— The sojourn time Y in 0 has the distribution £()), and the process almost surely
leaves 0 to go to 1.

According to Definition 7.1, the transition matrix Q(%) of the process hence reads
as follows.

-¢9(0,0) = Aand ¢(0,1) = 1;

—foralli € [1,5], ¢*¥)(i,i) = ip + X and the only non-zero transitions are
iy

i+ N

A
¢9G,i+1) = Y and ¢ (3,0 — 1) =

—foralli > S, ¢ (i,i) = Su + A and the only non-zero transitions are

Sp
Sp+ A

and ¢ (i,i — 1) =

A
(9) (s 5 1) —
@i =5

Therefore, in view of [7.11] the process (X (S)(t), t> O) is Markov, with
infinitesimal generator given by
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-\ A
po —(A+p) A
0 2 —(A+2u) A (0)
A —
(0) Sp —(A+Sp) A
Su —(A+Sp) A

The proof of the following Theorem uses the same arguments as that of Theorem 8.2,
it is hence left to the reader.

THEOREM 8.5.— Under the stability condition
p <S8, [8.9]

the only stationary probability w5) of the process (X(S) (), t > 0) reads

S-1 & S5 -t

(S)(O):<§ :p+p> :

™ b
2 k1TSS p)

i 8.10

75 () = %W(O)for alli € [1,S5 —1]; [8.101
. p'

(9 (i) = Wﬂ.

(0) foralli > S.
Under condition [8.9], we can deduce from Theorem 8.5, as in [8.4], the limiting

rate of customers who must wait to be attended. It is given by the so-called Erlang-C
Formula

=S i=1
_ —1
(s Sp®
2T sE-) S
=:C(S, p).

We can therefore implement a simple algorithm for dimensioning a multiple server
queue, being fixed a quality of service constraint in terms of proportion of customers
put on hold.
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Algorithm 8.1. Dimensioning of a multi-server system with guaranteed holding
rate
Data: p, p
Result: The optimal number of servers S, given a traffic load p and the
guarantee of a proportion p of users put on hold.

S «—1;

until )
S—1 9,5 a SpS

p< Z&I+ 1 4 1 4

=kl SI(S—p)) SUS—p)

do

‘ S —S+1;

end

return S

The average number of customers in the system at equilibrium is given by
[X (s )} Z in(S
() °ip! Ss_lp = Pyt
=m0 | >+ > i(%)

i=0 5! i=5+1
S-1 4 SS 1 d e ;
o (L0 5 (3 ) (5))
1= 1=S+1
S—1

‘ S

=0 (Y L+ 5P

IS8t —Sp+ S
2o TSl (S =)

According to Little’s Formula, the sojourn time Ts(*) and waiting time Ta®) in steady
state therefore have the following respective mean expectations

S0) (= pi p582—Sp+ 8
)] _ ™(0) PP p+SY.
E[Ts } . <ZO Tt G ) [8.11]
S—1
1 iopS8%-Sp+ S
] = 2 |9 PP P _
E[TA } ” [w 0) (;_0 R Ry e ) 1]. [8.12]

Relation [8.12] allows one to dimension a system, having guaranteed an average waiting
time.
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Algorithm 8.2. Dimensioning of a multi-server system with guaranteed waiting
time
Data: p, u, TS
Result: The optimal number of servers S given the traffic load p and a
guaranteed average waiting time TS.
S —1;
until

L2 s N (S S SptS
Ts < — F,)—JrL &+L7p2 -1
— il SIS —p) —il St (S-p)

do

| S—S+1;
end
return S

In addition, as in the case of the single server queue, we can derive the distribution
of the stationary waiting time through its Laplace transform:

THEOREM 8.6.— If p < S, the waiting time TA,, converges in distribution to TA®),
whose Laplace transform is given by

S

oS
—_— 8.13
Sls+(S—pu’ 18.15]

E |:e—sTA(S):| —1_ 0(57 p) + ﬂ_(S)(O)

which is equivalent to saying that
P’

dPrys)(z) = (1 = C(S, p))do(x) + mo 3

Spexp(—(S — p)uz)1r+(z) dz.

NOTE.— The last relation means that the waiting time is zero with probability 1 —C'(S, p)
(which is obvious) and that conditionally to being positive, Ta®) is exponentially
distributed with the parameter (S — p)u.

Proof. As the service times follow exponential distributions, conditionally to the fact
that all servers are busy, the inter-departure times are all exponentially distributed with
parameters Sy, and independent of each other. We therefore have that

X,—S+1
law
Wn =y 1 1%, >sp
j=1
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where (1, k > 0) is a sequence of random variables independent and identically
distributed of exponential distribution with parameter Sy. Therefore,

Sy X, —S+1
—sWo | v _ N -
E eV %,] = (s—l—Su) Lgos g, s

From Theorem 8.5, X, converges in distribution to X'. As this conditional expectation
is a bounded function of X, if p < S, E [e*‘qw"] converges simply for any s toward

Sp X, —S+1
( > x> Tz, <5y

E
s+ Su

=E [e*STA(S)} .

‘We therefore obtain

RE) (p S T
—sTA 1 P
E[e }71 C(S,p)+;<ss+su)

s g o J
—1_ Sy P__PH P
CSp)+m (O)S!erSuj; s+ Su

s
p Su
C(S, p) + o Sls+ (S —p)p

8.3.1. Comparison of systems

Starting from a simple queue, we compare hereafter qualitatively three types of
operations aiming to improve the performances of the system: the multiplexing of the
resources, the parallelism, and the speed of execution.

We consider the following four systems, all subject to Poisson arrivals with intensity
A, of customers requesting service times of distribution £(u). Hence, the traffic load
always equals p = A/ p Erlang, and it is assumed that p < 2. We assume further that all
considered servers work in FCFS, and that the waiting rooms are always of unlimited
capacity:

— system A has one server working at unit speed, and hence corresponds to a simple
M, /M, /1 queue;

—in system B, the customers are redirected with probability 1/2 (independently
from a customer to the other, and independently of all other random variables) toward
one or the other of two independent systems operating in parallel, each of those having
one server working at unit speed. According to Theorem 6.6, each of the two parallel
queues is hence a M 2 /M, /1 queue;
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— system C is a single queue with two servers, each of those working at unit speed.
C is hence exactly a M, /M, /2 queue;

— finally, system D has one server working at double speed: the customer C),, who
requires a service time o, actually needs only a duration ., / 2 to be serviced. It is then
easy to see that the service times of the customers are i.i.d of distribution £(24), and D
hence corresponds to a M, /M3, /1 queue.

In the following, we add respectively the exponents A, B, C, and D to the
characteristics of the different systems.

According to [8.5], the average sojourn time of a customer at equilibrium in the
system D is given by

1
E [Ts"] = 8.14
T = 5 8.14]
whereas in A, provided p < 1,
N 1
E[Ts| = ——. [8.15]

W= A

We now consider the system B. Let X! and X2 denote, respectively, the processes
counting the number of customers in each queue and, for any ¢,

XP =X+ X}

. )\1/2 E@%
@ — ﬁj@%

System A System B

%<g% T @ —

System C System D

Table 8.1. Comparison of four systems. The traffic load is p in A and p / 2 in the other three
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represent the total number of customers in the system at t. As p < 2, X! and X? are
ergodic, and by denoting X ;O and X go as their limits in distribution, we have

1t I 1t
lim -~ [ XPds= lim - [ Xlds+ lim ~ [ XZds
t—oo 1 Jo t—=oo 1 Jo t=oo 1 Jo
=B [X}] +B[X2)]
_ A/2 . A2 [8.16]
H=A/2 p—=X/2
2\
= CEY
in view of [8.3]. According to Theorem 4.20, there exists provided p < 2 a stationary

waiting time, and hence a stationary sojourn time Ts® for this system, defined by the
almost sure limit

N
1
Ii - B __ B
Jim > TSk = E[Ts"],
n=1
where for any n, Ts?, denotes the sojourn time proposed to the nth customer. Little’s
formula applies to this system. With [8.16] we therefore have that

E [Ts®] = . 8.17
s = 5 8.17)
Finally, from [8.11],
1 p?4—2p+2
ETSC=W0(1+P+ >
=) 2 @)
:12—0( 4 ) [8.18]
p2+p \(2+p)(2-p)
_ 4p
2u—=N2u+A)
Gathering [8.14, 8.15, 8.17] and [8.18], we obtain that provided p < 2,
2
E[Ts?] — E[Ts¢] = ;
e TRV ICTESY
1
E[Ts¢] — E[Ts] = .
TS~ BITS") = 5=
Consequently, we have that
E [Ts’] < E[Ts‘] < E[Ts?] < E[Ts*]; [8.19]

E[Ts"] < %E [Ts*], [8.20]
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where [8.20] and the last inequality of [8.19] make sense only if p < 1. When
considering the time spent in the system, it is then preferable to double the speed
of execution than doubling the number of resources, which is in turn more efficient
than two parallel systems. In addition, according to [8.20], doubling the speed of service
achieves more than the double of the system efficiency.

8.4. Processor sharing queue

We briefly address the case of the Markovian M /M,,/PS queue, studied in the
general case in section4.2. Customers enter the system according to a Poisson process of
intensity A, requesting service times of distribution £ (), and are immediately attended
by a processor sharing server : all are served simultaneously, at a rate that is inversely
proportional to the number of customers in service.

Let us denote XS, the process counting the number of customers in the system. It
is easily seen that this process is Markov, and to give its generator. For all ¢ > 0, we
denote as above:

— W (t), the residual time at ¢ before the next arrival;

— R(t), the residual time at ¢ before the next departure.

Let i > 1. On the event { X"S(t) = i}, let us denote Ry (t), Ra(t),. .., Ri(t),
the residual service times of the ¢ customers in service at ¢, in time unit. According to
Theorem 7.3, these service times are independent and of distribution €(11). As long as
there is no new arrival after ¢ (i.e. up to t + W (t)), the server works at a speed of 1 /¢,
which multiplies the time scale by this factor. Thus, from the perspective of the server,
the residual service times of the customers follow the distribution e(1 /4) and then:

(i) if min;j—q, .. ; R;(t) < W(t), the server works at the same speed until the next
departure, which takes place before the next arrival, and therefore R(¢) is the minimum
of 7 independent random variables of distribution £(p / 7);

(i) if W (t) < minj—;, . ; R;(t), at time ¢ + W (t) a new arrival occurs and hence
there are 7 + 1 customers in the system. Again, according to Theorem 7.3, the statistics
of the system do not change if we draw once again the service times of the 7 + 1
customers, according to the distribution (11). Therefore R(t) has the same distribution
as the minimum of ¢ 4 1 independent random variables with distribution e(u / (i 4+ 1))
unless there is another arrival before the next departure, in which case we draw once
again the 7 + 2 service times according to the same distribution €(y), and so on.

In conclusion, in all cases the distribution of R(t) follows, conditionally to
{XPS(t) = i}, the distribution £(1). As W (t) follows for all ¢ the distribution (),
as is the case for the previous systems, we obtain the following result.

THEOREM 8.6.1.— The process X©S has the same distribution as the congestion process
X of the Mx/M,, /1 queue. It therefore admits the same stationary distribution,
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provided p < 1. Especially, according to Little’s formula the average sojourn time
in steady state is the same as that of the M/M/1 queue.

NoOTE.— This does not mean that the processes X and X have the same paths
almost surely! This is obviously not the case, and the latter identity holds true only in
distribution.

8.5. The M/M/ oo queue

The M/M/ oo queue is obviously a theoretical illusion, because no system can
have an infinite number of servers. However, this object is used in several situations
(at least for comparison), for example in Theorem 10.14.

Let (X°°(t), t > 0) be the process counting the number of customers in the system
(and thus, in service). As above, it is easily checked that for any ¢ € N,

— the process X °° stays in state ¢ during a time of distribution (i + A);

— it leaves state 4 to go to state i + 1 with probability A / (A + i) and provided that
i > 1, to state ¢ — 1 with probability A / (A + ip).

Consequently, the process (X°°(¢), t > 0) is Markov, with infinitesimal generator

- A
wo —(A+n) A
0 2p —(A+2p) A (0)
A® = -
(0) in —(A+ip) A
G+Dp  —A+@E+Dp) A

The theory developed in Chapter 7 does not apply as such, because the coefficients of
the infinitesimal generator are unbounded. By using a widely different representation of
this queue (see Example 10.3), we can still deduce that the only stationary probability
7 of (X (), t > 0) reads

-P
7(i) = 25— foralli € N,
2.

setting as above p = A / .

NOTE.— Notice however that 7°° is as a matter of fact the only solution of the system

A =0,

d ow(i) =1

i€EN
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This result means in other words, that the limiting size of the system X follows
a Poisson distribution with parameter p. In particular, the average size of the system at
equilibrium equals

E[XZ] = p. [8.21]

8.6. The departure process

Consider one of the three models considered in the previous sections (single,
multiple or infinite server queue). We show hereafter, that whenever the stability
condition is met, the distribution of the departure process is identifiable.

Let us recall that we denote for any n € N, 7T,, as the instant of the nth arrival,
and T, as the instant of the nth departure. We still denote (N (¢), t > 0) as the arrival
process and (D(t), t > 0) as the departure process, that is for any ¢,

D)= 1y

neN

At first glance, we might think that the departure process is such that the time
between two departures is of distribution €(y). We will see that this is not the case.

Let us start with a heuristic on the M/M/ 1 queue to deny this idea. Let us place
ourselves at a departure time, say 77,, the departure time of C,,. So 7, , ; equals

—T) + opi1,if Cpy is in the queue at the departure of C;

—Thy1 + 0nq1, if C), leaves an empty system behind.

So, if we assume that 7}, , ; — T}, is independent of the past of 7}, (property that
shall be demonstrated hereafter), we have that

E[T,, —T,] =E[on1] + E {(Tnﬂ -T) 1X(T,’1):0}
1 1 N

according to Theorem 6.7. Thus, at equilibrium the average time between two
departures equals
1 1 1

;‘*‘XW(O):X,

as much as the average time between two arrivals!

The following Theorem makes this result precise, and shows that in steady state,
the departure process is in fact, like that of arrivals, a Poisson process of intensity .
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THEOREM 8.7 (Burke’s Theorem).— In steady state, the departure process is a Poisson
process of intensity \. Moreover, for any s > 0, the departures times after s are
independent of the arrival times before s, i.e. o(D(u); u > $) is independent of
o(N(u); u < s).

Proof. Inall the cases, the congestion process (X (¢), t > 0) is a birth and death process
(see section 7.5). It is therefore reversible, with stationary probability 7. In particular,
by assuming that X has the initial distribution 7, it has for any U > 0 the same
distribution as its reversed process (XU (t), t > 0).

It is clear that for any n € N, T, (respectively T,) is the nth instant of downward
(respectively upward) jump of the process X. Moreover, for any U > 0 the instants
of downward jumps from X up to U correspond to the instants of upward jumps of
the reversed process: the original process decreases by one when the reversed process
increases by one. Specifically, if we denote

T, =T' AU, n €N,
as the points of the process (D(t), t > 0) restricted to [0, U], we first have
T, =inf{t <U; X(t) = X(t7) — 1}
=S —sup{s <U;X(S—s)=X((S—s)") -1}
=8 —sup{s <U; XY(s) = XY(s7) + 1}.

The latter supremum is the last upward jump instant of the reversed process before U.
Since X is reversible, this sup equals in distribution the last upward jump instant of
X (i.e. the last arrival) before time U, that is Ty (). According to Theorem 6.7, we
therefore have the following identity in law

T/ EU - Tyw)y £U AV,

where Y] is a random variable of distribution £(\). Similarly, we can show that
Ty — T £ (U="T}) A Ya,

where Y5 is independent of Y] and of distribution (), and so on.

This shows that (D(t), t > 0) is equal in distribution to a Poisson process on
[0,U]. As this is true for any U > 0, (D(t), t > 0) is a Poisson process. Finally, the
independence property results, naturally, from that of the arrival process. O

8.7. Queueing Networks

In this section, we present the main stability results on the simplest model of
queueing networks, that is a set of queues in which customers leaving a queue may join
another one, to receive a new service.
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8.7.1. Open Jackson networks

We first consider the following system:

— a Poisson process of intensity A > 0, which is interpreted as the arrival process
from the outside into the system;

—a set of N queues, where the i-th queue is of type ./M,, /.S;/oco-FIFO : the
customers entering the ¢-th queue request for service times that are independent and
identically distributed of distribution &(u;), to a group of .S; servers. The distribution
of inter-arrival times in the queue is not known a priori because it depends on the other
queues, as we shall see;

— a Markovian matrix P of size N + 1 : for any ¢ € [0, N], P;; € [0,1] and
Z;V:o P;; = 1. The matrix P is called the routing matrix of the system: as soon as a
customer has finished his service in the queue 7, he makes a draw that is independent
of all the other parameters, in order to decide the next queue in which he will request a
service. For any j € [0, N], he then joins the queue j with probability P;;. The “queue
0” represents here the “outside” of the system: customers moving from O to j arrive
directly from outside into the queue j, and those going from ¢ to 0 leave the system
after having visited the queue i. Let us notice, that if P;; > 0 for some ¢, a customer
may get back in the same queue ¢ just after having received service in the same queue.
Let us assume that P satisfies the following two conditions

Py =0, [8.22]

and for any ¢ € [1, NJ, there exists n € N and a n-uple {i1, io, ..., i, } of elements
of [1, N] containing ¢ and such that

POil-Pi1i2 ... P, -Pin() > 0. [8.23]

ingin
Condition [8.23] thus ensures that any queue ¢ is part of a possible path, going from
the outside to itself.

The system is described by the process

where for any 4, X;(¢) counts the number of customers in the i-th queue at time ¢.
As the traffic in each queue depends on the other queues, it is easy to see that each
process (X;(t),t > 0) alone is not Markov. This is the case, however, for the process
(X (t),t > 0), as will be shown in the following lemma. We denote (see the notations
of appendix A) for any ¢ € N,
e,=(0,...,0, 1 ,0,...,0)
~

and for any k € N,
pi(k) = pi(k A S5).
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Figure 8.1. An open Jackson network with two queues

LEMMA 8.8.— The process (X (t),t > 0) describing the open Jackson’s network is
Markov, of infinitesimal generator A” defined for any x = (x(1), ..., ©(N)) by

A%z, x4 ej — e;) = pi(2(i)) Py
A%(z, x + ej) = APy;;
A%z, v —e;) = pi(z(i)) Po,

all the other coefficients A” (x,y) being zero and the diagonal coefficients A” (z, x),
equal to the opposite of the sum of the A (x, y) fory # .
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Proof. Let us assume that the process (X (t),¢ > 0) is in state x at ¢. Then, the process
may directly leave = only to go to the following states:

1) x +e; —e; if 2(4) > 0 and if a customer in service in queue ¢ completes his
service, and then goes to the queue j;

2) x —e; if (i) > 0 and if a customer in service in queue ¢ completes his service,
and then leaves the system;

3) x + e; if a customer enters from outside toward the queue j.

According to Theorem 6.6, the process of arrivals from the outside toward the queue
Jj is Poisson of intensity AF,;. The residual time before the next point of this process
therefore follows the distribution €(AF,; ). Then, the residual time before the next end
of service among the x (i) A S; services currently in queue 4 follows, as seen above,
the distribution e ((z(¢) A S;)p;) = €(p;(x(7))). By denoting for any 4 the event

B; = {The first service that ends is a service of queue i},

the probability that the process actually leaves x for x — e; + e; (respectively x —e;) is
given by P(B;N{ the customer leaves : for j}) = P(B;)P;; (respectively P(B;) P;).
This concludes the proof, in view of the above-mentioned properties of exponential
distributions. O

We will need the following technical result in order to characterize the steady state
of (X (t),t > 0).

LEMMA 8.9.— The system

N
Aj = APy + Y APy, [8.24]

=1

of unknown (A1, \a, ..., An) and called traffic equation, admits a unique solution in
(R+)N.

Proof. Asthe matrix P is Markovian, there exists a unique Markov chain (M,,, n € N)
with values in [0, N] and with transition matrix P. For any pair (7, ) of elements

of [1, N], there exists according to [8.23] two finite families {i1, ..., i,} and
{j1, ---, jp} of elements of [1, N7, including ¢ and j, respectively, and such that
Poi, ... Pin_linpino >0 and P0j1 ce Pjp—lePjPO > 0.

Therefore, with the notations of Chapter 3, there exists an integer ¢ < n + p such that
the probability p(?) (i, 5) that (M,,, n € N)) goes from i to j in g steps verifies

p(II) (7,,]) Z P0i1 - Pz F)i“ofjoj1 . Pjp—ljp

PjPO > 0.

n—1%n
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The Markov chain (M,,, n € N) is thus irreducible on the finite state space [0, N].
Hence it is positive recurrent, and according to Theorem 3.16, there exists up to a
multiplicative coefficient, a single stationary measure v on [0, N] which, represented
as a row vector, satisfies the matrix equation

v=vP. [8.25]
On the other hand, if {1, ..., Ay} is a solution of [8.24], as P is a Markov
matrix,
N N N
Sare=Yoa(1-3m,
i=1 =1 j=1
N N N
YAy YR,
i=1 j=1i=1
N N [8.26]
=D A= DA = ARy)
i=1 j=1
N
3
i=1
= A7
in view of [8.22]. This shows that {1, ..., An} is a solution to [8.24] if and only if
A= (N A, ..., Ay) is asolution to [8.25]. The single solution of equation [8.24] is
the only invariant measure having A as first component. U

Foranyi € [1, N], we know from the results of section 8.3 that provided \; < ;5;,
the congestion process of the My, /M,,, / S; queue admits the invariant probability 7°
given by

i = () )
)= ST 2 ) [8.27]
© (,Cz_onf_lum
(N)*

——7(0), i > 1. [8.28]
Ty i)

(k) =

We can therefore state the following result.
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THEOREM 8.10.— Let {\y, ..., Ay} be the unique solution of the traffic equation
[8.24]. It is assumed that the stability condition

A < ,ulCi, XS I[l,N]I, [8.29]

holds. Let m* be the probability measure on N defined by equations [8.27] and
[8.28]. Then the process (X (t), t > 0) describing the open Jackson network admits
on NN the only stationary probability 7 defined for any = = (z(1), ...,
z(N)) € NV by

7 (x(1), ..., z(N)) = Hwi(x(i)). [8.30]

Proof. We aim to apply Lemma 7.19. Define, for any z and y € N¥,

3 ™ (y) A% (y, x)

Az, y) = 7T0J(J3) T F Yy,

where 7% is the probability measure defined by [8.30] and A® is the infinitesimal
generator defined in Lemma 8.8. So, for any ¢ and j such that i # j and any = such
that z(j) > 1,

A v —e; +e5) = T E =€ He) Az —e; + e 7)

71-0](3,')
_mel) DT+
= T ey MO DR

by )
Yﬂj(m(J))Pij;
j

and similarly, for any ¢ and 7,

A(x, T + ei) = >\1P10,

Az, x —ej) = MAPM’ for any « such that z(j) > 1.
J

Let us form the following sums for any zz € N¥.
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y#T j=1li=1;i#j i=1 j=1
N N N
_ Z /’LJ (f(]) )\PO] 4 A'L Z p“] (i(])) P,L‘7 + Z )\1,P10
j=1 g i=1; ] J i=1
= (2 (9)) S
-y 4 (g = AP + > XiPio
j=1 J i=1

where the second last equality is a consequence of the traffic equation, and the last one
results from equation [8.26]. On the other hand,

> A%, y)

y#T

N
Z A%z, x —ej +e;) +ZAO’90 r—e€; +ZA°’33 z+e;)
j=1;7

=1 Jj=1

'Mz HMz

<
Il
—

N
pi(2(i)) (1 = Pyi) + Z APo;

I
] =

pi(@(9))(1 = Pi) + A
1

.
I

A(z, y).

xT

<
*

We conclude with Lemma 7.19. O

The latter, which is a classical result of queueing theory, is called “Theorem of the
Product Form”: if the open Jackson network is stable, it behaves just like a system of
N independent queues in equilibrium, where the i-th queue is a My, /M, / .S; queue.
This fairly counterintuitive result has a clear interest in simulation: it indicates that
the study of a Jackson network in steady state boils down to that of N multiple server
queues. At equilibrium, everything happens just as if the N queues would function
independently, and similarly to a classical Markovian queues (although each queue
alone is not an M/M/ queue).
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Burke’s Theorem applied to each of IV queues My, /M, /S;,¢ =1, ..., N, would
entail that the output rate of queue 7 equal \;, and thus that the input rate in queue j be
given by

N
APy; + Z i

i=1
that is \;, according to the traffic equation. The result is hence consistent.

At any time ¢, conditionally to X (¢) = (x(1), x(2), ..., (N)), we can show
by the usual techniques on the exponential distribution, that the residual time to the
first output from queue i to the outside after ¢, follows the distribution &(1;(z(7)) Pio).
Consequently, the residual time before the next output from the network taken as a

whole to the outside, after ¢, follows the law &( Zf\il wi(z(2)) Pip). It is thus natural to
define the instantaneous output rate at ¢ by the random variable

N
D(t) =Y ui(X;(t) Po.
i=1
The average output rate at equilibrium is hence given by

E[D(x0)] = E

N
Z 1i(Xi(00)) Pio

N
= Z Zﬂi(x(i))PioﬁRJ(x(l)a - z(N)),

(z(1),...,z(N))eNN =1
where X (00) = (X1(0), ..., Xn(00)) is a random variable distributed following
7™ on N, We then have the following analog of Burke’s Theorem.

THEOREM 8.11.— In an open Jackson network at equilibrium, the average output equals
the intensity of the arrival process, i.e.

E [D(c0)] = A.

8.7.2. Closed Jackson networks

The closed Jackson network is similar to the open network, except that we assume
now that the network is not “fed” by an exogenous Poisson process, in that no queue is
linked to the outside. Here, K customers (where K is fixed) move forever from queue
to queue in a network of IV queues ./M,,, / S;, which is connected as the previous one.
The system is hence fully described by:

— K, the size of the population of the network;
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— N queues ./M,, / S;;

— a routing matrix P, Markovian and of size N and satisfying an irreducibility
property similar to [8.23]: for any ¢ and j € [1, N], there exists n € N and a n-tuple
{41,142, ..., in} of elements of [1, N] containing  and j, and such that

Py, Py, .. Py, i, > 0. [8.31]

11;2 ..

Consider the set

i=1

N
A= {x = (z(1), ..., 2(N)) e NV; > "a(i) = K} .

The process (X (t),t > 0) defined as in the previous section is Markov on A, and of
generator A defined for all x € A such that z(¢) > 1 and z(j) < K, by

A%z, x +ej — e;) = pi(w(i)) Py,

where all the other terms are zero except the diagonal one, which is the opposite of the
sum of the other terms in the same line. The transitions for « such that z(i) > 1 for
some ¢, or z(j) = K for some j can be obtained similarly.

As above, the introduction of a Markov chain on [1, N] with transition matrix P
allows to conclude that there exists, up to a multiplicative coefficient, a single solution
A € (R*)" to the matrix equation

A=AP [8.32]

We then have the following result.

THEOREM 8.12.— The process (X (t),t > 0) describing the closed Jackson network
admits a unique stationary probability 7, defined for any x € A by

where C'is the normalization constant

N 2() -1

c-| ¥ )

(o), eaist o1 Hil

and A = (A1, Ao, ..., AN) is an arbitrary solution to [8.32].
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Proof. We follow the same argument as in the previous proof, i.e. we apply Lemma
7.19. Define A as above, i.e. forany z,y € A,

m (y) A% (y, )

A((E, y) = 7 (z)

, T F Y.

Then, we form the following sums for any x € A such that z(j) < K and (1) > 0
(the other cases can be treated accordingly).

N
ZAxy Z /l(x,x—ej-i-ei)

y#z J=1i=1; i

B i i ™z —e; +€)A%x —e; + €, 7)

ﬂ'CJ(I‘)

N
= > i D) (1~ Pr).

where the second last equality is a consequence of the traffic equation [8.32]. On the
other hand,

N N
ZAC]Z‘ Y) Z Z Az, x —ej +e;)
y#x i=1j=1;j7i
N
= wi((i)(1 - Py)
i=1
=) Az, y)
y#T
Hence, the result. O

A closed Jackson network is much less comfortable to study than in the open case.
One can in fact observe that, unlike the open case, the previous form is not a product
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form because of the expression of the constant C'. In addition, the numerical calculation
of this constant for a large network is computationally very expensive.

8.8. Problems

EXERCISE 16.— We consider the M/M/1 queue with the following service discipline:
a proportion p of the customers (the “polite” ones) is placed normally in line, while a
proportion ¢ = 1 — p of “rude” ones double everyone, and take the first place in the
queue. The class (“polite” or “rude”) of a given customer is independent of its arrival
time. This discipline is non-preemptive, that is to say that one does not interrupt the
current service. The intensity of the overall arrival process is A and the average service
time is 1 / p.

We denote (X (t), t > 0), the number of customers in the system (queue + server)
at time ¢.

1) Give the infinitesimal generator of X. Is it different from that of the M/M/1
queue with the FIFO discipline (First In First Out)?

2) Deduce the stability condition of the system and the steady-state distribution of
X.

3) What is the average waiting time in steady state?
4) What is the nature and intensity of the arrival process of the “rude” customers?

5) Denote WP, the waiting time of a given polite customer, X as the number of
customers in the system upon his arrival and N (W), the number of “rude” customers
who arrive during his waiting time. Show that we have in law,

N(WP)

X
wrES i+ Y a [8.33]
j=1

=1

where (1;, j > 0) and (o7, I > 0) are two sequences independent of each other and
of X, of independent r.v., exponentially distributed with parameter .

6) Explain why X and N (W?) are independent conditionally to W?.

7) We assume now that X has the stationary distribution identified in (2). Prove
that

X
p
E|Y n|=—"+.
= (L—=p)u

8) Show that

NN (WP) s
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9) Show that if X follows the stationary distribution identified in (2), we have
E {eiAquﬁE [e_s i |Wp} } .

(the explicit form of E [e=*""] is not requested explicitly).
10) Deduce, by differentiation, the average waiting time of a “polite” customer.

11) We denote W, the waiting time of a “rude” customer in steady state and W, the
waiting time of an any customer in steady state - we take for granted that the waiting
time of the nth rude customer converges in distribution to W*, and similarly for .
Explain why it holds true that

E [W] = pE [W?] + ¢E [W'] .
12) Deduce the average waiting time of a “rude” customer.

EXERCISE 17.— Consider a gas station with 2 pumps and a waiting slot:

In Out

—| Waiting |———| Pump2 |——| Pumpl |——

Figure 8.2. Gas bar with three pumps in series

Customers arrive at the station according to a Poisson process of intensity A. If
both pumps are free, the customer goes to pump 1. If the pump 1 is taken, the customer
goes into pump 2. If both pumps are busy the customer moves into the waiting place. If
the waiting room is busy, the customer pass his way. A customer in pump 2 must wait
until the pump 1 is free to exit the gas station. In the case, where the customer at pump
2 finishes before the one at pump 1, the two comes out together from the gas station
when the customer at pump 1 has finished. If there is, at that time, a customer waiting,
he will instantly go into pump 1 and begins filling his container. In the case where the
pump 1 is free but the pump 2 is busy, no one can enter into pump 1. The time to fill
the containers follow an exponential distribution with parameter .

We model this system by a Markov process X = (X7, X2, X3) where X is 0 or
1 and represents the number of customers at pump 1, X5 represents the number of
customers at pump 2 and X3 is the number of customers in the waiting place (X3 is
thus O or 1).

1) What is the state space of X?
2) Write the components of its infinitesimal generator.
3) Is there a stationary probability?
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4) If yes, what are the equations that characterize it?
5) What is the percentage of customers who cannot enter the station?

6) What is the percentage of customers who cannot enter the station because it is
badly done, i.e. customers who cannot be serviced even though pump 1 is free.

EXERCISE 18.— In a store, customers, on an average of 20 per hour, arrive at the cash
desk according to a Poisson process. As long as there are less than two customers in line,
there is only one cash desk open. The service times at this cash desk are exponentially
distributed and the average service time is 5 minutes.

As soon as three customers are in line, a second cash desk opens. The two cash
desks share the same queue. The second cash desk closes when there is not more
than two customers waiting. We note X; as the number of customers in the system at
time ¢.

1) Write the infinitesimal generator of X.

2) Find the stationary probability if there is any.

3) What is the average number of customers in the system?
4) What is the average number of customers in line?

5) What is the average waiting time?

6) What is the percentage of time when the second desk is open?

EXERCISE 19.— A banking agency has S = 5 employees. The average number of calls
is 20 per hour, the average duration of a call is 6 minutes. Arrivals form a Poisson
process of intensity A and service times are independent and exponentially distributed.
In questions 1-5, it is not requested to demonstrate the formulas, just to give them and
to perform the numerical computations. Note, that en route several partial results are
used several times.

1) If there is no possibility of waiting, what is the percentage of those customers
whose call fails due to the lack of a free employee?

2) The agency is now equipped with a device to put on hold, that is a record that
makes the customers wait until a consultant is free. We assume that all the customers
wait as long as necessary. What is the probability that a given customer has to wait?

3) Is it equal to the probability of blocking in the system without waiting? Why?
4) What is the average waiting time?

5) What is the probability that the waiting time exceed 2 minutes?

Now, we remove the stand by system and consider that a percentage 100.p of calls
require rerouting to a more specialized treatment center. At the level of the PABX (and
of the N allocated links), this results in an occupation of two connections: one for the
incoming calls, the other one for the rerouted calls. We denote X 1 as the number of
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direct calls, using a single connection and X 2. the number of calls that need two links.
The number NV of links is to be determined.

X' is limited by S the number of advisers, whereas X?2 is only limited by the
condition X! +2X?2 < N. We consider, in fact, that the dimensioning of the specialized
processing center is such that the calls that are intended for it actually reach it, and we
neglect the time needed for the local advisor to decide about the rerouting. We assume
that whenever all advisors are busy, the incoming calls are directed to the specialized
processing center.

6) Write down the infinitesimal generator of X = (X!, X?).
7) Does the process X admit a stationary probability?

8) Write down the equations allowing us to determine it.

9) At fixed IV, what is the size of the matrix to invert?

EXERCISE 20.— Derive [8.21] using Little’s formula.

8.9. Notes and comments

‘We have only given a glimpse of the study of Markovian queues with infinite buffer.
This subject has been a topic of wide interest for many researchers, and there is a huge
amount of literature on this issue.

In particular, we have not addressed the very interesting topic of elastic traffic and
processor-sharing queues. This rich framework is very well studied in [BON 11], and
provides a formula for the waiting time, which is insensitive to the distribution of the
service times.

The study of product form networks is based mainly on Kelly’s Lemma, which can
be found in [KEL 79]. The local balance equation that it induces is often too restrictive
to be satisfied. Many weaker versions exist, that are still less restrictive than the global
equations solving 7A = 0. Many examples can be found in [CHA 99].
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Epitome

— The stationary probability of the M /M/ 1 queue of arrival intensity A and average
service time 1 / p is given by

m(0) =1—p, w(n) = p"(1 — p), where p = X\ / 1.

— The waiting time in the steady state equals 0 with probability 1 — p. Conditionally
on being strictly positive, the waiting time follows an exponential distribution with
parameter p — A. Its mean expectation is thus 1/ (u — A).

— Inthe M/M/S queue, the stability condition is p < S. The stationary probability
is given by [8.10].

— In an open Jackson network of N queues, the stationary probability of the system
is the product of the stationary probabilities of N M/M/1 queues, taking as input
parameters, the components of the solution of the traffic equation [8.24].



Chapter 9

Loss Systems

9.1. General

A loss system is a system that has fewer resources (servers and possibly, buffer)
than potential users, and where all the customers arriving at a time when the system
resources are taken, are lost. Therefore, we need to find out the adequate number of
resources in order to loose as few requests as possible. In the following, we always
denote by

— N(t), the number of customers who tried to enter the system up to ¢ (those will
be termed arrived customers);

- Y (t), the number of customers who have actually entered the system (called
entered customers) before ¢. Therefore,

is the number of customers lost up to ¢.

— X (t), the number of customers present in the system (server + waiting line) at
time ¢.

— S, the number of servers and C, the number of places in the waiting line.

EXAMPLE 9.1.— The second generation mobile phone network, known as GSM, is
technically based on TDMA (Time Division Multiple Access). For a given frequency,
we divide time into periods of equal and constant duration, known as slots. The slots
are gathered in packets of eight to form a frame. The voice call is digitized in a way that
routing a call amounts in fact to carrying information bits. To route a call, the octets of
a call are grouped by packets, and we attribute to a call a slot set during the whole call
duration. On Figure 9.1, the fourth slot is assigned to the incoming call.

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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1 frame

A traffic channel

Figure 9.1. Principle of TDMA

A transceiver device can route only 8 calls simultaneously. Therefore, what matters
to the operator is to determine the number of devices for each base station, that is the
antennas that decorate the roofs of our buildings. In fact, to account for the signaling,
a single device permits to route 7 simultaneous calls, 14 for a double device and 21 for
a triple one, and so on.

EXAMPLE 9.2.— The multiplexer is one of the key elements of data networks. It permits
us to route the calls arriving from N input ports to [V output ports. Since a single output
port can be requested simultaneously by multiple flux, it is important to install a buffer
to temporarily store the data until the channel is free. The problem here is to determine
the buffer size, so that the loss probability of incoming bits shall be below a certain
threshold. This threshold depends on the nature of the data flow. Roughly speaking,
voice and video flow can allow the loss of about one per thousand, while the data flow
cannot allow any loss. In practice, we consider that something that happens with a
probability of less than one per billion does not actually happen.

These two examples are similar but the second raises two major problems: (i) it is
not obvious to choose an input traffic model which can reflect the differences (in the
throughput, for instance, just to name one of them) existing between the flow of voice,
video and speech. In addition, the very small order of the targeted loss probability
renders any simulation tedious, and then requires an accurate analytical model.

This also requires to distinguish between three quantities of interest:

DEFINITION 9.1.— The congestion or blocking probability of a system with S + C
resources is the asymptotic proportion of time when all resources are busy, that is

T—o0

1t
Pp = lim T/O 1{X(t)=S+C}dt~
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Time
Figure 9.2. Occupation of the D/D/1/1 queue

The loss probability is the blocking probability from the customers perspective, i.e.

N(t)

1
Pl = lim

t—oo N(t) ; I{X(Tj—):s+c}' .11

The overflow probability exists in fact only when the number of resources is infinite,
and is defined by

1 T
Ps = lim T ; I{X(t)>s}dt.

T—oo

In general, these three probabilities are distinct. Indeed, let us consider a system
with a single server, with deterministic arrivals and service times, of respective duration
p<1landl.

By its very definitions, the blocking probability equals the percentage of shaded
area, that is p. But the loss probability is zero, as no customer finds a busy server upon
arrival. However, if the arrivals were Poisson, the loss and blocking probabilities would
coincide in view of the PASTA property.

THEOREM 9.1.— If the arrivals form a Poisson process, then Pg = P,.
Proof. 1t suffices to apply Theorem A.38 for

Y(s) = 1{x(s)=5+C} -

The loss probability is by far, the most important indicator, but also the most difficult
to assess. The blocking and the overflow probabilities are much more easily calculable,
and are therefore often used as a substitute for the loss probability.
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9.2. Erlang model

We assume that the arrivals occur according to a Poisson process of intensity A,
that the service times are independent and identically distributed of distribution &(u),
and that the capacity of the waiting line is zero, that is C' = 0, so that any customer
is attended if and only if some server is free upon his arrival, and lost otherwise.
We study in other words the M»/M,,/S/S queue, and denote as usual the traffic
load p = A/ p.

The system is described by the process (X*®(¢), ¢ > 0) counting the number of
customers in the system. On its state-space [0, S], (X®(¢), t > 0) has the same
transitions as the process (X(%)(¢), t > 0) describing the M/M,,/S/co queue (see
section 8.3), except for the state .S, that the process leaves only to jump into S — 1,
as no customer is then accepted. The infinitesimal generator of (X*®(¢), ¢ > 0) is thus
given by

—A A
poo=(p+A) A

AE

kp  —(A+kp) A

(S—Du ~(S—Du+x) A
Su —Su

The process is ergodic in that it is valued in a finite state space, and it is easy to compute
its stationary probability 7%, which satisfies

E'*iﬂEif i :
W) = on 1), i€ [ ST

which is equivalent to

. p /il .
(i) = ———— fori € [0, S]. [9.2]
Zi:o Pk k!

Moreover, as (X®(t), t > 0) is a birth and death process, it is reversible.
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NOTE.— We can also derive the invariant probability by noticing that the Mx/M,,/S/S
queue is nothing but a M /M ,,/co queue that is constrained not to exceed .S customers.
In other words, (X*®(¢), t > 0) is the truncated version, forced to stay in [0, S, of
the reversible process (X°°(t), ¢ > 0) representing the number of customers in the
My/M, /oo system. We thus find 7® with Kelly’s Lemma (Theorem 7.22): for any
i € [0, 5],

1

o (k)

_pi
Zf:o pk/k!.

(i) = 7> (1)

According to [9.1], the loss probability for the Erlang model reads

] 1 n 3 ) 1 T 3
Jim 2D sy (X(T7)) = Jim 5 [ Lgsy (X(s7)) ds
j=1
=m"(9).

We have therefore established the following result.
THEOREM 9.2.— The loss probability of the Mx/M,./S/S queue of load p reads

p°/S!
Yo/l

NOTE.— It can be proven, that the loss probability does not depend on the distribution
of service times: this expression remains valid for a M/GI/S/S queue.

Erfp, S] =

For the numerical assessment of this probability, we can use the following
approximation

u~+ pu(l —u)?

Er[p, S| %expSlog%qLSfpu 5 ,

with u given by

(S+p+1)—+/(S+p+1)2—4pS
2p '

‘We can also use the recurrence relation

S —
Erlp,S] "~ pEilp, S — 1]
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In practice, after estimating p, we have to find the smallest S such that Er[p, S] is below
the desired threshold, to ensure a given quality of service. It is generally assumed that
this threshold is of 0.001 for the telephone network and 0.02 for the GSM network.
The algorithm is as follows.

Algorithm 9.1. Calculating the number of servers to ensure a given loss
probability

Data: p, ¢
Result: S such that Er[p, S] < €
S —0;
x «— 1;
until z < e~ do
S+—S+1;
x+— 1+ %x;
end
return .S

For a loss of one per thousand, the number of required servers required is (very)
approximately equal to p + 3,/p. If the arrivals and service times were deterministic, p
would represent the number of simultaneous calls, therefore also the number of needed
servers. The term 3, /p is then interpreted as a guarantee against the random fluctuations
of traffic.

9.3. The M/M/1/1 + C queue

We now consider a queue with one server working in FCFS, and whose waiting
room has a limited capacity C. As usual, the arrival process is Poisson of intensity ),
and the customers request service times that are independent and identically distributed
of distribution (). We denote p = A/ the traffic load.

The process (X(t), t > 0) counts the number of customers in the system and takes
values in [0, 1 + C1. It satisfies the following dynamics:

— for any ¢ € [0, C], the sojourn time in ¢ and the probabilities of jumps starting
from i are clearly the same as for the M\/M,,/1/00 queue;

—once in 1 + C, the system is full and can no longer accept customers. The process
can leave this state only for the state C, after a sojourn time equal to the residual service
time of the customer in service, i.e. of distribution ().

It is hence easy to see that (X°(¢), ¢ > 0) is Markov, and admits in [0, 1 + C] the
infinitesimal generator
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0  u —O+p) A
u —p

As the process (X€(t), t > 0) takes values in a finite set, it is ergodic and therefore
has a unique stationary probability 7. The process is reversible, as (X(t), t > 0) is
a birth and death process. The probability 7€ can be derived by solving

‘e =1.

{ mCAC = 0;

We obtain that for any 7 € [0, 1 + (7,

7(i) = p'n(0)

i i+l
% ifp#£1; [9.3]
= 1 ‘
m lfp: ].7

observing by the way, that 7€ is the uniform probability in [0, 1 4+ C] in the critical
case p = 1.

NOTE.— In the sub-critical case p < 1, 7€ can be obtained as well from Kelly’s Lemma
(Theorem 7.22), remarking that (X°(¢), ¢ > 0) is the truncation at [0, 1 + C] of the
reversible process X counting the number of customers in the M/M,,/1/00.

THEOREM 9.3.— Ina Mx/M,/1/1+C queue, the loss probability is given by the formula

C+1_ _C+2 X
p_l e e # L
= 1 . o
(o) ifo=1.
Proof. The loss probability for this system is given by the asymptotic rate of lost

customers, i.e. of customers finding a full system upon arrival. According to the PASTA
property and the ergodicity of (X€(t), ¢ > 0), it reads

1 m L[
lim NZI{HC}(XC(Tn—)):Th_I};f/O Loy (X9(1) dt

=E [1pscy (X))
=71+ C).

The result then follows from [9.3]. O
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If the traffic load p is strictly less than 1, the loss probability can be compared to
the overflow probability of the corresponding M /M ,,/1/00 queue. The probability that
the latter system has a congestion greater than or equal to 1 4+ C' in steady state can be
written (with the notations of section 8.2) as

P(Xoo>14C)= > w(i)=(1-p) Y p =p"C, [9.4]
i=14C i=14+C
whereas
P = WC(O)p1+C < p1+C. [9.5]

Therefore, it is possible to estimate the loss of a finite buffer system by the overflow
probability of the corresponding infinite buffer queue. In doing so, we overestimate the
loss according to equations [9.4] and [9.5]. However, this may be the only computation
that is feasible in practice, since the infinite buffer queue is generally easier to describe
using known probability distributions. Moreover, a dimensioning that is pessimistic
as long as it is not exaggerated, gives a stronger guarantee against the fluctuations in
traffic and the uncertainties in the estimation of the traffic load.

Buffer dimensioning

It is interesting to know what the optimal buffer size is that we should display
to guarantee the user a quality of service in terms of packets loss probability. We
can already check the intuitively clear result, that the loss probability is a decreasing
function of the number of servers. In fact, the function defined for any p € R + \{1}
given by

R —R
fp N pm+1_pz+2

r = e 2
admits as derivative the function defined for any z by

, oo (np)ptt!
fol@) = m(l )

>0,
and the same results holds true, of course, for p = 1.

The optimal dimensioning of the buffer is hence given by the following algorithm
(in the case p # 1).
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Algorithm 9.2. Derivating the minimal size of the buffer that guarantees a loss
probability P, < ¢

Data: p, ¢

Result: K suchas P, < ¢

K« 1;

until

K+1 K+2

S T K2

do

end
return K «— K +1

NOTE.— Similar computations and results can be obtained for several servers, i.e. for a
M/M/S/S+C queue (see Exercise 23). We have chosen the single server case to simplify
the formulas.

9.4. The “trunk” effect

Let us apply our results to the GSM network. In the language of the protocol, a slot
is called a TCH (traffic channel). We usually consider that the traffic load per cell-phone
is of 0.025 Erlang and that the admissible loss probability is about 0.02. Based on the
above, we obtain the following results:

‘Number of transceivers‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘
Number of TCH 7 11422129 | 37 | 45 | 52
Capacity 29|82 15|21 | 28 |355] 42
Traffic carried by TCH |0.41]0.59(0.68/0.72/0.76 | 0.79 | 0.81
Number of Cell-phones| 116 | 328 | 596 | 840 | 1128|1424 {1680

This table calls at least for two comments. First, it is important to have in mind
the great variability of the results. A reasonable increase in the number of resources
induces a large increase in capacity. For example, if one goes from 1 to 2 transmitters
and receivers, the capacity is multiplied by almost 3. To dispose more traffic, we do
not need to proportionally scale up the number of TCH: to dispose 42 Erlang instead
of 21, we need 52 instead of 2x29 = 58.

The other point is known as “trunk” effect: the greater the number of servers,
the more important the charge passed by each server. In economics, this is the same
principle as the “economies of scale.” Therefore, when the loss threshold is fixed, we
will prefer a small number of systems having a large number of servers to a large
number of systems with a small number of servers.
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9.5. Engset model

In order to use the Erlang model, it is necessary to implicitly assume that the number
of potential sources is very large, if not infinite, as is the case, for example, in Telephone
networking. However, when the number of sources is small compared to the number
of servers, and in the case where a source in service cannot issue another request until
the end of service of the previous one for the same source, we can no longer consider
that the intensity of arrivals of the customers is independent of the state of the system.

In the model known as Engset, we assume that we have M independent sources,
each generating requests according to a Poisson process of intensity A. The system
has .S servers (where S < M), the distributions of service times are always assumed
as exponential with parameter y, and the waiting room is still of size 0. Unlike the
Erlang model, when k sources are “in service”, only M — k sources are likely to make
a request. Therefore the instantaneous rate of arrivals is (M — k). In fact, X is a
Markov process of infinitesimal generator A given by

—Xo Ao
M1 —(p1+ A1) A1

A= pe —(Ae k) Ae ,

pus—1  —(ps—1+As—1) As—1
us —Hs

where we have set A; = (M — )\ and p; = ip for all 4. The invariant distribution of
this process is defined, satisfies as usual the system

—AoVo + pn = 0
A=0= T
Y { Aic1vi-1 — (N + pa)vi + pivivipn = 0,3 € [1,5 1]
Using the normalization constraint 7.e = 1, this leads to
V; = Spi]wj?/ S IJtO,S]I,
> =0 P Cy

setting as usual p = A/ p.
THEOREM 9.4.— In the Engset model, the loss probability is given by
PSCr

Englp, S, M| = ——M=1
| | Zf:o Crr—1p?
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Proof. From the very construction of the model, the arrival process is a Poisson process
whose intensity varies over time as a function of X (s): it is given by

A(¢) :/0 (M — X(s))\ds.

As jumps of N(t) are of height 1, the quadratic variation of the martingale N — A
is also A. Consider the bounded adapted process (s) = 1{x(s)=s} - According to
Theorem A.37,

sty senn sy s

t

= lim A(t) ¢< J(M — X (s)Ads.

As X is ergodic, we have the following almost sure limits
1 s
SO = (M= ) | A

1 t t—o0
2/0 W(s)(M — X (s)Ad s 2222 \(M — S)u(S).
Therefore,

_ sos
Eng[p, 57 M] — A(M S)V(S) — P M-—1

A (M = (i) Y piChy

In other words, the loss probability of a system of M machines equals the blocking
probability of a system of M — 1 machines, the rest remaining unchanged. O

9.6. IPP/M/S/S queue

The above results can make believe that the loss probability depends only on the
load. This is not the case in general, as we can see in the following example.

An IPP (Interrupted Poisson Process) is a special case of MMPP process (see 7.6),
where the phase process .J has two states A and B. The infinitesimal generator of J is
of the form

J = B —op )
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where 1/0 4 and 1/0 g are the average sojourn times in the phases A and B, respectively.
Its invariant probability, denoted by v, is easily calculated. We obtain

v(A) = — %5 and v(B) = _ oA
oA+ 0B oa+0pB
The IPP/M/S/S queue is thus the modified version of the Erlang model with S servers,
without buffer, and where the arrival process is the IPP described above. The process
X counting the number of busy servers (and hence, of customers in the system) is not
Markov alone, but the process (X, J) is. We number the states in lexicographic order
and we denote A as the matrix of intensities of arrivals, i.e.

(A 0
A_<O AB).

The average intensity of the arrival process is hence given by

0B OA

A=A ——— 4+ g ———
AJA+UB B0A+UB

[9.6]

The infinitesimal generator of (X, J) thus reads

Qs —A A
wld (Qs— A —pld) A

A— 2u1d (Qs—A—2uld) A
Spld (Qs — Spld)
The Markov process is of finite state space, of course irreducible, therefore it admits
as invariant probability 7 the solution of the usual system 7A = 0 and m.e = 1. To
simplify the calculations, we introduce the two-component row vectors
Ty = (7r(n, A), m(n, B))7 n=0,---,5.

The equations corresponding to 1A = 0 thus become S couples of equations

20(Qg — A) + pxy = 0;
oA+ 21(Qr — A — p1d) + 2uzs = 0;

oA+ x5_1(Qs—A— (S —1Dpuld+Spxs = 0;
rs_ 1A+ 25(Qy — Spld) = 0.
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From the first (S — 1) equations, we obtain
1
z1 = —x0(Qs — A);
L

1
Ty = —2—M(x0A +21(Qs — A — p1d));

1
Tg = —Sfu(mssz +25-1(Qs — A= (S = 1Dpld));

zs =x5-1MQy — Spld)~!

Let us set
Ry =1d,
1
Rl = 7(QJ - A)7
"

R, = —n—lﬂ(Rn_gA + R, 1(Qs—XA—(n— 1)uld)) n=2 -5
[9.7]
We can then write
Ty =Tp_1Rp,n>1
and
z9(Rs — Rs_1A(Qy — Suld)™!) = 0.

We thus obtain two equations for the two components of x. In fact, only one suffices
since if the system was of rank 2, the only solution would be 0, which is excluded. We
deduce form this the following resolution algorithm.

Algorithm 9.3. Computation of the invariant probability of the IPP/M/S/S queue.

Data: A, p, S, Q
Result: pi such that tA =0and 7.e =1

Compute Ry, ---, Rg from [9.7];

.’L‘o(o A) — ].

Find x¢(0, B) such that x satisfies xO(RS — Rs 1A Qs — Spld)™1) =0;
Compute x,, = ,_1 R, forn =1, , S,

Compute m = ano ZTp-€;
T —
return
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THEOREM 9.5.— In an IPP/M/S/S queue with invariant probability , the loss
probability is given by
Aa AB

SEn(S, 4) + 52n(S, B), [9.8]

where X is the average intensity given by [9.6].

Proof. We apply Theorem 7.24 to v(s) = 1;4;(X(s)). It follows that the loss
probability is given by

§ Jim t/ 1y (X(5)A(3) ds = L (S, A) + Apr(S, B)).

Hence the result. O

Setting the traffic load is equivalent to setting A, but according to the relative values
of A4, Ap, 04, and op we get very different loss probabilities, as shown in Table 9.1.
We have chosen to set .S = 10 servers and a traffic load of 5 Erlang. Erlang-B formula
would give a loss of 0.018.

| Parameters [ loss [blocking |

U/\AA :: 11/02 Uf;:f 0.1 0.05
<0§A—9£(1)0 UBA B: 1/010> 0.66| 0.07
ag\:2995/01000 JB)\: i/(l)OO 096 0.01

("A =9/10 o5 = 1/10) 0.02| 0.05

Aa=1 Ag = 5.4

Table 9.1. Loss probability at constant load in an IPP/M/S/S queue

It appears from reading this table that we can increase the loss probability by keeping
a constant load. We might think that the determining factor then becomes the variance
of the arrival process, since as we increase the latter, the loss increases. This is certainly
a good criterion but it is unfortunately not the only one. Setting the variance and the
traffic load amounts to impose two equations satisfied by the four parameters. This
leaves two degrees of freedom which can be used to make the loss probability vary in
any direction.

Let us also observe that the blocking probability is very far from the loss probability,
and hence there is a huge mistake in assimilating these two quantities.
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9.7. Generalized Erlang models
9.7.1. Guard channels

The mechanism of guard channels is well known by the operators, and allows to
define a priority among multiple streams without increasing in a dramatic manner the
loss probability of the stream having the lowest priority.

We illustrate this concept by using the management of handover in the GSM
network. When a user moves while giving a call from his cell phone, there may come a
time when the BTS that managed the call loses the radio connection with this mobile.
It is, therefore, necessary to skip the connection to another BTS. This phenomenon,
called handover, requires heavy operations on the control plan, and the operator must
ensure that there are sufficient resources in the new cell, to handle this new call.

When taking into account the mobility of users, it is necessary to introduce the
sojourn duration in the cell of each user. It is preferable, in order to be able to perform
the calculations (and quite reasonable statistically), to assume that the crossing time
of a cell for a given user follows a an exponential distribution with parameter c. The
call duration of a mobile seen from the BTS then follows the minimum between the
call duration, and its sojourn time on the cell. Given the properties of the exponential
distribution, this call duration hence follows an exponential distribution of parameter
1 + «. The probability that a user “leaves” the cell before the end of his call equals
the probability that a random variable exponentially distributed with parameter p is
less than a random variable exponentially distributed with parameter o parameter. It is
hence given by

__H
p+a

Let us consider a set of cells with identical characteristics, and track the inputs and
outputs in a given cell. In Figure 9.3, A; is the rate of new calls (also termed “fresh
calls”), Ago represents the average number of hand-over calls coming into the cell
under study, and p is the loss probability in the cell.

As the system is designed such that p is negligible when compared to 1, we have
at equilibrium

0
Ao 2 (As + Ao)t, thatis Ano = 7= A
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(Af+Am0)(1-p)(1-0)

Fresh calls Finished calls

Hand-over Calls in HO

(AstAm0)(1—p)(1-0)

Figure 9.3. Input—output of a cell

The total traffic load to be handled by the BTS is thus approximately given by
1
n+a
0 1
= (1+——
it 1-— 9) e e’
1 1
Af——
1-0p+a
p+a 1

bopta

p = (Af + Ano) X

However, we cannot apply the Erlang formula for dimensioning the system with
hand-overs since the handover calls have a higher requirement in terms of quality of
service. It is indeed much more unpleasant to have interrupted the communication,
than not being able to initiate one.

To take this difference into account, let us fix two different target loss probabilities:
€r for the fresh calls, and ey, for the hand-over calls. According to the remark above,
we consider that

€Ho < €g.

The problem arising is to dimension the system in a way that the loss of fresh calls
(respectively, of hand-over calls) does not exceed the target loss probabilities, i.e.

P,(HO) < €no; Pi(F) < €. [9.9]

First approach: over-dimensioning

A first approach consists of not distinguishing between both types of calls, and
dimensioning the system in order to achieve a global loss less than eyg.
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+ + AP AHO
OIOIONO); O
wr 26 (S — g)ut Sut
Figure 9.4. The transition of the process “number of busy servers” with guard channels

The system clearly is a M/M/S/S queue, with S as the number of channels, A y +Ago
as intensity of the arrival process and 1/(« + 1) as average call duration.

Set for instance ego = 10™%; & = 1072, Ay = 10 calls/min, Ago = 4 calls/min,
1/p =2 min and 1/« =5 min. Consequently,

B )\er/\QO

= 20 Erlang.
a+ W

Then, Erlang-B formula yields that 39 channels are necessary to achieve the target loss
probability. This meets the requirement [9.9], but over-dimension the system, since the
fresh calls have a weaker loss constraint.

Second approach: parallel systems

A second idea would be to split the resources into two pools working independently:
a first pool of channels is reserved for the fresh calls, and a second one, to the hand-over
calls.

So both parallel systems are again Erlang models, where the arrival intensities are
given by Ay and Ay, respectively and the average service times still equal 1/ (o + p1).
By applying Erlang-B formula to both systems, we obtain that 23 channels are necessary
for the first system, and 17 for the second one in order to meet condition [9.9]. So 40
channels in total, which is worth than the first approach!

Third approach: guard channels

To give priority to the handover calls, we decide to modify the access control: we
choose g < S, where the number of free servers is greater than g, we accept new
calls and handover calls. As soon as it remains less than g available channels, we no
longer accept the fresh calls to give priority to the handover calls. To derive the loss
probability, we represent the system by the process X counting the number of busy
servers at all times. This is a Markov process whose transitions can be represented by
the diagram 9.4 where A™ = Ay + Ao and pt = p + a.

From there, we deduce the invariant probability v, then the loss probabilities for
the various types of call using the PASTA property. As the arrival process of fresh calls
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is always Poisson of intensity Ay, Theorem A.38 implies that the loss probability for
fresh calls is given by

S
P(f) = Z v(j)
j=S-g
and that of hand-over calls, by
PZ(HO) = U(S)

We obtain the numerical results of Table 9.2, for the same numerical values as in
the first two approaches. It is quite remarkable that for small values of g, we give to

S 30 32 34 34
g 0 2 4 3
Pi(f) [0.8457%]1.0275%1.0332%]0.6584%
P;(Ho)|0.8457%|0.0278%] 0.0008% | 0.0028%

Table 9.2. Loss of new calls and handover calls according to the number of guard channels.

handover calls a loss probability which is much less than that of the new calls, without
excessively penalizing the latter. We only need 34 channels in total using this access
control, that is 5 channels less than with the first approach!

9.7.2. Multi-class system

In many situations, customers do not request the same amount of resources. In
this case, we use the multi-class Erlang formula. Consider a system with K classes of
customers and S resources. Class ¢ customers arrive according to a Poisson process of
intensity A; and their communication lasts an exponential time of parameter 1i;. We set
pi = A\i/ ;. A class i customer consumes s; resources. The numbers of customers 7;
of each class, i € [1, K], are subject to the constraint

K
i=1

We study the process X, counting the number of busy resources. Its state space is

k
A= (nlvanK)eNK7Zn]S]SS

j=1
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THEOREM 9.6.— The invariant probability of this system is given by
1k
]/(nl’ RN nK) — 5J:HIp’I’LJ/nj|

foranyn = (ny, -+, ng) € A, where G is the normalization constant

k
G = Z Hp"f/nj!.

(ny, -, ng)eAJ=1

Proof. 1If S = oo, the components of X are independent Markov processes evolving,
respectively, as the number of busy servers in a My, /M,,, /oo queue. So, these are
reversible processes (see Definition 7.11) with invariant distribution v;, a Poisson
distribution with parameter p; (see section 8.5). The process X is hence reversible,
with an invariant probability that is the tensor product of these probabilities.

For finite S, X is just the restriction to A of the previous dynamics. Thus Kelly’s
Lemma (Theorem 7.22) applied to E = N%, F' = A and o = 0, yields the result. [J

Denote as usual, e; the ith vector of the canonical basis of R¥. A call of class i is
lost whenever X € A, but X + e; ¢ A. Therefore, according to the PASTA property,
the loss probability of class i reads

Pl(l) = Z V(’I’Ll, ey TLK).

neAn+];¢A

ExXAMPLE 9.3 (INTERFACE A-BIS).— The recent advances in voice coding imply that,
in situations where one TCH per frame was necessary at the time to handle a
communication, only half a frame is now necessary. However, some calls always need
a full slot. As the latter result applies for integer numbers of resources, it is necessary
to count the number of busy half-slots here. So we split the customers in two classes,
one with s; = 1 and the other one with sy = 2. Let us take a cell with 30 TCH, that
is 60 half-slots. The following table shows the loss probability of each class according
to the traffic loads

9.8. Hierarchical networks
We have already seen that the greater the number of servers, the lower the loss

probability. A good measure of this gain can be the cost of transported Erlang: let us
consider a system with S servers and without waiting room, and for which we set an
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Traffic load of calls of class 1
10 20 30 40
Traffic load|10]0.004%| 0.24 |2.47% | 8.34%
of calls 0.1% |0.55% | 5.29% [16.71%
of class 2 20| 2.62% | 7.48% | 13.9% |20.62%
5.53% 14.99%26.54% | 37.66%

Table 9.3. Loss rates of the various classes based on the traffic load

profitability

7+

9}
+

5 10 15 20 25 30 35 40 45 50
Figure 9.5. The profitability in function of S

upper bound « for the loss probability. The maximum traffic load pg  that can pass
through this system is defined by the equation

Er[ps.a, S| = a.
The system profitability is then defined as the ratio of pg o by S, i.c.

PS,a
R==—=
S

As shown in Figure 9.5, the profitability increases with the number of servers.

However, if we take into account the cost of installing a server, there comes a
time when the increase in costs compensates an increase in the profitability gain. The
solution implemented in the conventional telephone network consists of organizing
the network hierarchically. Subscribers are connected to a switch termed switch of
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level 0, and then level 0 switches are connected to a level 1 switch, in lesser numbers.
We can continue up to level 3 in the hierarchy. For the record, of its golden age, the
switched French Telephone network use to include approximately 1500 switches of
level 0, some hundreds of switches of levels 1 and 2, and 7 switches of level 3.

The establishment of communication was done by always trying to use junctions
of the lowest level possible. If there was a free junction between two switches of level
0, the latter was used. Otherwise, the switch of level 0 was sending the management
of the call to the switch of level 1, which itself was trying to route the call by staying
at its level, and so on.

If the RTC itself is now obsolete, the fact remains that many of its inventions have
been incorporated into modern systems, especially the guard channels and hierarchical
networks.

Let us take the case of the GSM network. In urban areas, the cells, i.e. the areas
managed by an antenna or base station, are small and the hand-overs become frequent
for users as “fast” as motorists, for instance. Hence, we add several more powerful
antennas, which cover a wider area and will offer two types of services: (i) support the
calls of the fast mobiles, so as to reduce the frequency of hand-overs and (ii) route the
overflow calls of the original smaller cells (termed micro-cells) that they cover.

One question arises: dimensioning the number of transceivers in the cell of the
highest level (termed macro-cell). Indeed, the overflow process of a micro-cell is not
a Poisson process, but an MMPP (see Example 7.2). For the micro-cell of index 1,
the phase process of the overflow process has as infinitesimal generator ();, that
of the number of customers in a M),/M,,,/S;/S; queue, and as rate function \;
given by

Xi(j) = 0 for j < S; and \;(S;) = .

In view of Theorem 7.23, the phase process of the whole MMPP (consisting of the
superposition of the overflow processes of all micro-cells), denoted J, has a generator
Q=Q1®...0Qx and arate function A\ = \| ® ... ® \g.

Therefore, the dimensioning of the macro-cell is equivalent to studying an
MMPP/M/S/S queue. Let us denote X as the number of busy servers. This process
is not Markov alone, because without knowing the phase, we cannot know how long
will it take for the next arrival to occur. However, in this case the couple process (X, J)
is Markov. Its infinitesimal generator A is written in blocks, as follows

Q—A A
plym Q= A —plpy, A
2ul Q—A-—2ul, A (0)
Splm, Q—AN—Sul,, A

(0) Splm Q—A—Sul, A

Splm Q — Sulm,
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The invariant probability 7 satisfies as usual
TA=0,1me=1,

where e is the vector with (S + 1).m components all equal to 1. There, m denotes
the number of phases of the overflow process, ie. m = (S + 1)K. Set z; =
(mw(i, 1), -+, w(i, m)) fori € [0, S]. The z;’s are thus solutions to the system

xO(Qm,c - Amc) + gxl = Ov
(L'OAmc + !El(ch - Amc - eIm) + 29:1:2 = 0;

‘rnflAmc + xn(ch - Amc - na-[m) + (n + ]-)eanrl = 07 n Z ]-7

The last equation is
Tr—1Ame + 20(Qme — LOnI,,) = 0. [9.10]
From these equations, we obtain

ITp = xORn Wlth R—l = Oa RO = Im?

1 [9.11]

Rn+1 = _m(Rn—lAmc + Rn(QmC - Amc - ’I’Lelm)),

which determines the x;’s according to x¢. It remains to determine xg, and we have
two possibilities.

Method 1 The stationary probability of the number of busy servers in each cell is
given by the Erlang formula

p'/i!

v(i) = 72520 /] .

Since the cells are independent of each other, the stationary probability of the
phase process is the tensor product of K vectors

Vne =VQRQUK...Q V.
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Microcell 1 Microcell 2 Microcell K
)\1 )\2 E )\K
[N — i e —_—

S

Superposition of the overflow processes '

Figure 9.6. The traffic carried by the macro-cell is the sum of the overflow traffic of micro-cells

Observe that for all j € [0, S]¥,

Then, we introduce f,, as the row vector with m components of which only the
npis not 0 but 1. We also introduce e,, as the transpose of f,. The last relation
then reads

L
Z 2oRn.€; = Ume(d).
n=0
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As e;.f; is the matrix whose only non-zero coefficient is the coefficient (7, j),
we have

Z ej'fj = Idm
j=1
On the other hand,
Vme = Z Vmc(j)fj'
j=1
We thus have

L
20> Ri = Ve [9.12]
=0

Method 2 By putting [9.11] in [9.10], we obtain
xO(RLflAmc + RL(ch - Le)) =0.

This equation determines all the components of x( but one. Then, it is necessary
to use the normalization condition to calculate its value.

Finally, from Theorem 7.25, the loss probability is given by

P = (Vchmce)_leAmce7 [9.13]
wheree =" | e,.

9.9. A model with balking

In this system, we model a forced limitation of the system workload, by introducing
an access control, rather that limiting the system capacity: the more the system is
congested, the less chance the customers have of entering into it.

With the usual notation, we consider a My/M,,/1/c0 queue, in which the arriving
customers make a toss (independent from one customer to another, and from all
other parameters) to determine whether they enter the system or not. We denote
(X®(t),t > 0) as the process counting the number of customers in the system (the
exponent ® will be added to all parameters). For the nth arriving customer, the draw is
a Bernoulli experience of probability p(X*(T;, )), hence depending on the congestion
at the arrival of the customer. If the Bernoulli variable equals 1, then the customer
enters the system and will wait until the end of its service. Otherwise, the customer
does not even enter the system, and is lost forever. It is thus pure good sense to assume
that the function p(.) is decreasing.
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NOTE.— The expression of p(.) that is mainly considered in the literature is

p(n) = . [9.14]

Hereafter, we will call “entering customer”, an arriving customer who actually
enters the system. We aim to describe the steady state of the system by studying the
process (X®(¢),t > 0). Letus begin by noticing the following analog of the bus paradox
(Theorem 6.6).

LEMMA 9.7.— Let for any t, W(t) be the residual time at t before the next arrival of
an entering customer . Then, for any i € N, W (t) follows the distribution &(\p;)
conditionally to X*(t) = i, that is for any x > 0,

P (W(t) <o | X8(t) =) =1 - e,

Proof. Let us again denote Ty = 0 and 11,75, . . . the arrival times of the customers,
for any ¢ > 0, N(t) be the number of customers arrived up to ¢ and Z(t), the number
of arrivals necessary to see the first actual entering customer after ¢. It is then easily
checked that

W(t) = Tnw+z()—a-

On the other hand, Z(t) follows conditionally to {X®(¢) = 4}, a geometric
distribution with parameter p;, as after ¢, each customer enters with probability p;
independently of the others, up to the first actual entry after ¢. We can thus write for
any z,

P (W(t) > 2| XR(t) = z)

=S P (W) 22| 2(t) = ks X*(t) = i) P (Z(t) = k| X*(1) =)

E>1
- ZP (W(t) >x|Z(t) =k X}t) = Z) (1—p)k1p
E>1
= p; Z(l —pi)k—lp (TN(t)+k —t> 1_)
k>1

=piy (L=p)* 'Y P (Tjy—t > a5 N(t) = j).
E>1 j=1
[9.15]
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First, according to Theorem 6.6,

pi > P(Tjp1—t > N(t) = j) = pie " [9.16]

j=1

On the other hand,

pi Y (L—p)* '"P (T —t > 2; N(t) = 0)
k>2

=piy (1=p)" "P (T > t+a; 6 > 1)
k>2

=piy» (1=p)" P >t+a)+ P >t+at <& <t+a)}
k>2

=p Z(l 7pi)k7167/\(t+z)
E>2

00 k—2

t+x
— —Au -1 v —Av
—|—p1-Z(1—pi)k 1/ Ae A / Ak l(k;—2)!€ Mdvdu

k>2 t t+x—u
t+x
— At (] ) +/ e (1 — py)e—pelttz=w) g
t

= —pie_A(H'm) + e Me i [9.17]

Then,

Y (1= p) S P (Tt > N(E) = )

k>2 j=1

=piy (1=p)" 'Y P(T) <tTj+ &1 >t + )
k>2 j=1

[ee]
A9 Y (A=p)* Y P (T 2t 42 Ty <t < Ty + &y < t+ ).
k>2 j=1
[9.18]
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But as in the proof of Theorem 6.6,

piy (L=p) 'Y P(T; STy + & >t +a)

k>2 j=1

=piy (1 =p)f e N (N 1)
k>2 [9.19]
— (67)\1 - 67)\(t+x))(1 7pi)7

while

oo
piy (L=p)* 'Y P(Tir >t 42 Ty <t <Tj+ &0 <t+a)
k>2 j=1

oo '_ t+xr—u
/ Z —)\u / Ae—)\v
j=1 t—u

retyhe1 WP
(1—p2) A 72)) dw | dvdu.

+muvk2 (k

t+x—u
/\epri(t”*“)/ A1 = p)e 2P dydu
0 t

—Uu

t
— (e—)\te—kil)iw _ e—)\(t-l-w))/ )\ekudu [920]
0

_ 6—Rp7¢ac _ e—)\m _ e—)\te—)\piac + e—k(t—&-m).

By collecting [9.16], [9.17], [9.18], [9.19], and [9.20] in [9.15], we finally obtain that

P (W(t) > 2| XR(t) = z)

:piesz _ pief)\(tJrz) + 67/\t67>\pim + (67)\1: _ ef)\(t%»m))(l _ pi)
+ e*)\piiﬂ - 67/\1 - E*Ate*)\piiﬂ + 67/\(t+z)

— e Pt
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As we did before, we deduce from Lemma 9.7 that the process (X*(¢),¢ > 0) is
Markov of generator A® that is given by

—Apo Apo
u —(Ap1 4+ w) Ap1
0 m —(Ap2 +p)  Ap2 0)
(0) o =i +p) Api

H —(Apit1+ 1) Apit1
We can then verify that whenever the stability condition

00 1—1
S o [ pi < 400 [9.21]
i=1  j=0

holds, the unique stationary probability 7 of the congestion process is defined by

-1
e

i—1
=0 = (1+) o [[pi]
i=1 =0

1—1
@) =p" | [[pi ]| 7(0),i>1. [9.22]
j=0

NOTE.— In the classical case where

1 .
pi:Z’—Fl’ZZ(L

we have (i) = e~Pp'/il, for any i > 0. This means that the stationary congestion

X follows a Poisson distribution P(p), just as the infinite server queue.

Loss probability

We need to enrich our model in order to derive the loss probability of the system.
So we define the process (Y (t),¢ > 0) by induction on the arrival times as follows: we
first set

Y(t)=0;tel0,T],
then for any ¢ > 1,

Y(T) = { 1 if the customer C; enters the system;

0 otherwise,
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and
Y(t) =Y(L;), t € [Ti, Tival.

It is then easily seen that the couple process ((X*(¢),Y (¢)), t > 0) is Markov on N x
{0, 1}. Indeed, it is a process with rcll paths (as (Y'(¢),% > 0) is piecewise constant),
of which we can write the generator A® as follows:

— for any ¢ > 0, the process may leave the state (¢, 0) for the state (¢ + 1, 1) if an
arrival of an entering customer actually occurs, and if ¢ > 1, for state (i — 1, 0) if the
current service ends. So,

AR((i’ O)a (Z +1, 1)) = Ap;;
AX((i, 0), (i — 1, 0)) = pfori > 1.

— The process has the same transitions from (i, 1) to (¢ + 1, 1) and (i — 1, 1).
Another possible jump is done from (%, 1) to (¢, 0), i.e. when a customer arrives and
does not actually enter. Thus,

AR((i’ 1)5 (Z +1, 1)) = Api;
AR((i? 1)7 (iv O)) = )‘(1 - pi);
AX((i, 1), (i — 1, 1)) = pfori > 1,

where we apply a result similar to Lemma 9.7 for the second transition.

We solve the system
FRAR = 0;
e =1

where AR is the generator of the process on N x {0, 1} and 7* is a probability measure
on N x {0, 1}.

Let us denote XX and Y2 as the limiting r.v.’s for the two processes, if any. So, if
it exists, 7* should satisfy for any i € N to

(@) =P (X, =) =P (XY =4 Y =0)+P (X} =4 YR =1)
= 7%(i, 0) + 7*(i, 1). 9.23]

In particular, under the stability condition [9.21], the series involved in the computation
of #* are necessarily summable, by [9.23]. Therefore, in that case a unique solution
to the previous system necessarily exists, and the process ((X®(¢),Y(¢)), t > 0) is
ergodic. Let us now observe that for any 7 € N,

ur®(i + 1) — Ap;ni (i) = 0,
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which gives with [9.23] that

pit(@ 4+ 1, 0) + pa® (i + 1, 1) — Apa° (i, 0) — Ap;A°(4, 1) = 0. [9.24]
Further, it appears from the form of the generator A® that

—Api (i, 0) — pi® (4, 0) + A7R (2, 1) — Apy7R(i, 1) + p7t(i 4+ 1, 0) = 0,
which, combined with [9.24], implies that for any ¢ > 0,

(i +1, 0) = (ppi + )7 (4, 0) + p(p; — 1)7"(4, 1);
(G +1,1) = —7%(z, 0) + p7*(1, 1).

Therefore, we have the recursive matrix relation

( (i +1,0) ) _ ( ppi +1 p(pi—1) ) ( 77::(2 0) ) 9.25]

7~TR(i + 17 1) -1 P (Za 1)
g [ T 0)
= M; ( #(i 1) ) . [9.26]
Let us denote for any ¢ > 1,
i—1
A; =] M;
j=0

and A} (respectively, A?) the first (respectively, second) row of A;, and recall relations
[9.23] and

D (7@ (i, 0) + 70, 1)) = 1.

i€EN

The probability 7® is hence completely defined by
(i, 0) \ _ 4 ( 7(0,0)
R, 1) ) T 7R(0, 1)
— A dsR 1 0 ; .
—ad@@o (2 )+ (W )iz

1= {A} ( wR(Zo)

i€N

#*(0, 0) =

7 N SN—
+
N
S
N
ﬁx
—~ O
(e
S~—
N~
N——
| IS

.[Z{Ag

1€EN
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Hence, we can assess numerically 7® by estimating the values of the series of the
previous formula. According to the PASTA property and the ergodicity of the process
((X(t),Y(t)), t > 0), the loss probability is thus given by the formula

N

= Jim £33 o (X, V()

n=1 :=0

Il
[~
=
=
S—
}ﬂ
[
oy
o
=
=
>
=
ol
~
=
o
~

9.10. A call center with impatient customers

We have seen that the Erlang model can represent a call center with S servers,
where the customer calls are dropped whenever all lines are taken. As we shall see
here, we can enrich the previous model in the case where the customers can be put on
hold. It is then consistent to assume that customers are likely to become impatient, and
hang up before having their call connected.

The model we chose is that of a queue with infinite capacity and impatient
customers: more precisely, we consider a M/M,,/S/S+M,, queue, that is the inter-
arrival times and durations of calls are exponential, and the patience times of the
customers (D,,, n € Z) before reaching an operator are independent and identically
distributed of distribution £(«), where a > 0.

Let us stress the fact, that the customers are not impatient anymore as soon as they
access an operator, so any customer who has not hung up before this time, continues
his call until it ends: with the terminology of section 4.6, the patience runs until the
beginning of service. Throughout this section, customers are served in FCFS.

Denote (X'(t),t > 0) as the process counting the number of customers in the
system at any time (and add the exponent ' for “impatience” to all parameters of
the system). At ¢, X'(¢) counts the number of customers in service and of waiting
customers, irrespective of the fact that they will reach the server or not. This process
may leave the state ¢ € N to visit the following states:
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— the state 7 + 1, if an arrival occurs,

— the state ¢ — 1, if ¢ > 1 and a service ends, or provided ¢ > S, if the patience of
some customer in line has expired.

Since the residual patience time of the ¢ — .S waiting customers are independent and
follow at any times the e(«) distribution, it is easily checked that (X'(t),t > 0) is
Markov, with infinitesimal generator given by

- A'(i, 1+ 1) = Aforanyi > 1,
- A'(i,i—1)=ipuforanyi € [1, S];
- A'(i,i—1)=Sp+ (i — S)aforanyi > S+ 1.

We can then compute, as usual, the stationary probability 7' of (X', ¢ > 0)

7'(i) = =='(0) for any 7 € [0, S];
i-S S
7' (i) = i_S)\ P . 7' (0) forany ¢ > S + 1;
[T;=5 (Sp+ja)S!
S i 0> XepS -1
(Z ! ; )S! ) ’

Su—&-]&

Estimate of the loss probability

As in the Erlang model, we aim to dimension the system by determining the optimal
value of S to ensure a target loss probability. The exact computation of this probability
is tedious, and is based on technical arguments which are beyond the scope of this
book. We can nevertheless give a heuristic estimate.

In this system, the customer C,, is lost if, and only if, it finds in the system a waiting
time W, greater than its patience time D,,. The loss probability is hence given by

= i 3t

According to the results of section 4.6, as [4.97] clearly holds, there exists a
stationary waiting time TA. The r.v. TA and D are clearly independent (once again,
see the constructions of stationary waiting times in Chapter 4), Theorem 2.7 implies
that
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P =P ((TA, D) € {(z,y); z > y})

/ / ae” Y dy Pry(dz)
R+

=1- EWoo (Oz),

where Ly is the Laplace transform of W.

B

Figure 9.7. Single hub

9.11. Problems
EXERCISE 22.— We consider the following concentrator/hub:

Class 1 customers are those who use the connections A and C. Class 2 customers
are those using the connections B and C. We denote S 4, Sg, Sc¢ as the capacities of
each one of the links. We set X = (X!, X?), with X*(¢) the number of class i calls
in progress at t. Arrivals of calls of class ¢ form a Poisson process of intensity A;,
for ¢ = 1, 2. The call durations of class ¢ customers are exponentially distributed of
average 1/pu;. We set p; = \; /1;.

1) We assume at first that S4 = Sp = S¢ = oo. Write the infinitesimal generator
of X.

2) What is its stationary probability?

3) Show that it is reversible.

4) Describe the state space S when the capacities are finite.

5) Deduce the stationary probability 7 of X when all the capacities are finite.

6) Show that the probability P} of blocking (and thus, of loss) of calls of class i is
of the form

Z(n17n2)esi 77(7?,17 nz)

Z(’nl,TLQ)GS 7T‘(7’L1, n2) 9

pi=1-

where S; is a subset of S which we will specify.
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7) Numerical application: Sy = Sp = 2, S¢ = 3, p1 = p2 = 2. Compute p;.
8) Compare the loss probability to the quantity

1= (1 = Elp1, Sal)(1 = Elp1, Scl)-
What does the latter represent?

EXERCISE 23.— Consider the process X counting the number of customers in a
M, /M,,/S/S+C queue.

1) Show that X is Markov, and give its generator.

2) Show that there exists a unique stationary probability 7, and express 7.

3) Give the loss probability of the system.

9.12. Notes and comments

The explicit computations for the dimensioning of GSM networks with hand-overs
can be found in the lectures notes of X. Lagrange, those for the A-bis interface were
proposed by N. Dailly. The dimensioning of hierarchical networks is an old problem.
The old methods were based on the equivalent trunk method of Kuczura and Wilkinson
(see [ITU]). The approach using MMPP processes is due to [MEI 89]. Its application
to mobile networks is inspired by [LAG 96].
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Epitome

— The loss probability equals the blocking probability, only if the arrival process is
Poisson. In other cases, one can refer to Theorem A.34.

— In the M/M/S/S queue, the loss probability is given by Erlang-B formula

p° /8!
Yo 0t/

— In the Engset model, the loss probability is given by

Er[p, S| =

5018
P7Cyra
5 g 0
> =0 Car_ap?
where S is the number of servers and M represents the number of sources.

— The loss probability depends not only on the load, see the case of the IPP/M/S/S
queue.

Eng[p, S, M| =



PART 3

Spatial Modeling



Chapter 10

Spatial Point Processes

10.1. Preliminary

Inradio communications, the distance between the transmitter and the receiver plays
a crucial role. To evaluate the performance of radio-cellular protocols, it is customary
to consider that the access points or base stations are evenly distributed in a hexagonal
pattern; see Figure 10.1.

Figure 10.1. Hexagonal network of base stations

The mobile phones are often modeled by a continuum: a call can be transmitted
from a point z with an infinitesimal probability dz. This approach which is very
macroscopic prevents very precise and realistic calculations. For the last few years,

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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under the influence of works of F. Baccelli, the models stemming from stochastic
geometry are gaining more and more attention. They enable us to represent the reality
more precisely and make calculations more rigorously.

10.2. Stochastic geometry

The concept of configuration is specified in example A.l. Let us recollect the
definition, and see section A.1.2 for details.

DEFINITION 10.1.— A configuration is a locally finite set of points of a set E: there is a
finite number of points in any bounded set. We denote N g as the set of configurations
of E.

ExAaMPLE 10.1 (BERNOULLI PROCESS).— The Bernoulli point process is a process based
on a finite set E = {z1, -+ - , @, }. Each of these points is ON, independently of others
and with probability p. If we introduce A4, - - - , A, random independent variables of
Bernoulli distribution with p parameter, we can write

=1

(eJe]
oce
[ ]

Table 10.1. On the left, the set E. In the middle and on the right, two possible realisations.
In full (red), the ON points

EXAMPLE 10.2 (BINOMIAL PROCESS).— The number of points is fixed to n and y, a
probability measure on R? is given. According to i, the atoms are drawn randomly

independent of each other.

We can easily calculate that

and for the disjoint sets Ay,---, A,
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P(N(Ay) =k1,--, N(Ap) = kn) =

i+t k)
“]ﬁ'—k') p(AL)F Ak [10.1]

10.3. Poisson process

The point process, mathematically the richest, is the spatial Poisson process which
we recognise as that which generalizes the Poisson process on the real straight line
introduced in Chapter 6.

DEFINITION 10.2.— Let p be a Radon measure on a Polish space E that is j1(A) < oo
for every compact set A C E. The Poisson process with intensity y is defined by its
Laplace transform: for any function f : E — RT,

E {exp(—/fd]\/')] = exp (—/E(l—e_f(s))du(s)).

To clarify that the intensity measure is u, we will often index the expectation by
w.From the definition of a Poisson process, we immediately infer the Campbell formula
by differentiation.

THEOREM 10.1 (CAMPBELL FORMULA).— Let f € L*(E, p),

o [fra] - o

and if f € L*(E x E, u ® p), then

B | Y swn| =[] e man@au)

rAYEN

NOTE.— Particularly, for f = 1,4 where A is acompactof E/, we notice that E [N (A)] =
w(A). If p = Ad =z, then A represents the average number of customers per unit area.

An alternative definition is as follows:
THEOREM 10.2.— Let i1 be a Radon measure on a Polish space E. The Poisson process
with intensity p is the probability measure on Ng such that:

— For every compact set A C FE, N(A) follows a Poisson distribution with
parameter p(A).

— For Ay and A5 two disjoint subsets of (E, B(E)), the random variables N (A1)
and N (A3) are independent.
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From this second definition, we immediately deduce the result of the following
result of uniformity.

THEOREM 10.3.— Let N be a Poisson process with intensity p. Let A C E be a compact
set. Given that N (A\) = n, the atoms are distributed according to a binomial process

for pa(A) = p(ANA)/u(A).

Proof. Let Aq,---, A, be a partition of A or (k1,---, ky,) such that k1 + ... +
km = n.

P(N(A) =n)
B P(N(A) =n)
Nk
exp(— X7 (A T, A [102]

)
exp(—p(A)) A"

e )

According to [10.1] for pp, we see that, given the number of atoms in A, they are
distributed according to a binomial process. O

From this result, we deduce a way to simulate a Poisson process on any set A, such
that 1(A) is finite.

Algorithm 10.1. Simulation of realisation of a P.P.(11) on a set A.
Data: u, A
Result: n= realisation of a random variable with Poisson distribution(z(A))
fori =1tondo
| X, =draw a point with distribution z/p(A)
end
returnn, X;,i=1,---, n

ExAMPLE 10.3 (M/M/oco QUEUE).— The M/M/oo queue is the queue with Poisson
arrivals, independent and identically distributed from exponential distribution service
times, and an infinite number of servers (without buffer). It is initially a theoretical
object which is particularly simple to analyze and also a model to which we can
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compare other situations. Due to the independence of the inter-arrivals and service
time, according to the second characterization of Poisson processes, the process

N = Z (5(ngn)

n>1

where T, is the instant of nth arrival and S, the nth service time, is a Poisson process
with du(t, 2) = Adt ® pe™#® d z intensity in £ = RT x R*.

Service time

Ny A

‘ Time

Exit of customer 2 Exit of customer 3

Figure 10.2. The M/M/co queue as a Poisson process in RT x R™. Customers still
in use at time t are those that correspond to points in the shaded trapezoid

The customers who are still in service at the time are those who correspond to the
points in the shaded trapezium.

We deduce that X (¢), the number of busy servers at time ¢ follows a Poisson
distribution with parameter

t oo t
/ (/ e H dx) Ads = /\/ e M=) g5 = p(1 — e M),
0 t—s 0

where p = A/p. If the system is not empty at time 0, we must add X (¢) the number
of initial customers still in service at time ¢. If X follows a Poisson distribution with
parameter pg, the number of customers in service at time ¢ follows a Poisson distribution
with parameter pge~#! because each and every customer has a probability e~ #¢ of
being still in service and the total is thus the thinning of a Poisson random variable. In
conclusion, X (¢) then follows a Poisson distribution with parameter p + (pg — p)e ™ *t.
Irrespective of the value of py, the stationary probability of X is a Poisson distribution
with parameter p.
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NOTE.— Let us illustrate some of the differences between a Poissonian model and a
hexagonal model for wireless networks. In a hexagonal model, the average number of
users per unit of area is the inverse of the area of a hexagon. If the radius of the hexagon
is R, this gives an average density of 2/(3+/3) R~2. In a Poissonian model, the average
number of users per unit of area is \. In the same way as for comparing two queues,
the load must be identical to compare two spatial systems, and the average number of
users must be identical. We must therefore choose A and R? such that \R? = 2.373/2,

One of the essential parameters is as we have said, the distance. In particular, a
short distance between resources ensures a better coverage, but creates interferences.
In a hexagonal model, if the cell radius is R, the distance between nearest neighbours is
R+/3. Let us calculate this quantity in the case of a Poisson process with A d z intensity
on R?. Let z € R? be any point in the plane

D(N) = d(z, N) = inf{[lz -y, y € N}.

It is clear that we have
P(d(z, N) > 1) = P(N(B(z, 7)) = 0)
= exp(—An7?).

Therefore
+oo
P(D,>r7)dr

o= |
+oo
:/ exp(—Mrr?)d T
0

+oo 1
exp(— 2/2)\/Wdu

2\5’

because we recognise the semi-integral of the Gaussian density with variance A. Using
the Palm theory, we could show that this result holds true for the distance at any point
of the process and its nearest neighbour. In conclusion, if ARZ =2 / 33/2 we obtain
that the average distance in the Poisson model is approximately 0.8R, and that is
much less than the distance in the hexagonal model. For the interferences, which are
inversely proportional to the distance, the Poisson model is thus more pessimistic than
the hexagonal model.

ExXAMPLE 10.4 (MEAN INTERFERENCE).— At a point x of the plane, the interference
created by other mobiles is expressed by

= > hy) Py — I,

yeN
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where P(z) is the power of the signal emitted by the mobile in y, [ is a function of R™
in R™ which we generally take from the form

lo(r) =r~Yorly(r) =min(1, r=7). [10.3]

The second formulation gives less elegant formulas but is more realistic (a signal
is not going to be amplified on the grounds that the receiver is very close to the
transmitter) and avoids indefinite integrals. The random variables (h(y), y € N) are
generally identically distributed (the same distribution as that of a random variable
H), independent of each other and independent of N. They represent the loss factor
induced by the fading (the attenuation due to local movements of the receiver) and
shadowing (signal attenuation due to obstacles between the transmitter and receiver).
In general, the fading is modeled by a a random variable exponentially distributed
with one parameter. The shadowing is represented by a log-normal distribution, i.e. the
exponential of a Gaussian variable.

Campbell’s formula indicates that

E, (1) = E[H) [ P)l(ly - o]) duty).

Then, assume that power is the same for all the mobiles and that p is proportional to the
Lebesgue measure, that is d p(z) = A d . We immediately observe that the previous
quantity is not dependent on x, hence the result

E, [1(0)] = PE[H] / I(lyl)Ady = AE [H] / T iryrdr

If we take path-loss model as in [10.3], we obtain for a cell of radius R > 1

Ex [1(0)] = E[H] A <7r + %(1 - RM)).

For large R, this quantity is approximately equal to E [H] 7\ for v > 2.

EXAMPLE 10.5 (INTERFERENCE DISTRIBUTION).— Now, suppose that the random
variables (h(z), z € R?) are independent of the same distribution. For s real positive

B [exp(s [ ha(lel) dN ()]
= BB |exn(s [ n@)i(la]) AN () N

=E

)

[T [ expl-sitlslm) dPa(y)

zeEN
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since given the number of points in A, the atoms are independent of each other. By
denoting L as the Laplace transform of H, we obtain

11 »CH(SZ(||$||))‘|

zeN

B [exp(-s [ Hai(lel)a V)| ~ B

=E [exp(/AlnﬁH(Sl(”wn))dN(x))}
—oxp( [ 1 e Ene) a0
A

= exp(/A(lnEH(Sl(lla?II)) - dpu(z)).

For Rayleigh fading, H is exponentially distributed with parameter 1. If we assume
that 4 = A d x and that the path-loss is given by [, all calculations are feasible and we
obtain the following formula (see [HAE 08, equation (3.21)])

o
c = exp(—mAs’
I(O)(S) eXp( TIAS sin(775))’
where 6 = 2/+. Then we know that this corresponds to a stable distribution of

characteristic exponent d; see [SAM 94].

Most of the properties of real Poisson process are transferred to the spatial Poisson
process.

THEOREM 10.4 (INTEGRATION).— Let N and N? be two independent Poisson processes
with respective intensities ji* and p?, their superposition N defined by

/de:/de1+/de2

is a Poisson process with intensity p' + (2.

DEFINITION 10.3.— Let N be a Poisson process with intensity pandp : E — [0, 1].
The (p, p)-thinned Poisson process is the process where an atom of the Poisson process
N in x is kept with probability p(z).

THEOREM 10.5 (THINNING).— A (u, p)-thinned Poisson process is a Poisson process of
intensity [, defined by

ip(A) = /A p() d ().

NoOTE.— This result is interesting in the framework of modeling. If the users are
represented by the points of a point Poisson process, only those that emit at a given
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Table 10.2. A realisation of a Poisson process (on the left) and one of its thinning with
p = 2/3 (on the right). Filled circles correspond to kept points

time concern the operator. We can assume that each user has a probability p to emit
at any given time irrespective of other mobiles. Theorem 10.5 indicates that the active
users are scattered in the plane according to a Poisson process of intensity Ap.

Theorem 10.5 is a special case of the displacement theorem.

DEFINITION 10.4.— Let (Y, A, P’) be a probability space and (F, F) a Polish space.
A displacement is a measurable application © of Q' x E — F such that the random
variables (©(w', x), © € E) are independent. For A € F, we have

Oz, A) =P'(v' : B, z) € A).
Thus 6(x, A) represents the probability that the point x is displaced in A. More

mathematically, if we denote by O(w’, .)*11 the image measure of p through the
application ©(w’, .), we have

Eps (0 1(A)] = By [ [ ttewrmen du<x>]

:/P’(@(w z) € A)dp(e /GxAdu)

This means that

Ep/ /lAdG*u] ://AH(:E,dy)du(x).

Therefore, for a non-negative function f, we obtain

Ep :/fd@*u] [ [ 1wt anduto. [10.4]
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DEFINITION 10.5.— A displacement is said to be conservative when, for any compact
ACE

Ep/ [0 p(A // (z, dy) d p(z) = p(A).

This signifies that on average, the total mass of the point process is preserved.

Let © be a displacement such that [, [, e~ f®0(z, dy) d p(z) = p(A) and N be
a point process, the displaced point process N© is defined by

© W/) == Z 6@(w/,w)'

zeN

THEOREM 10.6 (DISPLACEMENT).— Let N be a Poisson process with intensity j on E
and © be a conservative displacement from E to F. The process N® is a Poisson
process with intensity i defined by

e = X xZ).
u (A)—/Ee< LA du(x)

Proof. First, assume that f has a compact support denoted by A. We know that given
N(A), the atoms of N are independent, distributed according to p/p(A). Therefore,
we can write

E{Fexp(/AdN)] Ze ”A)“ /H fay 4 )

n=0

According to the construction of N©, the random displacement is independent of
N, thus, we have

e e_M(A) n _ / .
E[exp<— / deG)}:EP/ > / [T« dpu(ay)
n=0 ’ "j=1

e— ()

— Z / Heff(O(w =) d () |-
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By definition of a displacement, the random variables (O (w’, z;), j =1, --- , n) are
independent. By using [10.4],we obtain,

. {exp(/de@)} B i 6*7:!(/\) (Ep/ UE ef(@(w’,a:))du(x)bn

n=0

X e—H(A) , n
Ze nl (/efdM@>

n=0

= exp <—,u(A)—|—/A/Fef(y)t?(as,dy)du(x)).

As O is conservative, we obtain

E {exp(/de@)} = exp </F(16f<y>)/Ae(:c, dy)du(rﬂ)),

so N is definitely a Poisson process with intensity ;°.

We obtain the general case for f, by truncation ( apply the previous result to fy =
f 1) and by a limit procedure (consider an increasing sequence of compacts (A,,, n >
1) such that U, A,, = E. Note that the existence of such a sequence is ensured by the
Polish character of F.). [

of Theorem 10.5. We consider ' = E U A where A is an external point. With
probability p(x), the atom z stays in x, with the complementary probability, it is
moved to A. This displacement is conservative as we keep the same number of atoms.
The restriction at F of the process thus obtained is the thinning of the initial process.
Theorem 10.5 is then a direct consequence of Theorem 10.6. U

By applying Theorem 10.6 to the function (z € RY + rx) where r € R, we
obtain a scaling property which is very useful in many applications.

COROLLARY 10.7.— Let N be a Poisson process with intensity ;1 on R%. Letr > 0, N”
is the dilation of N process defined by

N =375,

TEN

The process N is a Poisson process with intensity ") where ") (A) = u(A/r)
forany A € B(E).
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COROLLARY 10.8.— Let N be a Poisson process with intensity Adz on R®. The
process of modules is independent of the process of arguments. The first is a Poisson

process with intensity 2 \nr dr, and the second is a Poisson process of intensity
(27T)_1 1[0) 2] (6) dé.

Proof. Theorem 10.6 implies that

N =" afl. are(a)

z€N
is a Poisson process with A\ 1(g, 2] (#) d r d 0 intensity. Hence, we have the result. []

ExAMPLE 10.6 (OFDMA PROTOCOL).— Let us illustrate these results in the special
case of OFDMA protocol. In this protocol, time and frequency bands are cut into
pieces called subcarriers. To a communication, one or more subcarriers are allocated.
In practice, the allocation is for a period of a few slots and the assignments are therefore
similar to that of Figure 10.3.
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Figure 10.3. Division and allocation in time-frequency space for the OFDMA protocol

For radio communications, it is imperative that the signal to noise plus interference
ratio (SINR) be large enough, so that communication can be established. Note P,
the transmitted power, A the attenuation factor due to fading and shadowing,  the
coefficient of path-loss, and 7 the minimal value of admissible SINR to establish a
communication. The capacity formula of Shannon stipulates that for a user wishing to
transmit at rate C', the required number of subcarriers is given by

Qz) = APe) Lap e)=r>n}>

Edlg
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where W is the bandwidth of each subcarrier. The minimal SINR ratio varies between
0.001 (excellent channel) and 0.1 (worse conditions). In order to simplify the analysis,
we assume that the assignments are made for each slot. We want to determine the
probability that the number of available subcarriers is greater than the number of
subcarriers required.

‘We assume that the access point is located at the origin of the plane and that the users
are spatially distributed according to a Poisson process with intensity Ad x. A simple
model to represent the active users is to assign to each user, a probability of activity
p possibly depending on its position and to consider that the activity or inactivity of a
mobile is independent of each others. On the basis of Theorem 10.2, the point process
of active users is still a Poisson process with intensity A [ p(x) d z. The total number
of subcarriers required is then

M:Ademm

where A is the domain that represents the cell covered by the access point in (0, 0). By
assuming that A and P, are deterministic and independent of z, based on the Campbell
formula, we get

EMﬂ=AAQumuMw

If A and P, depend on z and on a randomness source independent of N, we have a
similar expression

E[M] =\ /A Q(a)p(x) ..

Itis often impossible to explicitly calculate the laws of random variables constructed
from a point process such as M. The stochastic analysis gives us the tools to obtain
some information on these distributions (we refer the reader to section 10.4 for the
notations and proofs).

THEOREM 10.9.— Let N be a Poisson process with intensity ywon E. Let F' € Dom D
such that E [F] = 0. We, therefore, have the following inequality

|

+ [ BID.FPIDLF] duo),
E

dry(Pp, N(0,1)) <E H1 —/ED,;FDQCL_le,u(x)

where dryrepresents the total variation distance between two probability measures,
and N (0, 1) is the centered Gaussian measure on R.
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COROLLARY 10.10.— Let Ny, - - -, Ni be independent spatial Poisson processes with
respective intensity \; d x, on a bounded domain A. Let F be a functional of the form

K N'(A

)
Poy Y v
i=1 n=1

where (Y}!, i, n € N) are independent variables whose distribution does not depend
on anything other than the index exponent, that is Y} and Y.}, have the same distribution
but it is not necessarily the case for Y} and Y. Let

K
A =>"N(0) / m? dPy.:(m),
i=1 R

where \;(A) = fA Ai dx is the area of A multiplied by \;. We obtain

K
dry(Dist.((F — E[F])/¢), N(0,1)) < C% (Z A(A) /R m? APy (m)>.

In particular,

‘P(FE[F] ZI)—/ ou?/2 du
c z v 21

K
1
< — ; 3 i .
<3 (;_1: Ai /A dz /R m? dPy (m)>

Proof. As the individual Poisson processes are independent of each other, the process

S Y b

i=1 (z,m)EN"
is a Poisson process on R™ x R with intensity

K

D Aida ® dPy;(m).

i=1
In this case, the gradient operator is defined by

Dy mF(w) = F(w+ 0pm) — F(w).
The functional F' is rewritten

K
Fe [ [may ¥ )
AJR =1 (z,m)EN"?

where A is the domain of the plane on which we work. Therefore, we have D, ,, F' = m.
The result follows from Theorem 10.9. O
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ExXAMPLE (Continuation of example 10.6).— Initially, we assume that fading is constant.
This is an unrealistic hypothesis but serves to illustrate the complexity of the problem.
In this case, for each mobile, ) does not depend on anything other than its position.
We thus have a set of concentric rings around the base station in each of which the
number of subcarriers required is the same. In fact,

C

AP,
W10g2 (1 + xe)

Q(x):k<:>k—l< <k<= Rp_1<zx< Ry,

1/~
where Ry = 0, Ry = (MM’) . The maximum radius R is defined by

the relation

AP,
[ Rarll”

AP 1/~
=, thus Ry = ( e) .

Similarly, the maximum number of subcarriers required is Nyy = Q(Rps). It
is instructive to study the variations of the average number of subcarriers required
according to the variations of certain parameters. Let us fix C' = 200 kb/s, W = 250
kHz, A = 20,000, and A = 0.01 mobile per square meter.

According to the second characterisation of the Poisson process, the number of users
in the ring k& which is denoted by N follows a Poisson distribution with parameter
Am(R? — R?_,). Moreover, the random variables (Nj, k& > 1) are independent
because the rings are disjoint. The number of subcarriers required is thus for each slot
N =3, kNj. Therefore,

E[N]=ArY k(R — R} ,)and Var(N) = At Y k*(R} — R} _,).
k k

Such a random variable follows a distribution called compound Poisson distribution.
‘We know how to calculate the Laplace transform easily but that does not give the explicit
expression of the probability that IV is equal to k. We can also numerically calculate its
distribution by convolution of the distributions of each of the dilated Poisson random
variables which composes it. Nevertheless, the size of the calculations is quickly
prohibitive, we therefore resort to approximations. For a Poisson random variable
of parameter A\, we know that when A\ tends toward infinity, the distribution of this
suitably normalised variable tends toward a Gaussian distribution. The disadvantages
of this approach are twofold. On the one hand, we do not know what A big signifies,
that is to say, from which values of A the approximation is valid. On the other hand, the
approximation is, according to the values of A sometimes pessimistic, and sometimes
optimistic as shown in Figure 10.4.
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Outage probability

e r

Figure 10.4. Outage probability with respect to r. The solid line represents the exact value, in
dotted line, the Gaussian approximation. Curve obtained for v = 3.5 and A = 0.02

To address the first difficulty, one can use the previous results. By taking Y,¥ = k
for any n, we notice that the ¢? of Theorem 10.10 is equal to Var(NN). We, therefore,
have

. N -E[N A > k3(R: — R2
v <Dm'(c[])’ N, 1)) = O zzkzzu;z - Rﬁi)l))s/z
L R (B - Riy)
T VA VA k(R - B2
In other words, the convergence toward the Gaussian distribution is of the order of

1/+/X as expected. This theoretical bound is in fact very pessimistic as proved by
Figure 10.4.

However, the advantage of this result is that it provides an explicit bound. Table
10.3 shows a high sensitivity of the average number of required subcarriers with respect
to the variations of ~.

The same calculations show such a high sensitivity to variations in A, the average
number of active users per unit of area. However, these two parameters are particularly
delicate to estimate, especially the coefficient , which largely depends on the
environment (rural, urban, semi-urban, suburban, skyscrapers, etc.). It is, therefore,
of crucial importance to have dimensioning that is robust to the variations of these
parameters.

THEOREM 10.11.— Let N be a Poisson process with intensity jon E and A be a compact
of E. Let I : My — R such that

D,F(Np) < B, (u®P)— ae and / |D,F(Np)|?dp(z) < ao? P —ae..
E
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~
n |25 3 [35]4
0.1 [[2.10%] 334 [ 98 |38
0.01 |9.10°| 10° |3.10%| 56
0.001/5.10%|5.10°| 10° |555

Table 10.3. Average number of subcarriers required depending on n (first column) and ~,

For any r > 0, we have the following inequality

P(F(Vy) ~ BIF(V] > 1) < exp (- 51+ )
ExaMPLE (Continuation of example 10.6).— In the case of interest, the maximum
number of subcarriers required is limited, and it only depends on the characteristics
of the network (transmitting power, bandwidth of the subcarrier, etc.). Therefore,
D,N < Ny and if E is the cell, we can choose o? = N2,;u(E) = ArR3, N3,
in Theorem 10.11. We thus obtain

r

-
_ < - 1+——).
P(N —E[N]>r) <exp ( N7, log(1 + )mRﬁ/I))

With respect to the Gaussian approximation, in this formula we need not calculate the
variance of NV, just the average is sufficient.

‘ ~y ‘ Exact ‘ Gaussian ‘ Concentration ‘ Error‘

2.5/2.060| 2.056 2.357 0.14
2.6/1.420| 1.417 1.682 0.18
2.7/1.010| 1.006 1.243 0.23
2.8| 738 735 948 0.29
29| 553 549 745 0.35
3| 423 420 600 0.42
3.5| 146 142 276 0.9
4| 69 66 177 1.57

Table 10.4. Dimensioning by the three methods for different values of ~y. For all values of ,
A = 0.01. The last column contains the relative over sizing between what is obtained by the
concentration inequality and the exact calculation

We observe that dimensioning by the Gaussian approximation is optimistic,
which is absolutely forbidden. The over-dimensioning induced by the inequality of
concentration is reasonable in most cases. Although it is clearly large, this can be seen
as a guarantee against the inaccuracies in the measurements of A and ~y and against the
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epistemic errors, i.e. error in the model. If we consider a situation with different classes
of users with different rates and integrate considerations about fading and shadowing
to the model, exact calculations become impossible but the concentration inequality
can still be easily established.

10.4. Stochastic analysis

‘We now establish the proofs of Theorems 10.9 and 10.11.

LEMMA 10.12 (Girsanov’s theorem).— Let N and N’ be two point Poisson processes,
with respective intensity ji and 1. Let us assume that 1/ < p and let us denote
p = du'/dpu. Let A be a compact of E. Moreover, if p belongs to L' (i), then for
every bounded function F', we have

E[F(N})] =E [F(NA)exp (/hlpdNAJr/A(lp)du)].

Proof. We verify this identity for the exponential functions F' of the form
exp(— [ fd N) with f at compact support. On the basis of Definition 10.2

E{exp(—/deA)eXp (/AlnpdNAJr/(l—p)du)}

=B ow(- [ (£~ mpany)|es( [ 1-paw
— e~ [(-exp-f +mp)du+ [0 -pdn)

~expl= [ (1= pdw)
Al

As a result, the measures on Mg, P NI and RdP y, where

R = exp (/lnpdNA+/(1—p)dﬂ>

have the same Laplace transform. Therefore, they are equal and the result follows for
any bounded function F'. O

In what follows, for a configuration 7

n, ifx €n,
K {nu{x}, ifx &n.



Spatial Point Processes 327

Similarly,

6, = n\{.x}, ifx en,
n, ifz &n.

As p is assumed to be diffuse E [N ({z})] = u({z}) = 0. Therefore, for fixed z,
almost surely, 1 does not contain x.

DEFINITION 10.6.— Let N be a Poisson process with intensity u. Let F' : Mg — R
be a measurable function such that E [F 2] < o0. We define DomD as the set of
square integrable random variables such that

E U |F(N +6,) — F(N)|?d p(z)| < oo.
E
For F € Dom D, we set

D,F(N)=F(N +4,) — F(N).

EXAMPLE.—~ For example, for f deterministic belonging to L?(u), F = [ fdN
belongs to Dom D and D, F = f(x) because

F(N+d&)= > fu)=> [+
yeNU{z} yeEN
Similarly, if F' = max,en f(y) then

0 if f(x) < F(N),

D, F(N) = {f(x)F if f(z) > F(N).

In both cases, if f is bounded, D F' is bounded too.

One of the essential formulas for the Poisson process is the following.

THEOREM 10.13.— Let N be a Poisson process with intensity u. For any random field
F: Mg x E — R such that

E UE IF(N, 2)|d ()| < o0
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then

EUEF(N, x)du(x)} :EUEF(N\J;, a:)dN(a:)]. [10.5]

Proof. According to the first definition of the Poisson process, for f with compact
support and A a compact F, for any ¢ > 0,

E {exp(/(ertlA)dN)} :exp(f/E1fe*f@)*“A(z)dﬂ(z)).

According to the theorem of derivation under the summation sign, on one hand, we

have
%E [exp(—/(f+t1A)dN)] t:OZ_E [e—fde/th},

and on the other hand,

iexp(,/ 1— eff(w)ftlA(fr)du(x))
dt E

t=0

=-E Ue—ff””(g”) Ix(z)d p(z) |

As [fdN — f(z) = [fd(N — 4;), [10.5] is true for functions of the form
15 e~/ 74N We admit that this is enough as far as the result is true for all the F
functions such that both the members are well defined. O

Let 12 be a Radon measure on a Polish space F and A be a compact of E. We
introduce the Glauber-Poisson process, which is denoted by 9%, whose dynamics is
as follows:

- NA(0) =1 € Na,

— Each atom of 7 has a life duration, independent of that of the other atoms,
exponentially distributed with parameter 1.

— Atoms are born at moments following a Poisson process with intensity z(A). On
its appearance, each atom is localised independently from all the others according to
w/u(A). It is also assigned in an independent manner, a life duration exponentially
distributed with parameter 1.
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Algorithm 10.2. The first £ transitions of a trajectory of a Glauber process
associated with a Poisson process with intensity p, on a domain A, of initial
condition N
Data: u, A, N, k
Result: 17, - - -, T}, = birth moments. N; = ‘JIA(TJ-)7 ji=1,-,k
T() «— 0;
NO — N,
forn =110k do
L, — drawing of a e(u(A) + Np—1(A));
Tn — Tnfl + Ln;
7= p(A)/(p(A) + Noa(A));
U « drawing of a U ([0, 1]);
if U < r then
X « drawing of a random variable of distribution p/p(A);
Nn — anl + 5X;
end
ifnot k < drawingofaU({1, --- , Np_1(A)});
Nn — anl - 6$N;

end
return 7, - -+, T}

I 4
L

0 t Time

Figure 10.5. Realisation of a trajectory of ™

At every instant, A () is a configuration of E. We first observe that the total
number of atoms of M (¢) follows exactly the same dynamics as the number of busy
servers in a M/M/oo queue with parameters p(A) and 1.

THEOREM 10.14.— Assume that ‘JIA(O) is a point Poisson process with intensity v. At
each instant t, the distribution of M (t) is that of a Poisson process with intensity
e tupy+ (1- e_t)uA where vy is the restriction from v to A. Particularly, if vy = pp,
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the distribution of W (t) does not depend on t and is equal to 5. We denote E,,, [X]|
as the expectation of a random variable X under this induced probability.

Proof. For two disjoint parts A and B of A, by construction, the processes & 4 and
® p are independent and follow the same dynamics as that of a M/M/oco queue with
respective parameters (p(A), 1) and (1(B), 1). The result follows from the properties
of the M/M/oo queue established in Example 10.3. O

As all the sojourn time are exponentially distributed, 9t* is a Markov process with
values in g . Far from the idea of developing the general theory of Markov processes
in the space of measures, we can study its infinitesimal generator and its semi group.

THEOREM 10.15.— Let A be a compact of E. The infinitesimal generator of W is given
by

_ SAF(N) = /A(F(N +6,) = F(N)) d ()

+ /(F(N —6,) — F(N))dN(z), [10.6]

for F bounded from Ny into R.

Proof. We reason in the same way as that of the Markov process. At a time ¢, there
may be a either a death or a birth. At the time of a departure, we choose the uniformly
killed atom among the existing atoms. The death rate is thus 7(A) and every atom has
a probability 7(A)~! of being killed. Therefore, the transition 7 toward 7 — &, take
place at rates of 1 for any 2 € 7. The birth rate is x(A) and the position of the new
atom is distributed according to the measure pi5 /p(A) so the transition 7) toward 7+ §,
occurs at a rate d pa () for each = € A. From it, we deduce [10.6]. O

THEOREM 10.16.— The semi-group 3" is ergodic. Moreover, £ is invertible from L3

in L3 where L3 is the subspace of L* of the random variables with null expectation
and we have

sgle/ PAF . [10.7]
0

Foranyx € F andanyt > 0,

D PAF = e UBAD,F. [10.8]



Spatial Point Processes 331

In addition,

By | [ DA PP ()] < By | [ IDF0Rau)|. 100

Proof. Denote (1, - - - , x,) theatoms of " (0) and (Y3, - - -, Y;,) some independent
random variables exponentially distributed with parameter 1. We set

NN =D Liyiney O
1=1

the measure consisting of the atoms of M*(0) surviving at time ¢. The distribution of
MA(t) is that of the independent sum of a Poisson process with intensity (1 — e™*)ux
and of M*(0)[¢]. According to Lemma 10.12, we know that for any F' € L!

B, oty [F(NA)] = By [F(N2) exp(In(l — e )N(A) + e~ u(4))]

“Hua [

Therefore, for any bounded function F' and any 7 € 15, we have the following identity

PP F(n) =B [F(N4 (1)) | 91(0) = 1)
=E [F(n[t] + Na)exp(In(1 — e ")N(A) + e~ ‘u(A))] . [10.10]
Set
R(t) = exp(In(1 — e )N (A) + e *u(A)).

On the one hand, we have R(t) < (%) and on the other hand, according to definition
10.2, E[R(t)] = 1, and this for any ¢ > 0. As M*(0) has a finite number of atoms,
M2 (0)[t] almost surely tends toward the zero measure when ¢ tends toward infinity. By
dominated convergence, we deduce that

PAF () — By, [F(Ny)]

that is to say, 3" is ergodic. The property [10.7] is a well-known relation between the
semi-group and infinitesimal generator. Formally, without worrying about the integral
convergence, we have

QA(/me?th) = /OOEASB{‘th

0
=— | SPpAF
/0 SBAFdi
= F-E[F]=F,

according to ergodicity of B2 and as F is centered. O
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Let (¢, Ny ) denote the value of 91" (¢) when the initial condition is N . We can
write

D, P F(t) = E [N (¢, Na +6,)] — E [N (¢, Ny)J.

Let Y, be the life duration of the atom located in x. If Y, > t then the atom is still
alive at ¢, thus A (¢, Np + d,) = M (t, No) + 8. If the atom is already dead at ¢
then MA (¢, Ny +6,) = MA(¢, Na). As Y, is by construction, independent of N and
MA, it is legitimate to write

E [F(MA(t, Na +06,) | Na] — E [F(R (8, Na)| Na]
=E [y, >0 (FOW(t, Na +8,)) — F(M(t, Na)) | Na]
+E [1(y, <oy (F(MA(t, Na)) — F(NA(t, Na))) | Na],
= ¢ 'E [D,F(M (t, Nb))],

hence we have the result. According to the representation [10.10] and Jensen’s
inequality, we see that

[BAF|" < PAF2. [10.11]
Therefore,
[ Da(e3 POV d )
:/ |D, /Oo‘m\F(NA)dt\zdu(x)
A 0
:/ |/OO e”'PP DL F(Ny) dtf* d ()
A 0
= /A/o e 1P D F(NA)? dtd ()
S/A/o "B DL F(NA) P d it d p(x)

:/A/OOO B [|D, FI2N (£)) | A (0) = Na] dt d u(x),

where we have successively used equations [10.7] and [10.8], Jensen’s inequality and
[10.11]. As 0" (¢) has the same distribution as 9t*(0) if this one is chosen as a Poisson
process with p intensity, when we take expectations of each side, we obtain the
following identity
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By | [ IS PP ulo)
=B | [ [ DarEet @) atanto)
— [ [ e B (D.FP ()] drdata)
=B, | [ 1D PO dnto)]

Hence, we have the result.

THEOREM 10.17.— Let F and G be two functions belonging to Dom D. The following
identity is satisfied

By, | [ DaF(NA) DGV dp)]| = By [F(N) £1G VA
A
In particular, if G is centered

E,, [F(NA)G(NA)] = By, [ [ D) DL ).
[10.12]

Proof. Let F and G belong to Dom D, according to [10.5] twice and the definition of
LA, we have

E,, { /A DoF(Ny) DaG(Ny) du(x)}

=By | [ (FV0) = PNy = 6))(GN) - GV~ 8.))a Na o)

~ By (G + By, | [ GONEQNS +8) ~ FN)) )]
~ By [ [ G0N = 6)(PNA) — PNy = 6.)aNa o)

= E,, [G(NA)LAF(Ny)].

The result follows. O
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Proof of Theorem 10.11. Let A be a compact of E, a bounded function F' of zero
expectation. According to Theorem 10.17, we can write the following identities

By [F(Na)eF O]
=B | [ D3 PN D) )|

_E,, [ [ DeER PP — 1o du(xﬂ |
A

The function (z — (e* — 1)/x) is continuously increasing on R; therefore, we have

E,, [F(NA)e"F(NA)}

—0E /D (EX1F(NA)) D F(N)weeF(NA)d (z)
- A A TA\~A A z A QDLF(NA) 2
08 _ 1
< 9a2© 7 E,, |:€9F(NA):| _
This implies that
d e —1
T e

Therefore,

2 0
E,., [eeF(NA)} < exp (C;/o (ePt — 1)du>.

For x > 0, for any 6 > 0,

P(F(Ny) > z) = P(ePFN2) > f)

o

6
<e "R [69F(NA)} <e 0= exp (ﬂ/ (eﬁu — 1)du>. [10.13]
0

This result is true for any 6, so we can optimize with respect to 0. At fixed x, we
search the value of # which cancels the derivative of the right-hand-side with respect
to #. Plugging this value into [10.3], we can obtain the result. 0

Proof of Theorem 10.9. We can always assume that ' € Dom D is of null expectancy.
We, respectively, note ¢ and ¢. , as the cumulative distribution function (the
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complementary cumulative distribution function, respectively) of a reduced centered
Gaussian random variable, that is

o(z) = \/%/_ e 2 du, go(x) = \/%/ e /2 du.

For r > 0, let us consider v,., as solution of the differential equation
zy(z) —y'(x) = ¢e(r) — 1}y, oof(2), forallz € R.

‘We can choose

_ 27r6x2/2¢(x)¢c(7’) ifx <,
Yrla) = { 27re$2/2¢c(:£)¢>(7') ifx >r.

Note that
|1y ()] < ¢(r) and [/ (z)] < 2. [10.14]

We can then use the Stein method. It is sufficient to note that

d)c(r) - P(F > 7‘) = E;LA [l[r,oo[(F) - (ZSC(T)}
=E,, [FYr(F) = 4. (F)]

_E,, [ / Do (F)Do €5 F d u(2) | — B [0(F)].
[10.15]

according to [10.12]. According to the Taylor’s formula with integral remainder, we
have

D;cq/}r(F) = %(F(NA + 5x)) - ¢r(F(NA)) = w'/r(F(NA))DmF(NA)

1
+ (D F(Np))? | ! (F(Na)+ (1 —u)F(Na + 6,))(1 — u) du.
[10.16]

Plugging [10.16] into [10.15] and using [10.9] and [10.14], we get
|pe(r) =P(F >7)| < ¢(r)E,, [Il - /Dl-F DxSXIFdM(w)I}

+2E,, [/01(1 —u)du/DIF(NA)|2|D1£A1F|du(x)} :

The result follows. O
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10.5. Problems

EXERCISE 23.— We continue the study of OFDMA protocol. Now, we consider the
Rayleigh fading. This signifies that the number of subcarriers claimed by a user at
position x becomes

C
Wlog, (1 +

N(z) = min(Nyy, )if KF,||z||”” > SNRyin,

K.y
][

where F), is the coefficient of Rayleigh fading. From the standpoint of modeling, this
signifies that to each atom of the Poisson process we add a mark representing the
Rayleigh fading of that user. We generally assume that

— I, and F, are random independent variables, if x and y are different,

— for any € R2, F, follows an exponential distribution with parameter 1.

The model is now therefore a marked point process where the measures are of the form

= bum

g

with d Pps(m) = exp(—m) 1g+(m) dm.

1) Give the average number of full sub-carriers required for every moment in the
cell under integral form. Use the same decomposition principle as before to calculate
this integral explicitly. We recall that the Gamma function is defined by

F(z):/ e mm* tdz.
0

2) Fork =1,--- , Ny, what is the distribution of the number of users who require
k sub-carriers at a given time?

3) Check this results on the simulations.

4) Calculate through simulation the probability of outage for values of S going
from Spyin t0 Smax With a step of 10.

5) What is the value of the inequality of concentration in this new model ?

6) We fix a threshold of loss equal to 0.01, calculate the number of resources
necessary to obtain a loss below this threshold by simulation and using the limit obtained
by the inequality of concentration.

7) Calculate the probability of outage for A\, A+ 10%, A 4+ 20% through simulation.
Compare with the limit of concentration obtained for .
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8) Same question by varying y of 10%, 20%.

9) Your conclusions.

Numerical values

C 200 kb/s

w 250 kHz

K 106

~ 2.8

R 300 m

A 0.0l m~2

SINR i, 0.1

P 0.01
Smin 30
Smax 100

EXERCISE 24.— We consider X as the process representing the number of busy servers
in a M)/M,, /oo queue. We say that f : N — R is c-Lipschitz if

f(n+1)— f(n) <e, foranyn.

1) Express X (t) under an integral form with respect to a Poisson process on
RT x R".

We introduce D as the operator of difference associated with the Poisson process.
Let f be c-Lipschitz.

2) Show that for any (s, 2) € R™ x R™,
| Ds,2 f(X(1))] < c1jo,4(s)
and that

/|Ds7zf(X(t))|2)\dsdPg(z) < At

3) Deduce a concentration inequality for f (X (¢)).

10.6. Notes and comments

The basic references for this chapter are [LAC 09a, BAC 09b]. For many results on
the interferences in a Poissonian framework, one can consult [EDT 08]. The results of
stochastic analysis are inspired by [HOU 02, WU 00]. The introduction of the Glauber’s
dynamics as an Ornstein-Uhlenbeck process is new. Another approach of Malliavin
calculus for the Poisson processes can be found in [NUA 95, MIC 09].
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Epitome

— A Poisson point process allows us to represent the mobiles at a given time or
access points in a mathematically usable manner.

— Campbell’s formula enables us to easily calculate the functional expectations of
a Poisson process. It enables us to link to the model known as fluid model.

— In the same way as in dimension 1, the superposition of two independent Poisson
processes is a Poisson process.

— The theorem of displacement stipulates that when we move the atoms of a Poisson
process independently of each other with the same statistics, the result is still a Poisson
process whose intensity we know to calculate.

— The stochastic analysis allows us to establish the inequality of concentration.
This identity is useful to bound the overshot probabilities and thus define robust
dimensioning.



Appendix A

Mathematical Toolbox

Mathematical concepts and theorems have their existence and their own interests. As
regards modeling, mathematics mainly become a toolbox to solve practical problems.
To make good food, it still necessary to know the ingredients available. We review in
this chapter the mathematical theorems used in the rest of this book.

A.1. Probability spaces and processes
A.1.1. Countable spaces

The concept of countability plays an important role in probability if only because the
property of measurability is stable only by countable union. It is therefore interesting
to clarify some results related to this concept.

DEFINITION A.1.— A set E is a finite cardinal with n elements if there exists a bijection
Sfrom E into the set {1,--- , n}.

DEFINITION A.2.— A set E is called countable (or countably infinite) if there exists a
bijection from E into N, the set of natural integers.

ExAMPLE.— 2N, the set of integers is countable. P(IN), set of subsets of N, is not since
it can be bijectively mapped to the set of real numbers R.. Indeed, for a subset A of N,
we can define a sequence (ya(n), n > 0) by

(n) lifn € A,
n)=
xa 0 otherwise.

Then, with this sequence, we can associate the real number x4 defined by z4 =
Y n>127"xa(n). In the reverse direction, to a real number of [0, 1], we can associate

Stochastic Modeling and Analysis of Telecom Networks Laurent Decreusefond and Pascal Moyal
© 2012 ISTE Ltd. Published 2012 by ISTE Ltd.
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N

~ NN . RN N

Figure A.1. Bijection from N x N to N

its proper dyadic development, thatis = ) ., 2,2~ " with z,, € {0, 1} for any n.
This defines a set by taking B

A= |J {n}

n:xr,=1

Therefore, there exists a bijection from P(IN) into {0, 1} and then P(N) is not
countable.

THEOREM A.l.— If X andY are countable then X x Y and X U 'Y are countable.

These two properties are based on the main result which states that there exists a
bijection from N x NN into IN. The bijection is constructed as shown in Figure A.1.
For example, the element (2, 0) is sent to 3 and the element (0, 2) is sent to 5.

COROLLARY A.2.— The set of relative integers 7 is countable.

The following theorem is far from being trivial.

THEOREM A.3.— Ifthe set X can be embedded in the setY andY can be embedded in
X, then there exists a bijection from X into Y.

COROLLARY A.4.— The set of rational numbers Q is countable.

Proof. There exists an injection from N in QQ and by construction of Q, there exists
an injection of Q in Z x Z, which according to the above theorem is in bijection with
N. Therefore, Q is in bijection with N. O
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NOTE.— Most of the processes we have to deal with take their values in at most countable
spaces. Owing to etymology, this means that we can number the elements of these sets.
Let E be an at most countable set and ,, € N be the index corresponding to xz € E.
Conversely, x; the ith element of E is the element x of F such that ¢, = i. When
E is a discrete subset of R, the numbering may be chosen as the canonical order. It
often becomes a little tricky when, for example F is a product space as in the case of
the queue MMPP/M/S/S, but this difficulty is more relevant to data representation for
computer calculations rather than to mathematics itself.

EXAMPLE.— Let E = {0, 1} x {a, b, c}. This set contains six elements which can be
ordered in the lexicographic order

(0, a) < (0,b) < (0,¢) <(1,a) <(1,b) <(1, ¢).

This induces i(g, .y = 3 and 74 = (1, a).

A function from E to R is characterized by its “graph” ((z, f(x)), € E) but as
F is countable, we can consider this set as the column vector whose i,th component
is f(x). A measure on a countable space is characterized by its value on singletons
therefore identified as a vector m = (7 (i, ), € E). This vector is usually written as
a line vector since measures and functions are in duality: the integral of f with respect
to the measure 7 is written as

f(z1)
/fdﬂ: > f@)m(@) = (w(z1), -, w(@n), ) f(:

)
z€E In)

where the row vector and column vector are multiplied according to the rules of matrix
multiplication. It is sometimes convenient to think in terms of functions, particularly for
mathematical proofs, sometimes more convenient to use the vector notation, especially
for computations. When we handle functions, it is more natural to denote the states by
x, y, and so on. When one refers to vectors, it is customary to number the states by ¢,
7, and so on.

A.1.2. Polish spaces

Polish spaces are a class of topological spaces general enough to make probability
theory rigorous without superfluous difficulty.

DEFINITION A.3.— A Polish space E is a space with a distance d which satisfies the
following two properties:

— It is complete: every Cauchy sequence converges.
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— It is separable: there exists a sequence (x,,, n > 1) of elements of E dense in E,
that is to say, such that for any x € E, for any € > 0, there exists some x,, such that
d(xp, x) < €.

ExaMPLE.— The spaces R, R”, C™ are Polish spaces for the common distance.
Countable dense families are Q, (Q)™, (Q +:Q)™.

ExAMPLE.— More generally, we shall have to handle infinite sequences of real numbers.
When the size of a “vector” becomes infinite, it creates problems of summability or
“boundedness”. If E' is a countable space, we often consider the sub-spaces of the set
of real sequences indexed by E, set denoted by R”. The two subsets of R¥ which are
the most important for us, are [*°(E) and I?(E).

DEFINITION A.4.— Let E be countable. The set [°° (E) is the set of real valued sequences
indexed by E which are bounded, that is

u=(u(z), x € E) € l*(F) itelg lu(z)| < oo.

The norm on I>°(E) is denoted by ||u||cc = sup ¢ |u(x)|. The space (I°(E), || |loc)
is a complete normed vector space, hence what is called a Banach space. Let ¢ be a
bijection between N and E and E,, = ¢({0, -+ , n}). The setJ,,~, Q¥ is countable
and dense, therefore (I°(E), || ||oo) is Polish. B

DEFINITION A.5.— Let E be a countable set and © a measure on E. The set I>(E, )
is the set of real-valued sequences indexed by E which are square integrable for m,
that is

u=(u(z), z € E) € ’(E) <= Y |u(z)]’r(z) < 0.
zeE

The norm on 1*(E, ) is denoted by |lull> = (3, cp |u(z)*m(x))'/2. The space

(I3(E, 7), || l2) is a vector space with a scalar product
(u, vV)i2(p, ) = Z u(z)v(x)m(z),
zelE

which generalizes the scalar product of vectors in R™. In addition, (1*(E), || ||2) is
complete for this scalar product, so it is an Hilbert space. The set | J, -, QP is dense

in (I2(E, 7, || ||2), hence (I>(E, 7), || ||2) is Polish.

EXAMPLE.— The space of continuous functions on [0, 7' with values in R is also a
Polish space for the distance induced by the uniform norm

d(f, g9) = S |f(t) — g(t)].

It is well known that this space is complete. According to the Weierstrass theorem,
polynomials with rational coefficients form a countable dense family. Indeed, the set
of polynomials with coefficients of degree at most k is in bijection with Q¥+ therefore
the union of these sets is a countable union of countable sets, so it is countable.
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ExXAMPLE.— Thespace D([0, T'], R) of right-continuous with left-limits functions (rcll
for short) is usually equipped with the distance

d(f,g) = inf sup [f(t) —g(o(t))],

PENT 0<t<T

where $7 is the set of homeomorphisms (continuous bijections with a continuous
inverse) of [0, T'] into itself. This space is complete and the family of polynomials with
rational coefficients is still dense.

The last example is that of configurations on a Polish space E.

DEFINITION A.6.— A configuration on E is a locally finite set of points of E. Locally
finite means that there is a finite number of points in any bounded subset of E. We
denote by N the set of configurations on E.

The set {(n,0), n € N*} is a configuration. But, the set {(1/n,0), n € N*} is
not a configuration because there is an infinite number of points in the interval [0, 1]

(see Figure A.1).
k. ] (@] ] ] ] ]

Figure A.2. Example and counter-example of configurations

We denote £ as the generic element of the set of configurations. Each £ is a set,
thatis £ = {x1, 2, - - - }, but we also identify it with a point measure: £ = erg Oy
Depending on the context, one or the other representation is the most convenient. The
empty configuration denoted by & corresponds to the zero measure, this should not be
confused with the Dirac measure at 0. Since any configuration has at most a countable
numbers of elements, we can index them by the integers but there is no preferential
order: x; can represent any of the atoms of &. Therefore, it is best to keep the set
notation as often as possible. For f : E — R, we set (regardless of the convergence
of the series for the time being)

[rae=Y s

x€e

For A a set of F, £(A) is the number of points in £ N A. We also denote || = £(E) as
the total number of points in £. It may happen that || is infinite. Finally, {5 denotes
the restriction of £ to B: {p(A) = £(AN B).

DEFINITION A.7.— Let E be a Polish space, a point process N on E is a random
variable with values in the set Mg of configurations on E.
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DEFINITION A.8.— Let E be a Polish space and Ng be the set of configurations on E.
The configurations sequence (&, n > 1) converges to the configuration £ in a vague
sense if for any continuous function f from E into R with compact support,

[raen == [ e

This almost means that the positions of the atoms of &,, tend to those of atoms of &
but some “mass” may escape to infinity

(Sn n—-+4oo n—-+o0o 0

& because for f with compact support f(n)

THEOREM A.5.— The space Ng equipped with the vague convergence is Polish.

In order to construct the distance on M, we consider a dense sequence (z,,, n > 1)
of elements in E. We denote B, , = {z € E, dg(x, z,) < 1/q} the open ball
centered at x,, with radius 1/g. The countable family of functions (f,, , =1 Bn.g T2
1, ¢ > 1) generates the o-field B(E). For two configurations w and 7 of M, we set

d(w, 77) = Z ZQ_OH_(])C(/ fn,q(dw - dﬁ)),

where ((z) = |z|/(1 + |z|). This distance induces the same topology as the vague
topology: convergent sequences are the same in both cases. To construct a dense
countable family, we can mimic what we did for continuous functions. Since F is
Polish, there exists a dense countable family @ = (z,, n € N). The set of finite
simple point measures whose atoms belong to Q plays the same role as polynomials
with rational coefficients.

A.1.3. Stochastic processes

A stochastic process is a family of random variables indexedby T = Nor T = R,
more rarely by Z or R.. These random variables are assumed to be defined on the same
space (2 and take their value in the same Polish space F, which means that we have an
application X

X:Ox%—F
(w, t) — X(w, t).

We can consider X as a random variable with values in the space of applications from
T in E, a set commonly denoted by E*

X:Q—FE*
wr— (t— X(w, t)).



Mathematical Toolbox 345

In this description, the value of X (w) is called the trajectory of X, it is the set of
elements of £ obtained for fixed w by varying ¢ in X.

The first description is the most natural since it corresponds to the idea we have
of a dynamical system: a sequence of values indexed by time. The second and more
abstract description is used to build the rigorous mathematical framework.

It is well known that in probability theory, the space €2 is often loosely defined
but what really counts is the value space of the random variables. To make life easier,
it is common to consider that {2 is already the value space. Then, the random object
under consideration is itself a trajectory. The value at time ¢ is then represented by the
coordinate application

X,: E*—E
wr— Xi(w) = w(t).

When the index set is countable, E™N naturally inherits the product topology from that
of E' and that makes it a Polish space. The distribution of X is then determined by the
finite-dimensional distributions. This means that two processes X and Y such that

Law(Xg, -+, X,) = Law(Yp,--- , Y,,) forany n > 0,

have the same distribution. However, it is not enough that for any n, X,, has the same
distribution as Y,,. For instance, if the Y,, are independent copies of X and X,, = X
for any n then P(X; # X5) = 0 and P(Y; # Y3) > 0, which prevents equality in
distribution of these two processes.

The situation is more complex if the index space is uncountable, £ R isnot naturally
equipped with a topology. There are two essential examples whose properties are
presented below: the space of continuous functions and the space of rcll functions.
In both cases, the distribution of a process is determined by the finite-dimensional
distributions: two processes X and Y have the same distribution if and only if

Law(Xy,, -+, X;,) = Law(Yy,---, Y; ) forany ¢y, - -+ , &, € T.

n

A.14. o-fields

DEFINITION A.9.— A o-field € of a set E is a set of subsets of E which satisfies the
following three properties:

- eg,
—if A€ Ethen A° €&,

—if (An, n > 1) is a countable family of elements of € then | )~ An is an element
of €. -
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Sets of a o-field are often called measurable sets.

EXAMPLE.— The most simple examples of o-fields are the coarse o-fields: £ = {@, E'}
and the o-field of all subsets of E, thatis £ = P(E).

NOTE.— For a discrete random variable, we want to calculate quantities such as P(X =
1), that is to say to calculate the probability of the singleton {i} under the distribution
of X. It is then necessary that all singletons are measurable sets. As in a countable
space, a set is the at-most countable union of its singletons, by stability of a o-field by
countable unions, we see that if the singletons are measurable, all sets are.

The situation is totally different for uncountable spaces. We still want singletons
to be measurable but they are not sufficient to describe any set as a countable union.
In addition, it may be shown that unless we abandon the axiom of choice, we cannot
reasonably build a measure on the set of all subsets of an uncountable space. That is
why the notion of generated o-filed plays a key role in the following.

DEFINITION A.10.— Let C C P(E), o(C), called the o-filed generated by C, denotes
the smallest o-field containing C.

EXAMPLE A.1.— Forasetof A € E,0(A) = {@, A, A°, E}.

DEFINITION A.11.— For a Polish set E, we denote B(FE) the Borelian o-field of E
generated by the open sets of E.

DEFINITION A.12.— For an application X of E in RY, we denote o(X) as the smallest
o-field such that X is measurable from (R%, o(X)) into (R?, B(R?)).

LEMMA A.6.— Let X be measurable from (E, {@, A, A, E}) into (F, F), another
Polish space. Then there exists f1 and fo in F such that

{fl lfUJEA,

X(w) = [A1]

fa iwaAC.

Proof. Let w; € E. As X is measurable B = X ~!({X(w1)}) is one of the four
following sets {&, A, A°, E}. As w; belongs to B, B cannot be empty. If B = E,
this means that for any w € B = E, X(w) = X(w;) therefore X is constant. The
random variable X is of the form [A.1] with f; = fo = X(w;). If B = A with
X(w) = X(wy) forany w € A. Let wy € A€, the set C = X1 ({X(wz)}) cannot
be equal to A¢ and therefore X (w) = X (ws2) for any w € A°. Therefore, X is of the
form [A.1] with f; = X (w;). O

More generally, we have the following theorem.

THEOREM A.7.— Let X : E — (F, F)andY : E — (R, B(R)) where E and
F are two Polish spaces. The random variable Y is (X ) measurable if and only if
there exists ¢ : (F, F) — (R, B(R)) measurable such that Y = 1)(X).



Mathematical Toolbox 347

Proof. The o-field generated by X necessarily contains the sets of the form X ~!(A)
for A € F. As this set of sets constitutes a o-field, o(X) = {X~1(4), A € F}. If
Y is of the form 15 then Y ! ({1}) = B belongs to o(X). Thus, there exists C € F
such that B = X ~1(C). Therefore, we have Y = 1¢(X).

Now let Y be a simple function, thatis ¥ = E:’L:l a; 14, with A, N A; = @ and
a; —a; # 0fori # j. Since A; = Y ' ({;}), by the same reasoning, we construct
Cy,---, C,, F-measurable sets such that Y = (3" | a; 1¢,)(X). Let Y be an F-
measurable non-negative random variable, we know that there exists a sequence of
simple function (Y}, n > 1) which converges almost surely to Y. We have previously
built ¢, such that Y,, = ¢,,(X). As Y,, converges to Y, v,, converges on the image
of E by X. Unfortunately, there is no guarantee that this set is measurable. To avoid
this problem, we set 1 = limsup,, ¥,,. As any upper limit of measurable functions
is measurable, this function is measurable. In addition, when ,, converges to v, the
upper limit too. In conclusion, we have built ¢ measurable such that Y = ¢(X). O

DEFINITION A.13.— A w-system is a set of subsets stable by finite intersection.
DEFINITION A.14.— A A-system D is a set of subsets stable by monotone limits:
-IfA, C Ani1 € Dthen U, A,, € D;
—if B C Awith A, B € D then A\B € D.

We finish this section by a theorem known as monotone class theorem which is
thoroughly used to establish some formulas.

THEOREM A.8.— Let C be a w-system and D a \-system of a Polish space E. IfC C D
then o(C) C D.

A.2. Conditional expectation

For a Polish space (E, £) , L?>(E, &, P) denotes the space of square integrable
random variables: the random variables such that E[X 2] < oo. For F sub-o-field
of &, the theory of Hilbert spaces states that we can define the orthogonal projection
of L?(E, &, P) onto L*(E, F, P).

DEFINITION A.15— Let X € L*(E, &, P), we denote E[X | F|, the so-called

conditional expectation of X given F, defined as the orthogonal projection of X on
the Hilbert space L*(E, F, P).

By definition of an orthogonal projection, this means that

E[X | F] is F-measurable and E[ZX] = E[ZE[X | F]], [A.2]
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for any bounded, F-measurable, random variable Z. By analogy with the non-
conditional case, we introduce the conditional probability given (a o-field) F, by

P(A|F) =E[1,4 | F].

Note that the conditional expectation and the conditional probability are random
variables.

EXAMPLE.— Let F = {&, A, A°, Q} where A € £. F is a sub-o-field of £. Let us
calculate E[X | F] for X € L*(E, £, P). According to Lemma A.6, if Z is an F-
measurable random variable then it can be written as

Z =aly+blye forsomea,b € R.

Therefore E [X | F ] can also be written as c1 4 +d 1 4, and it is sufficient to determine
the constants ¢ and d. By replacing E[X | F| by 14 +d 14- in [A.2] we get for any
a and any b,

E[(a14+b14c)(c1g+d14e)] = acP(A) + bd P(A°).
Therefore
E[X(als+b14e)] = acP(A) + bd P(A°).

This must be true for any a and b, thus
E[X14] E[X 14 ]
(A TR

In particular, for X = 1¢,C € E
P(C|F)=P(C|A)14+P(C|A%)14c.

E[X|F] =

Ac .

The following results are easy to prove.

THEOREM A.9.— Let X be a random variable of L*(E, £, P) and F a sub-o-field of
E. We have the following properties:

IfX >0as. thenE[X\]:] > 0;
2) E[[E[X | F]]] <E[|X]];

3)forany X € L'(E, &, P), there exists a unique random variable, denoted by
E [X | f], that satisfies [A.2];

4)if X is F-measurable and Y & measurable such that XY € L' then
E[XY|.7-'] = XE[Y|]—'];

5) if X € L' is independent of F then E[X | .7-"] = E[X];

6)if F C G C & then forany X € L%,

E[E[X|G]|F] = E[E[X|F]|G] = B[X|F].
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A.2.1. Independence and conditioning

The following results on conditional independence are less known but absolutely
essential to establish economically different forms of Markov property.

DEFINITION A.16.— Let F1, -+, Fpn, G C € be n o-fields. The o-fields Fy,--- , Fp,
are conditionally independent given G when

P(n7_, B;|1G) = [[P(B;|9)as. [A.3]
j=1
forany B € Fj, j=1,---,n.

An infinite family of o-fields (F,., » € T') is conditionally independent given G if
[A.3] is true for all finite subfamily.

THEOREM A.10.— Let F, G and H be three o-fields of (E, £). The following three
properties are equivalent:

1) F and 'H are conditionally independent given G;
2)Forany H e H,P(H|FV G)=P(H|G), as.;
3) H and F \V G are conditionally independent given G.

Proof. Assume F and H are conditionally independent given G. For ' € F, G € G
and H € 'H, we have
E[P(H|g) 1r IG] = E[P(H |G)P(F|G) IG]
= E[P(HOF|Q) IG]
by definition of conditional independence. According to Property 4 of Theorem A.9
E[P(HOF|g) lg] = E[IH lpmg].
Note that
D={FVG EPH|G)1y]|=E[1gly]}.

Hence,C = {M = FNG, F e F,G e} CD.ltis obvious that C is a w-system.
By linearity and monotone convergence, it appears that D is a A-system. According to
Theorem A.8, D contains the o-field generated by C. Moreover, ¥ C C and G C G,
therefore C contains F V G. This means that for any M € F V G,

E[P(H|G) 1y ] =E[1g1x].

AsP(H |G) is F V G measurable, Point 2 is satisfied.
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If Point 2 is satisfied, for any F' € F and any H € 'H, we get
P(FNH|G)=E[P(FNH|FVG)|G]
— E[1; P(H|FVG)|d]
~E[17P(H|G)|d]
=P(H|G)P(F|G).
This proves the independence of F and H given G.

According to Point 2, H and F V G are conditionally independent given G if and
onlyif P(H | FV G)=P(H|G) forany H € H. This is exactly the same condition
as that which induces F and H are conditionally independent given G. The equivalence
of Point 1 and Point 3 follows. O

The reasoning of the first stage is called a “monotone class argument”. It won’t be
detailed any more since the principle is always the same.
THEOREM A.11.— LetG, H, F1, -+ ,Fn,- - - be o-fields. The following statements are
equivalent.

1) The o-fields H and \/,, F, are conditionally independent given G.

2) For any integer n, the o-fields H and F, 4, are conditionally independent given
GVFLV...F.

Proof. If H and \/,, F,, are conditionally independent given G then H and any o-field
generated by a finite subfamily of JF; are conditionally independent given G. Apply
Theorem A.10 with F = \/|_, F; then F = \/?:11 Fj, we get

n n+1
PHI|G) =P (H|GV\/ F | andP(H|G) =P [H|GV \/ F;
Jj=1 j=1

By applying again Theorem A.10 with 7 = F,,; 1, we deduce the point 2.

In the reverse direction, assume that for any n > 0, for any H € H, we have

n n+1
P(H|GV\/ F|=P|H|GV\ F
j=1 j=1

By transitivity of the relation of equality, we then have

PH|G) =P (H|GV \/ F; | forallm.

j=1
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According to Theorem A.10, H and \/;n:1 F; are conditionally independent given G.
By the definition of conditional independence for an infinite number of o-fields, Point
1 follows. O

A.2.2. Markov property

We now introduce the shift operator (6, t € ). Assume that we have a family
of random variables with values in F, indexed by ‘¥ countable or not. Aside from
topological considerations, the trajectories of this process are elements of £*, the set
of applications of ¥ in E.

DEFINITION A.17.— For any t € X, the shift operator 0y is defined by
6, : E* — E*
(w(s), s€X)— (w(t+s), seF).

#» The trajectory 6w is the trajectory that begins at time ¢ and is indexed by the elapsed
time between the present instant and ¢. A random variable o (X (u), ¢t < u)-measurable
is then written as F'(w) = v(6;w) with ¢)-measurable. A set of o-fields (F;, t € T) of
a Polish space (F, &) is a filtration whenever t < ¢/ — F; C Fyr.

DEFINITION A.18.— A family of random variables X = (X (t), t € X) with values in
FE, is Markov process when the following conditions hold.

— X(t) is Fy measurable for any t € %.

— The o-fields F; and 0({X (s)}) are conditionally independent given X (t) for
anyt < s e %.

THEOREM A.12.— If X is a Markov process then for any t € %, the o-fields F;
and o({X (s), s > t}) are conditionally independent given X (t). Moreover, for any
bounded function i from (E, &) in R, we have the following identity.

E[y o6, | F] =E[¢ o | Xy]. [A.4]

#» This property means that past and future are conditionally independent given the
present. At time ¢, to determine the evolution of X, it suffices to know the value of X
at ¢, no matter how it got there.

Proof. By a monotone class argument in the case where T = R ™, by definition in the
case ¥ = N, itis necessary and sufficient to show that the o-fields F; and 6 { X (s), s €
{t =to <t1 <...<t,}} are conditionally independent given X ().

We know that for any j, o(X (t,)) and F; _ are conditionally independent given
X(tn). Now, Fy, V \/;Zl1 o(X(t;)) is a sub o-field of F; _ since X(t;) is Fy,
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(therefore F; _ )-measurable. According to Theorem A.11 with 7 = o(X(t,,)) and
G = o(X(tn-1)), the o-fields F; and o (X (t,,)) are conditionally independent given
o(X(t), -+, X(tn—1))- By applying again Theorem A.11 with F = F; and G =
o(X(t)), we see that the o-fields F; and 0{ X (s), s€ {t =tg < t1 < ... < t,}}are
conditionally independent given X ().

To prove the second point, observe that 1) o 6 is \/ . , Fs-measurable. On the other
hand, as E [w of | X (t)] is F;-measurable, it is enough to show that for any F' € F;,

E[E[¢o0, | X(t)]1r] =E[¢p o, 1r].

However, according to the properties of conditional expectation and the first part of the
proof, we have

EE[¢o00, | X(1)]1p]| =E[E[ 00, | X(1)|E[1F | X(t)]]
E[E[¢ o6, 15 | X(t)]]
E

[77[1091‘, lF]v

hence the result. O

A.3. Vector spaces and orders
In the Euclidean space R?, for any z, y € R? and A € R,

x = (z(1), 2(2), -, z(p)),
Az = (Az(1), -, Az(p)),
z+y=(z(1)+y(1), -, z(p) + y(p)).

‘We also denote

— the first vector of the canonical basis of R? by ¢; = (1, 0, 0, --- , 0);
—the 1-vectorby 1 = (1, 1, --- , 1);
— the positive part of X € RP as X+ = (X(1)+, X2, -, X(p)+);

— X the vector whose coordinates are the coordinates of X sorted in increasing
order.

We then note (R.;)P, as the set of vectors with (R )? whose coordinates are arranged
in increasing order.
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DEFINITION A.19.— A relation “<” on a set E defines a ordering if any:
(i) reflexive: forany x € E, x < x;
(ii) transitive: forall x, y, z € E, x <y and y < z implies x < z;
(iii) anti-symmetric: forall x, y € E, x <y and y < x implies y = x.

The lag is then said to be total if x < y ory < x forall x, y € E, partial otherwise.

We define a first partial ordering on RP, denoted by “<”, by the following relation
X <Y << X(i)<Y(i)foranyi=1,---, p. [A.5]

In particular, (R )? admits of course the point <-minimal 0 = (0, -- -, 0). Moreover,
reasoning coordinate by coordinate, it is easy to see that all <-increasing and bounded
sequences converge.

The Schur-convex ordering, denoted by <. is another (quasi-) partial ordering on
RP, especially used in economics.

DEFINITION A.20.— Let u and v be two vectors of RP. We say that u <. v if

p p
Zu = Zv i),
=1 i=1
p P
i=k i=k

# We can hence compare v and v by the Schur-convex ordering if v and v represent
two distributions of p components of the same total mass. Then v <. v means that u
divides a larger mass on more components than v. The relation “<.” is almost a partial
ordering in the sense that where u <. v and v <. u imply that » and v are equal up to
a permutation of their coordinates.

Let G, be the set of permutations of [1, p]. For any element € R? and any
v € 6, we set

2y = (2(y(1)), 2(v(2)), -, (v(P)))-

DEFINITION A.21.— Let E be a set. A function F' : RP — FE is called symmetric if
F(x) = F (z) forallz € R? andy € &,,. Let vy € &, and © € RP. We say that -y is
an ordering permutation of x if x is not totally ordered and if (i) = j and v(j) =

for a certain couple (i, j) such that i < j and x(i) > z(j), and v(k) = k for any

k¢ {i, j}

The following proof is left to the reader.
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LEMMA A.13.— Forany z, y € RP

T <Y = —T <. —Y. [A.6]

LEMMA A.14— (i) Forany z, y € RP,
T =y <= F(r) < F(y),
for any convex and symmetric functionF : RP — R; [A.7]
(ii) For any x, y € RP, for any permutation vy ordering x,
Ty — Y <cT—4. [A.8]

In particular

S]]

— Y=< —79. [A.9]

We now introduce the ordering <. on (R )P, which is a variant of the Schur-convex
ordering.

DEFINITION A.22.— Let w and v € (R4.)P. We denote u <., v if

p p
u(i) < 3 w(i), foranyk € [1, p.
i=k i=k

We can verify practically that <, defines a partial ordering on (R.;)?. In addition,

LEMMA A.15.— Let u, v € (R )P such that u <, v. Then,
(i) forany x € R,

[u—21]" <, [v—2.1]";

(ii) for any i € [1, p] such that u(j) < v(j), foranyy € R,

u+y.e; <xv+y.e;.

Proof. (i) The result s trivial if u(p) < x. Otherwise, forany k € [1, p], there exists
¢ > k such that

(i) —a)* =

P

(u()) =) < D (0(i) —2) <Y (0(i) —2)*.
it i=k

M-
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(ii) For any k > j,

> (uFye)i) = (Z U(i)> v <U(j) ty+ Y U(Z))
i=k i=k i=k+1

< (Zv(z‘)) v (v(j) ty+ oy v(z'))

i=k i=k—+1
=) (v+y.e)(d),
i=k
while for any £ < 7,

STy =Y ul@)+y< D> vi)+y= (Fye)).
i=k i=k i=k i=k

O

Several SRS that are discussed in Chapter 4 take vector-values with an unbounded
number of components. So, we introduce the space S of almost-null positive sequences,
that is to say that all components are null from a certain rank and positive before this
index

S:={ue RN, IN(u) € N,u(i) = 0Yi > N(u)
and u(i) > 0Vi < N(u)}. [A.10]

In other words, N (u) is the number of non-zero coordinates of u. For any u € S, we
note u, the version of u arranged in descending ordering, that is

u(i+ 1) < wu(i) forall i € N.

We generalize the definition of the partial ordering “<” and “<.” to S.

DEFINITION A.23.— Let u,v € S, @ and ¥ the restrictions of u and v to their N (u) V
N (v) first coordinates.

(i) We say that u <. v if u <. v, in other words,
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(ii) We say that u < v if @ < v, in other words,

u <, v <= u(i) < v(i) foranyi € N*.

We define similarly the set of sequences with values in (R )?. Any element u of
(R2)N" is denoted as

U= ((ul(l),uQ(l)), (u1(2),u2(2)), o).
Equivalently, we can write u as
U= (ul,uQ),

where

*
are two elements of RN .

‘We then define

82 = {ue (RN, IN(u) € N, (u(i), (i) = (0,0)Vi > N(u)

and u' (i) > 0, u?(i) > 0Vi < N(u) and u' (N (u)) > 0, u* (N (u)) = 0},
[A.11]

the set of sequences whose coefficients are equal to (0, 0) from a certain rank N (u)+1,

with values in (Ri)2 up to rank N (u) — 1 and the first component is positive up to
rank NV (u) (the second being zero).

A.4. Bounded variation processes

In stochastic calculus, we often meet functions of bounded variation. It turns out
that each such function may be written as the difference of two increasing functions and
it is known that monotone functions have nice differentiability properties. We can thus
write down a change of variable formula (a precursor of the celebrated Itd6 formula)
for bounded variation processes (i.e. random processes whose sample-paths are a.s. of
bounded variation) which is of constant use in stochastic calculus.

DEFINITION A.24.— Let [a,b] C R, a subdivision m of [a,b] is a finite set of points
m = {to, -, tn} such that

a=ty<t1 <...<tp,=0b.

We denote || as the step of the subdivision defined by |rt| = sup,, ¢, |tiy1 — ti|. The
set of subdivisions of [a, b] is I, ).
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DEFINITION A.25.— Let f : [a,b] — R, f is of bounded variation when

Vary (f) = sup Y |f(tira) — f(t;)] is finite.

mE€llfa,b) ¢ en

NOTE.— Increasing functions are of bounded variation, so are Lipschitz functions.

THEOREM A.16.— If [c,d] C [a,b] and f is of bounded variation on [a, b] then f is of
bounded variation on [c, d]. Moreover,

Var[a,c](f) + Var[c,b] (f) = Var[a,b](f)'

Proof. Left to the reader. O

THEOREM A.17 (JORDAN DECOMPOSITION).— Let f be of bounded variation on [a, b,
there exists one and only one pair of functions (g, h) such that

1) f=g—h+f(a)

2) g and h are increasing;

3) gla) = h(a) =0;

4) Var[a,b](f) = Var[a,b] (g) + Var[a,b] (h)

Proof. Set

1

() = 3(7(@) ~ F(a) + Varia (1)) and h(x) = 3 (F(a) ~ F(x) + Varia ()

It is immediate that

gla) =h(a) =0, f=g—h+ f(a).

|f(x) = f(y)| < Var(y (f) = Var(qy (f) — Varj, z)(f),
g and h are increasing. Therefore,

Vargg 4 (9) = g(b) — g(a) and Var(, ) (h) = h(b) — h(a).
Hence Vary, y ()= Vary, (9) + Vary, ) (h).

It remains to show uniqueness. Assume that there exists another pair (g1, h1)
satisfying the same properties. Let © < y, since g; is increasing, g1 (y) — g1(x) > 0.
On the other hand,

91(y) —g1(x) = fy) = f(@) + (y) = ha(x) = fy) = f(=),
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since hj is increasing. Thus, we can say that

91(y) — g1(z) = max(0, f(y) - f(z))

1

= (W) — F@) +1/) - f(@)).

For any subdivision of [z, y], we then have

1

91(y) —g1(2) 2 5(fy) = f(2) + Z |f(tiv1) = F(t:)])

S(F(9) — F(@) + Var, (1)

5 () — F(&) + Varga ) (f) — Varia o (£))
=9(y) — g(x).

The function 3 = ¢g; — g is increasing. In addition, the relation
f=g-h+fla)=g1 -+ fla)

implies that hy = h + 8 and ((a) = 0. Finally, the constraint
Var, 4)(f) = Vary, 4)(91) + Varg, ) (h1),

implies that
91(b) — g1(a) + h1(b) — ha(a) = g(b) + h(b).

Now g1(b) — g1(a) + h1(b) — hi(a) = g(b) + h(b) + 26(b). Hence 3 is the null
function, which means that g = ¢g; and h = h;. O

Let us turn now to the differentiability properties of monotone functions. The main
theorem is the Lebesgue differentiation theorem.

THEOREM A.18 (LEBESGUE DIFFERENTIATION THEOREM).— Let [a,b] be a compact
interval of R and f be an increasing function on [a, b]. The function f is differentiable
almost everywhere (with respect to the Lebesgue measure) on [a, b], [’ is an integrable
function and

b
‘/fﬁwtﬁﬂw—ﬂ®~ [A.12)

NOTE.— The derivative is defined in the usual sense as a limit of growth rates but
the usual theorem which says that f(b) — f(a) = f; f/(t)dt is no longer true. To
explain from where we get this apparent deficit, let us use a modified version of the
Radon-Nikodym theorem.
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THEOREM A.19.— Let pi and v be two o-finite measures. There exist two measures v,
and vy such that

)v=v,+ vy

2) v, is absolutely continuous with respect to i, i.e. there exists h € L'(u) such
that

w(B) = [ nap

3) vq is singular with respect to i, that is to say there exists a measurable set N
such that vqg(N°) = 0 and (1(N') = 0. In other words, the support of vq is included in
a u-negligible set.

The second ingredient is the Stieltjes integral.

DEFINITION A.26.— For g € C.(R) and f right continuous and increasing, we define
the integral of g with respect to f, denoted by [ gd f, as the limit (if it exists) of

Zg(ti)(f(twrl) — f(t:)),

when the step of subdivision tends to 0.

NOTE.— The existence of the limit is ensured under the hypothesis that f and g does
not have the same points of discontinuity.

Finally, the Riesz theorem ensures that there exists a measure Ay such that
/gdf = /gd/\f forall g € C.(R).
THEOREM A.20.— For f and Ay thus defined, we have

Ap(la,0]) = f(b) = f(a) and Ag([a,b]) = f(b) = f(a™),

where f(x7) = limyy, f(y) and f(xy) = limy, f(y) = f(x) since f is right
continuous.

Proof. We consider the sequence of functions (h,,, n > 1) (see Figure A.3) defined
by

1
hn(x)zlfora—&—ggxgb,
1
ho(x) =n(z—a)fora<z <a+ —,
n

1
hn(x):1—n(a:—b)forb§x§b+ﬁ-
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a—1/n a b b+1/n

Figure A.3. Continuous function approaching 14 p)

The sequence (h,,, n > 1) converges a.s. to 1(, 5 and |h,,| < 1, thus by dominated
convergence, we have

/hndxf 2722, A ([a, b]).

By choosing the particular subdivision {tg = a,t; = a+ 1/n,ts = b, t3 = b+ 1/n},
we obtain

(e t)- ) oo ) (o 2) )
< [hnas

Since 0 < h,, < 1, for every subdivision, we have

St i) = £9) < (1 (a4 2 +171) - (@)
+ (f(b+ ) - £ <a+ ;)) " (f <b+ Tll) —f(b)).
Therefore,

[t < sos s - 50+ 1 (b4 1) - fia)

For any n, h,, is increasing and non-negative, therefore by monotone convergence,
J hn d f converges to [ hd f on one hand. On the other hand, the above bounds show
that, given the right continuity of f,

1g&/MAf=ﬂw—ﬂw

Hence, we have shown that f(b) — f(a) = Afla,b]. The other identity is proved
similarly. O
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(t,t)

(0,0)

Figure A.4. Decomposition of [0, t]?

By combining the last two theorems, we obtain the following description.

THEOREM A.21.— Let f be right continuous and increasing, null at —oco. There exists
h locally integrable and vy a measure singular with respect to the Lebesgue measure
such that

f@) = [ b du+ (=0,

NOTE.— Hence, the subset of differentiability of f does not exhaust all the mass,
that is why we get relation [A.12]. On the other hand, since h is locally integrable,
the dominated convergence theorem ensures that the function = +— ffoc h(u)du is
continuous thus if f is discontinuous at x(, we necessarily have A f(xo) = v¢({zo}).

THEOREM A.22 (INTEGRATION BY PARTS).— Let f and g be two right continuous
Sfunctions of bounded variation on |0, t]. Then,

F(H)g(t) — F(0)g(0) = / f(s™)dg(s) + / o(s7)d £(5) + [, s 1A13]

where

[fogle= D Af(s)Ag(s) and Af(s) = f(s) — f(s7).

0<s<t

Proof. We compute the integral of d Ay ® d Ay on the square [0,¢] x [0,¢] in two
different ways. First, it comes from Theorem A.20 that

/[0 o P @A = (1) = FO)(6(0) = 9(0)).
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Second, we decompose the square in upper and lower triangles (U and L, respectively)
and the diagonal D. We apply to both triangles Fubini’s theorem. In the case of the
triangle L, we get

[aroan=[ ( /OS‘dAg)dAf@

- / (9(s7) — 9(0)) d A (s)

- / g(s7)dAs(s) — g(0)(F(t) — £(0)).

Likewise, we obtain

[ arxmarn, = [ 57)an() - £l - 0)
U 0

The diagonal D is of Lebesgue measure zero thus the integral on D of the measure
dAf ®d g is reduced to the integral of its singular part

/dAf@@dAg:/duf@dug: > Af(s)Ag(s),
D D 0<s<t

according to remark A.4. By summing these three equalities, we obtain [A.13]. O

The next theorem is a change of variables theorem. In one dimension, the common
change of variables theorem states that

Flg(t) — F(g(0)) = / A(F o g)(s) = / Fllg(s)g/(s)ds.  [A14]

This is actually the application of the relation f(t) — f(0) = fg 1'(s) d s to the identity
(Fog) = F'og.¢g. In the case of functions of bounded variation, we do not have
the first relation and the second relation seems difficult to verify. However, we obtain
a result similar to [A.14].

THEOREM A.23.— Let g be a right continuous function of bounded variation and F' be
a function of class C', we have,

Fg(t) - F(g(0)) = / F(g(s™)) dg(s)

0
+ F(g(s)) — F(g(s7)) — F'(g(s7))Ag(s). [A.15]

0<s<t
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NOTE.— In particular, if g is continuous we obtain the usual result.

Proof. We prove [A.15] for F/(x) = a2, by induction on n using the integration by
parts formula. By linearity, [A.15] is true for polynomials. We then approach any C'!
function by a sequence of polynomials and pass to the limit in both sides to obtain the
result for F of class C'. O

A.5. Martingales
A.5.1. Discrete time martingales

DEFINITION A.27.— A (X,,, n > 0) sequence of real random variables, integrable is
called a martingale (respectively, a sub-martingale or supermartingale) if:

1) for any n, X,, is F,,-measurable and integrable;

2) E[Xnﬂ fn] = X, a.s. (respectively, E[Xn+1 \]—'n} > X, or
EXAMPLE.— A typical example is that of a sequence of independent random variables.
Let (&, @ > 1) be i.i.d. random variables with E[¢;] = 0, then the sequence defined
by Xo =0, X,, = Y1, &, isan F,, = o(&, - -+, &) martingale: Since &, 11 is
independent of F,,, we have

n+1
=1

DEFINITION A.28.— Let T be a random variable with integer values T, it is a stopping
time when for any n € N,

{w: 1(w) =n} € Fu.

THEOREM A.24.— Let (X,,, n > 0) be a martingale and T be a stopping time. Then
(X7, n > 1), where X is defined by X np, is a martingale.

Proof. We have

n—1

Xoan = Z Xm I{T:m} +X5 1{7’277.} .

m=0

Therefore, X,y is Fp-measurable. Since |X,| is a sub-martingale, for m < n, for
any J,,,-measurable, non-negative, random variable Y,,,, we have

E[|Xn[Yin] < E[|Xa]Yn].
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Therefore,

-1

1=0

S

3

-1

<D E[Xa| oy | + B[ Xal 1o ] S E[X]] < 400

m=0

3

Moreover,

Xonm+1) = Xoan = Xnp1 Ursng1y —Xn Lirsny = Lrsny (Xng — Xa).
Hence,

E[XT/\(71,+1) - X‘I’/\’I’L"F’I’L} =1y E[Xnﬂ - X, | }—n] =0.
The result follows. O
DEFINITION A.29.— If T is a stopping time, F denotes the o-field defined by

AeF, < AN(r <n) e F,,

foranyn > 0.

LEMMA A.25.— Let T be a stopping time and X be an F-measurable random variable.
Then,

X Iir<n)

is F,-measurable for any n € N.

Proof. Let A € F, and X = 14. Then the conclusion is trivially true. By linearity,
it is also true for finitely valued random variables (i.e. random variables with a finite
number of outcomes). If X is arbitrary, then there exists a sequence of finitely valued
F,-measurable random variables (X, k£ > 1), which converges to X almost surely.
Therefore,

X Lirgny = lm Xp 1ir<ny
belongs to F,. O
THEOREM A.26.— Let (X,,, n > 0) be a martingale (respectively, a sub-martingale)

and T, < 7o be the two stopping times such that fort =1, 2,

— 00

E[|X..|] < occand liminf/ |X,|dP = 0.
n {7',->n}

Then, we have

E[X,, |F.] = X., Pae.
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Proof. Let us first assume that 75 < k where & € N is a constant. We have | X,| <
|X1| + - - + | X[, therefore X, is integrable. For n < k and A € F,,, we have

k k
BlX1a] = Y BN Ly ] = S BIX, Lungrgy ] = BIX, 14].
j=0 §=0
This entails that
E[Xk | ]-"TJ =X .

Let us define the martingale X2 by X, nm,. Then X,? = X ak = X,,. Reasoning
along the same lives yields to

E[XTz ‘«7:7—1} =X

almost-surely. For the general case, according to what we have just seen, for any m > n,
we have

E[X'rg/\m | -7:7'1/\”] = Xn/\n~

Hence, for B € F,,,

E [XTQAm lBﬁ{Tl <m} ] = E[Xﬁ Am lBﬁ{Tl <m} ] .

By dominated convergence, the right hand side of this equality converges to
E[X,, 15 |. Therefore, the left hand side also converges. Furthermore, we can write

E [XT2/\m lBﬁ{Tl <m} ] = E[XT2 le{TQSm’Tl <m} }
+ E[Xm lBﬂ{ﬁ <m}n{ra>m} ] :

When m goes to infinity, the first term of the right-hand-side converges (dominated
convergence) thus the second term must also converge. In this case, we can replace the
limit of this term with the lim inf that is zero according to the hypothesis and the result
follows. O

DEFINITION A.30.— A process (A, n > 0) is said to be predictable when A,, is F,, 1
measurable for any n > 1.

THEOREM A.27 (DOOB DECOMPOSITION).— Let (X, n > 0) be a sub-martingale. Then
there exists a martingale (M, n > 0) and (A,, n > 0) sequence predictable and
increasing such that

X, =M, + A", AO =0.

Furthermore, this decomposition is unique.
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Proof. Assume that there exist two decompositions as above, denoted by (M, A) and
(M’, A’). Then, (A,, — Al,,, n > 0) is a predictable martingale, so it is constant. By

ni o

hypothesis we have Ay = Aj,, hence the uniqueness.

We define the sequence A,, by its increments
AAn = An+1 — An = E[Xn+1 — Xn ‘fn} and AQ =0.

Since X is a sub-martingale, A A,, is non-negative and therefore A,, is non-negative
and increasing. By definition of conditional expectation, A A,, is F,, measurable hence
Ap+1 also. Thus, A is a predictable process. It results from the chain of inequalities

0 < E[A,] :§E[E[AXP|FPH =E[X, — Xo| < E[|X.|+ |Xol],

p=1

that A is integrable. Finally, we define M,, by M,, = X,, — A,,. The integrability of
M follows from those of A and X. In addition, a simple calculation

E[AM, |F,]| = E[AX, |F.] —E[AA, | F,] =0,
shows that M,, is a martingale. O

Let a and b be two real numbers such that a < b, we define the following stopping
times:

= inf{k>0, X <a},

T = inf{k >, X; > b},
Tom—1 = mf{k > Tom—2, Xk < a}a
Tom = 1nf{k > Tom—1, Xy > b},

where any one of these variables is infinite as soon as the set on which the minimum
index is calculated, is empty. Then, for a n € N, we consider the sets

0 if 7 >,
max{m, Tom < n} otherwise.

() = {
That is to say 3, is the number of [a, b]-crossings of X up to time n.

LEMMA A.28.— Let (X,,) be a sub-martingale,
1

—a

B[, )] < = Bl(X, —a)*].
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|

|

|

|

T
T1 T3 T5 n
T2 T4 T6

Figure A.S. Upcrossings of a martingale

Proof. The number of crossings of X through [a, b] is the same as that of (X,, — a)™
through [0,b — a]. Hence, we assume that (X,,, n > 0) is positive sub-martingale,
a = 0 and we want to show that

E[Xa]

E[3,([0,0])] < ;

[A.16]

Set

1 if mopqr < i < Topyo,
i = : )
0 if ropy2 <7 < Topgs.

We easily see that

(Xi — Xi—1)¢

S| =

ADESY

and

{oe=1= |J Urm <iM\{mms1 < i} € Fir.

m even
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Therefore, we have

BE[8,([0.8])] <Y B[ 11y, (Xi — Xi1)]

i=1

<D B[y (BLXG [ Fia] = X))

=1

because E[XZ- | .7-'1-,1] — X;_1 > 0. Since E[Xo] > 0, we have
bE[5,((0,0])] < E[X,] — E[Xo] < E[X,]
Hence, the result. O

THEOREM A.29.— Let X be a sub-martingale such that sup,, E[X,J[ ] < Ho00, then

(Xn, n > 0) converges almost surely to a random variable X o such that E[| X || <
+oc.

Proof. 1f X,, does not converge a.s. then
P(limsup X,, > liminf X,,) > 0.
Moreover,

(limsup X,, > liminf X)) = U (limsup X,, > b > a > liminf X,,),
a,beQ

thus there exists a couple of rational numbers (a, b) such that
P(limsup X,, > b > a > liminf X,,) > 0.

Therefore, there exists a A measurable of positive probability such that
forallw € A, limsup X,, > band liminf X,, < a.

This means that for w € A, lim, o Bn([a,b]) = +oo hence, according to the
monotone convergence theorem,

lim E[ﬂn([avb])} = E[ngl}rlooﬂn([avb})} = 00.

n—-+o0o
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‘We also know that
1

E[ﬁn([aﬁbb} < b_aE[(Xﬂ - CL)+H
<+ (BIX] +la)
< b_a(s%pE[X:] +a]) < 0.

We thus obtain a contradiction when n tends to infinity. This entails that (X,,, n > 1)
converges almost surely to a random variable denoted by X .. In addition,

E[|X,|] =E[X,]] +E[X,] = E[X,]] + E[X,} — X,,]
—9E[X}] - E[X,] < 2B[X;/] - B[X}],

because (X,, n > 0) is a sub-martingale. We deduce that sup,, E[|X,|] is finite,
which by Fatou’s lemma allows us to conclude that

E[|X«|] = E[|liminf X,,|] <liminf E[|X,|] < supE[|X,|] < cc.

Hence the limit random variable X . is integrable. O

COROLLARY A.30.— A non-negative supermartingale converges almost surely.

Proof. If X is a non-negative supermartingale then —X is a sub-martingale with
(—X,,)™ = 0, thus we can apply the previous theorem to —X . O

A.5.2. Continuous time martingales

DEFINITION A.31.— Filtration (Fi, t € RY) is an increasing family of o-fields. It is
said to be right-continuous when

n Fo=F;, foranyt € RT.
s>t

It is said to be complete when all the negligible sets belong to Fy.

It is assumed that in the following, all the filtrations encountered are complete and
right-continuous.

DEFINITION A.32.— Let (Q,F = (F, t > 0), P) be a filtered space. A process M =
(M(t), t > 0) is an F-martingale (respectively, sub-martingale, supermartingale)
when for any 0 < s < t, M(t) € L*(P)

E[M(t) | Fs]| = M(s) (respectively > M(s) and < M(s)). [A.17]
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We admit that any martingale admits a version with rcll trajectories. There are two
basic types of martingales: the continuous martingales and the purely discontinuous
martingales. The continuous martingales whose archetype is the Brownian motion are
not of finite variation. Martingales on which we will focus are martingales of finite
variation hence discontinuous.

EXAMPLE A.2 (POISSON PROCESS).— Let IV be a Poisson process on R with intensity
measure p. The process M (t) = N(t) — u([0, t]) is a martingale for the filtration
generated by the trajectories of N : F; = o(N(u), v < t). Indeed, for any Poisson
process (see Chapter 6), N (t) — N(s) is independent of F; hence

B[N(t) - N(s)| 7] = B[N(t) - N(s)] = (s, £]).

The result follows.

The concept of stopping time requires a slight adaptation.

DEFINITION A.33.— A random variable T with values in R™ U {oc} is an F-stopping
time when for any t > 0, the event (T < t) belongs to F;.

The o-field F, is the o-field of events A of Fo such that foranyt > 0, AN (1 < t)
belongs to F;.

The stopping and convergence theorems mentioned in the section about discrete
martingales stay unchanged for R*-indexed martingales. In particular, if M is a
martingale and 7" a stopping time, the process

MT ={M(tAT),t>0}

is a martingale. The martingale property is often formally verified, but it is possible
that the random variables manipulated are not integrable. To circumvent this problem,
we introduce the concept of local martingale.

DEFINITION A.34.— An F-martingale M is called closed if there exists Mo, € L' such
that for any t > 0, we have

M(t) = E[My | 7).

DEFINITION A.35.— An adapted process with rcll trajectories is a local martingale if
there exists an increasing sequence of stopping time (T,,, n > 1) a.s. tending to infinity
such that for any n, M ™ is a closed martingale. It is said that the sequence of stopping
time (T,,, n > 1) reduces M.

THEOREM A.31— Let M be a local martingale. If there exists Z € L' such that
M(t) < Z for any t > 0 then M is a martingale.
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Proof. Let (T}, n > 1) be a sequence of stopping times which reduces M. For 0 <
s < t, we have

M(sAT,) =E[M(tAT,)|F].

As T;, tends to infinity, s A T,, = s for n sufficiently large (depending on w) then a.s.,
M (s AT,) tends to M (s). By dominated convergence, we get M (s) = E[M (t) | F].
O

DEFINITION A.36.— The predictable o-field is the o-field on ) x R generated by the
adapted and continuous process. It is also generated by adapted and left-continuous
processes as well as the processes of the form

u(w, t) = 14,y (t)a(w) with a € F.

THEOREM A.32.— Let M be a martingale of finite variation. Let u be a predictable
process such that

E[/OOO fu(s)| d Var(M)(s)] < oc.

The process

M“(t):/o u(s)d M(s)

is a martingale.

The integral with respect to M is a Stieltjes integral as defined in section A .4.

Proof. According to the hypothesis on u and the properties of the Stieltjes integral,
the integrability of M*(t) is guaranteed. It remains to prove [A.17]. For u simple
predictable, that is u(w, t) = 1f4 5 (t)a(w) witha € F, for0 < s <a <t < b, we
have

M*(t) = a(M(t) — M(a)) and M*“(s) = 0.

Hence
E[M"(t) - M"(s)| F;] = E[a(M(t) — M(a))| Fy]
=E[E[a(M(t) — M(a)) | Fa] | F
= E[aE[(M(t) — M(a)) | Fu] | F]
=0,

since M is a martingale. It is then sufficient, on the same principle, to discuss other
cases according to the relative positions of a, s, ¢, b. By passing to the limit, the result
is valid for all predictable processes satisfying the integrability property. O
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N(t)

Ty =0 T, T, T, T, Ts t

Figure A.6. A sample-path of a point process

Of all the martingales, those arising from point processes particularly interests us.

DEFINITION A.37.— A point process indexed by R is a strictly increasing sequence
(T, n > 1) of non-negative random variables. We set

N(t) = Z 110,.4(T0),

n>1

the number of points before t. We say that the point process is integrable if E [N (t)] <
oo for any t > 0. In particular, this implies that T), tends to infinity almost surely.

From the knowledge of T;,, we find easily the trajectory of N. From the trajectory
of N, the times T, are nothing but its instants of jumps. Thus, there is equivalence
between a purely atomic measure on R and the associated process N. We use the
term of point process interchangeably to one or the other of these objects.

DEFINITION A.38.— Let N be an integrable point process. We call the compensator
of N an increasing predictable process A, null at time 0 such that N — A is a local
martingale.

EXAMPLE.— It comes from Example A.3 that the compensator of the Poisson process
is the process A(t) = u([0, t]).

THEOREM A.33.— Let N be a point process such that sup, E[N(t)?] < co and A be
its compensator. The process (N — A)?(t) — A(t), t > 0) is a martingale.
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Proof. According to Theorem A.22
(N(t) — A(t))? = 2/0 N(s7)(AN(s) = d A(s)) + 3 AN(s).

As a point process has jumps of height 1,

AN(s)* = AN(s) and Y AN(s) = N(t).

s<t

Therefore,

(N(t) = A(t)* = A(t) = 2/0 N(s7)(dN(s) —dA(s)) + (N(t) — A(t))
=2UN(t) + U%(1).

According to Theorem A.32, U lisa martingale, and according to the definition of A,
U? as well. O

DEFINITION A.39.— A marked point process R with values in Polish E is a sequence
of random variables ((T,,, Z,), n > 1), where 0 < T,, < T, 41 and Z,, € E for any
n. It is said to be integrable when E [ S Lo, 4 (Tn)} < o0o. We use the notation

;w(Tm Zn) = //R+><E¢(S7 2)d R(s, 2).

NOTE.— A point process is nothing but a point process marked with E reduced to a
singleton.

DEFINITION A.40.— The filtration canonically associated with a marked point process
R is defined by

Fi=c{R([0, s] x B), s<t, Be B(E)}.

The predictable o-field associated with a marked point process R is the o-field on
Q x RT x E generated by the processes of the form

w(wv S, Z) = a(w) I[a, b] (8)9(2)7
with g bounded measurable function (E, B(E)) in (R, B(R), a € F,.

DEFINITION A.41.— A random measure on RT x E is called predictable if for any
B € B(E), process

t R([0, t] x B)

is F-predictable.
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DEFINITION A.42.— Let R be a marked point process. We note Q,, the distribution
of (Tn+1, Znt1) given Hy, = (T, Zj, j = 1, ---, n). For ¢ non-negative and
predictable, we define

/ t [ vts avts. 2
1

:Z/o /E¢(s, ) Qs 5 B [ T ()4 Qus, 2. (A8

n>0

THEOREM A.34.— Let R be a marked point process. For any predictable process 1
such that

¢
2
St;pE[/O [Ew (s, 2)du(s, 2)] < oo, [A.19]

the process

MY t»—>/0t/Ew(s, 2 dR(s, z)—/ot/Ei/)(s, 2 du(s, 2)

is a local martingale. In addition, v is the only predictable measure that satisfies this
property. Moreover, in this case,

(MY, MY¥)(t) :/0 /131/12(5, z)dv(s, 2). [A.20]

Proof. On the interval [T),, T},11], the process

m/ot/Ew(s, ) du(s, 2)

is H,, measurable, therefore it is predictable. Let us now show that for ¢ non-negative
and predictable, we have E[MY(t)] = 0. Since ¢ is predictable

E[¢(t, 2) Vi, 1,1 () | Ha] = ¢, 2)E[ 17, 7, () | Ha).

On the other hand, the distribution of T}, given H,, is by definition the marginal
distribution on RT of Q,,, hence

E[l[s,oo](TnH) |H,] = /OO/EdQn(r, 7) = Qn([s, 00| x E).
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Therefore,

BIS [ [ vlor g M a9 4 Qs 2]

n>1

B ZE / /1/) 5 2) ([s, oo] < E)E[I[T7L,T7L+l](s)|Hn} dQu(s, 2)]

n>1

_ZE//wsansooxE//dQandQn(sz)]

n>1

_ZE//wsdensz)]

n>1

—ZE// (Tost, Zar) | Ho]]

n>1

:E[/Ot/Ews, 2)dR(s, 2)].

For 7 simple, non-negative and predictable, for ¢ > r > 0 and Y non-negative and
Fr-measurable positive, the process

s (s, 2)Y 1 4(s)

is still predictable. By passage to the limit, this remains true for 1) non-negative and
predictable. Therefore,

[A.21]

E[M"(t) - M¥(r) | 7]

:E[/O l[r’t](s)/Ew(s, (A R(s, =) — dw(s, 2)| F]. [A2]

Moreover, for Y € F,., according to [A.21]

Therefore, E[M"¥(t) — M¥(r)| F,] = 0 and MV is a martingale. By arguing as in
Theorem A.33, we obtain [A.20]. All the above makes sense only if the expectations
are finite, of which one knows nothing a priori for any predictable 7). Finally to make
sense of these calculations, we consider the sequence

= inf{¢, /o /Ew(s, z2)(dR(s, z) +dv(s, z)) > n},
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and we apply the reasoning of [A.21] on [0, ¢ A 7] instead of [0, ¢]. All expectations
are finite and we have a perfectly rigorous calculation. Equation [A.22] becomes

E[MY(t A7) — MY(r Amp) | F
:E[/O Tkl[mw(s)/Ew(s, 2)(AR(s, ) — dus, 2)) | .

We deduce that M ¥ is a local martingale. Condition [A.19] allows us to pass to the
limit in the expectations of the final result. O

We admit the following result whose proof is based on Theorem A.27 but is much
more technical.

THEOREM A.35.— A sub-local martingale M admits a decomposition as
M(t) = X(t) + A(),

where X is a local martingale and A an increasing predictable process null at 0. The
process A is often denoted by (M, M).

For properties of PASTA type, we need the following theorem whose very technical
proof is omitted.

THEOREM A.36.— Let M be a martingale. If (M, M)(t) tends to infinity when t tends
to infinity then

M) -
(M, M)(t)

COROLLARY A.37.— Let R be a marked point process on E and v its compensator. We
denote by N the associated point process N (t) = R([0, t|x E).Let : QxRTxE —
R be a predictable process. Assume that there exists ¢ > 0 such that almost-surely for
anyt > 0,

/Ot/E(Hw?(s, D) duls, 2) < e (0.4 x E). (A23]

Then, almost-surely, we have

. Lo 1 ' B
tlirglc (N(t)/o ¥(s, z)d R(s, z) — l/([()ﬂf]XE)/O (s, z)dv(s, z)22—40
[A.24]
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#» This formula is the basis for all PASTA type properties that appear in this book. It
links the averages computed over large populations of users and the averages computed
over long periods.

Proof. To simplify the notations, we set

v(t) = v([0, t] x E) and v?(t /qbszdus z).

First observe that according to Theorem A.36

—(N(t) —v(t)) — 0, [A.25]

—=51. [A.26]

This induces that

vt vt v _v(t) 1 2)(s, 2) d (s, =
0 = NG oS N@ @ [0 s ),

According to equations [A.23] and [A.26], this quantity is bounded uniformly with
respect to time. By writing,

1 t v(t) v°
W/o /Ew(& z)d R(s, z)= NG o)

L[ B a0

We deduce from the above that there exists r > 0 such that

hmbupN / /¢ s, 2)d R(s, z) < [A.27]

t—o0o

With these results of domination, we can now calculate the limit we’re really
interested in.

Nl(t)/otwdR—y(lﬂ/otwdv
% ( /0 /E wdR) (V(t)y—(tiv(t))Jruj(t()f) lem / W(d R—d ).

Thus [A.37] follows from Theorem A.36, [A.25], [A.26], and [A.27]. O
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NOTE.— We observe that if ¢ is bounded then [A.23] is automatically satisfied.

The following theorem is a direct application of Theorem A.34. It states that the
averages calculated in terms of customers are equal to the time averages when the arrival
process is a Poisson process (hence the name of this property: Poisson Arrivals See
Time Averages, PASTA for short). We will look at Figure 9.2 and its useful comments
to see that this is not always the case.

THEOREM A.38 (PASTA PROPERTY).— If N is a Poisson process with \ intensity then

1 1 [t
lim ——— T,) = lim - ds,
m i > ¢ = Jim g [ w(s)as

t—oo N(t) Tt t—oo t

as soon as one of the two limits exists.

A.6. Laplace transform

DEFINITION A.43.— Let Y be a random variable with values in R™. The Laplace
transform of the distribution of Y is a function with value in RT, defined for any
s € RT by

Ly (s) = E[eisy].

LEMMA A.39.— The Laplace transform has the following properties:

1) it characterizes the distribution: if Y and Z are two random variables such that
Ly (s) = Lz(s) for any s, then' Y and Z have the same distribution.

2) in particular, it characterizes every moment of the distribution: if Y has moments
of order n then Ly is n-times differentiable at 0, and forany k =1, --- | n,

E[Y*] = (-1)"£{(0).

3)if Y1, Yo, --- | Y, are n independent random variables admitting a Laplace
transform in s, then the Laplace transform of ), _, Y; is defined in s and equals

Ly vi(s) =1L Ly, (s).

4) Let (Y,,, n € N) and Y, random variables admitting Laplace transform on a
common open set. We then have the following equivalence:

Y,, =% Y in distribution < L X, 27, Lx simply.
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A.7. Notes and comments

The conditional expectation is a classic topic in the teaching of advanced
probability. There are many references. We were particularly inspired by [KAL 98,
CHU 01]. A presentation of the measure theory and Hilbert spaces may be found in
[RUD 80, YOS 95]. Everything concerning the compensators of point processes appear
completely in [JAC 79] under the disguise of “multivariate point processes”. We can
also refer to [LAS 95]. The general theory of integration with respect to a martingale
can be found in many books for the continuous case, books that deal with the general
case, that is to say rcll trajectories are much rarer and more difficult to access, see for
instance [BRA 81, LED 76, JAC 79].
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